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Foreword 

In 1978, the European Mechanics Committee and the French Centre 
National de la Recherche Scientifique agreed to the organization of an Interna
tional Colloquium on the "Mechanical Behavior of Anisotropic Solids". The 
meeting was held at Villard-de-Lans (near Grenoble, France) from 19th to 22 nd 
June 1979. 

The Colloquium considered mechanical aspects of the anisotropy of solids, 
both initial and induced by permanent deformation, anisotropic hardening and 
damage, oriented fissuration, etc. Topics concerned mathematical, experimental 
and engineering aspects of the anisotropy of metals, composites, soils and rocks. 
The aim of the Colloquium was to bring together experimentalists, theoretecians 
and engineers interested in various features of mechanical anisotropy, in order 
to permit an interdisciplinary exchange of understanding, experience and 
methods. A detailed description of the scope, aim and proposed topics is 
contained in the Preface. 

The announcement of the Colloquium attracted a large number of sub
mitted contributions. Conforming with the principles of Euromech Colloquia 
and of the Colloques Internationaux du CNRS, the accepted contributions 
were limited to 50 communications. 

A general description of the scientific program is to be found in the 
Preface. Five general lectures gave state-of-the-art reports concerning some areas 
of the behavior of anisotropic solids; the 50 communications were divided into 
12 sessions dealing with specific topics (see "Contents"). In order to facilitate 
subsequent contact between the reader and the contributors, full addresses are 
given in the "List of Authors". 

A conference room, meals and accommodation were provided at the 
"Grand Hotel de Paris" in Villard-de-Lans, a small and pleasant holiday resort 
in the Alps. This arrangement encouraged personal contact between the parti
cipants after the sessions. Throughout the day, informal discussions were held in 
the various hotel suites. 

We would like to express our thanks to the 84 participants representing 
15 different countries. If the Colloquium was successful in achieVing its aims, 
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it is due to their common efforts. Special thanks are owed to Dr. BIGUENET 
for his constant and valuable assistance in resolving technical problems, and 
a word of appreciation to the two interpreters from Grenoble for their cons
cientious preparation and efficient services throughout the Colloquium. 

A m~eting such as this can only be organized if fi~ancial assistance is 
guaranteed. We are therefore indebted to our sponsors. Major support was 
provided by the CNRS. A grant from the DRET (Ministere de la Defense) 
financed the simultaneous translation services. Additional' funds were granted 
by the French "Association Universitaire de Mecanique" and the "Conseil 
General de l'Isere". 

Finally, we are grateful to the "Editions Scientifiques du CNRS", which 
financed the publication of this volume of the Proceedings and to the "Impri
merie Louis-Jean" for its excellent job in printing the texts. 

Jean-Paul BOEHLER 
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Avant-propos 

En 1978, Ie Centre National de la Recherche Scienti[ique et Ie Comite 
Europeen de Mecanique ont agree l'organisation d'un Colloque International 
sur Ie "Comportement Mecanique des Solides Anisotropes". Cette rencontre 
s'est tenue a Villard-de-Lans du 19 au 22 juin 1979. 

Le Colloque etait specialise dans les aspects mecaniques de l'anisotropie 
des solides, aussi bien l'anisotropie initiale, que i'anisotropie induite par les 
deformations i"eversibles, /'ecrouissage et l'endommagement anisotropes, la 
fissuration orientee, etc. Les themes proposes concernaient les aspects mathe
matiques, experimentaux et appliques de l'anisotropie des metaux, des mate
riaux composites, des sols et des roches. Le but du Colloque etait de reunir 
des experimentateurs, des theoriciens et des ingenieurs s'interessant aux diffe
rentes caracteristiques de i'anisotropie mecanique, afin de permettre un echange 
interdisciplinaire de conception, d'experience et de methode. Une description 
detaillee du domaine, du but et des themes proposes est incluse dans la Preface. 

L 'annonce du Colloque a attire un grand nombre de propositions de 
contributions. Conformement aux principes des Colloques Internationaux du 
CNRS et des Colloques Euromech, les contributions acceptees ont ete limitees 
a 50 communications. 

Une description generale du programme scientifique est presentee dans 
la Preface. Cinq conferences generales ont perm is de donner i'etat actuel des 
connaissances dans certains domaines du comportement des solides anisotropes ; 
les 50 communications ont ete regroupees en 12 sessions specialisees, traitant de 
themes speci[iques (voir "Sommaire"). A[in de faciliter les contacts ulterieurs 
entre Ie lecteur et les auteurs, les adresses completes sont donnees dans la "Liste 
des Auteurs". 

La salle de conferences, les repas et les logements ont ete foumis par Ie 
"Grand Hotel de Paris" a Villard-de-Lans, une agreable petite station de va
cances dans les Alpes. Cet a"angement a stimu/e les contacts personnels entre 
les participants apres les sessions. Tout au long des joumees, des discussions 
libres se sont tenues dans les differents salons de l'hotel. 
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VIII 

Nous exprimons nos remerciements aux 84 participants, representant 
15 pays differents. Si Ie Colloque a reussi a atteindre ses buts, c'est grace a leurs 
efforts communs. Nous remercions particulierement M. BIGUENET pour son 
aide constante et appreciable dans 14 resolution des problemes techniques, ainsi 
que les deux interpretes de Grenoble pour leur preparation consciencieuse et 
leurs services efficaces tout au long du Colloque. 

Une telle rencontre ne peut etre organisee que si une aide financiere est 
assuree. C'est pourquoi nous sommes redevables a dif[erents organismes pour 
avoir bien voulu pa"ainer ce projet. La contribution financiere principale a 
ete fournie par Ie CNRS. Un contrat de 14 DRET (Ministere de 14 Defense) a 
permis de financer les services de traduction simultanee. Des contributions 
compiementaires ont ete accordees par l'Association Universitaire de Mecanique 
et Ie Conseil General de l1sere. 

Finalement, nous sommes reconnaissants aux "Editions Scientifiques du 
CNRS", qui ont finance 14 publication de ce volume des Actes, et a 1'''Impri
merie Louis-Jean" pour son excellent travail de composition et d'impression 
des textes. 

lean-Paul BOEHLER 
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Preface 

On the Mechanical Behavior 
of Anisotropic Solids 

The anisotropic properties of materials play an important role in numerous 
branches of Physics, Geology, Mechanics of Solids and Engineering. Situations 
commonly exist where oriented internal structures impart a directional character 
to the mechanical response of the material. Thus, the constitutive relations have 
to account for the fact that the material behavior is not invariant under arbi
trary orthogonal transformations. A proper understanding, a rational descrip
tion and adequate measurement of the anisotropic response of a material to 
mechanical, thermal, electrical or other agencies are vital in many areas of 
technology, engineering and biomechanics. For example, appropriate forming 
processes are needed in materials sciences to ensure suitable mechanical proper
ties in composites or alloys; proper methods must be defmed to assess the 
carrying capacity of an oriented subsoil for an engineering structure ; suitable 
techniques must be proposed to evaluate the directional properties of alloys, 
composites, wood, rocks and living tissues. 

This Colloquim at Villard-de-Lans in June 1979 focused specifically on 
the mechanical behavior of anisotropic solids, in particular on the variation 
of material properties, such as deformability and strength, according to the 
orientation of external agencies. It was therefore concerned with many pro
blems that must be solved in engineering mechanics, in order to satisfy the 
multiple demands of our contemporary society. In an attempt to cover such 
a wide field of responsibilities, a suitable approach is to defme a limited number 
of specific t!!.sks. 

In the first place, it is necessary to test, evaluate and describe in a mathe
matically objective manner the mechanical properties of anisotropic materials. 
The second task is to synthesize the material behavior into appropriate mathe
matical problems, which, as far as possible, must take into account the various 
couplings between the particular anisotropies, e.g. in the elastic, plastic, damage 
and failure domains, and their evolution during permanent deformation. To be 
useful, the model must be mathematically correct and sufficiently manageable 
to allow for applications. Once a model is proposed and justified, the question 
is then to develop suitable methods to solve boundary and initial valued pro-
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blems from the usual systems of differential equations. The final task of the 
engineer is to solve specific problems concerning deformability, fissuration and 
failure, should he intend to put the devised technological processes into practice 
or to execute an engineering work. 

Our Colloquium in such a scheme is focused primarily on aspects of model 
building within an objective framework. Mechanical anisotropy is the main 
concern, both initial anisotropy due to material formation or manufacturing, 
and induced anisotropy due to deformation, fissuration and polarisation of ini
tially isotropic or anisotropic solids. This is considered, bearing in mind the 
significance of the directional properties of solids in metallurgy, engineering 
mechanics, naval engineering, aeronautics, geology, the development of compo
site or laminated materials, tunnel or storage zones in stratified rocks, the pre
vention of avalanches, seismology engineering, as well as in many other fields 
of materials sciences and engineering. 

The evaluation of anisotropic properties and the devising of appropriate 
mathematical models of mechanical behavior require suitable objective methods 
to study general nonlinear and coupled phenomena in deformation and induced 
anisotropy. Considerable knowledge has already been accumulated in various 
branches of engineering, both in university centers and in specific industries. 
It appears, however, that theoretical developments are often based on mathe
matical models conceived ad hoc, and that the experimental work does not 
always account for essential features of anisotropic responses. The experimental 
techniques sometimes pass over some fundamental aspects, such as an objective 
evaluation of anisotropic plastic hardening or fissuration-induced softening, a 
proper interpretation of the "off-axis" tests for anisotropic solids, or a suitable 
correlation between the structural micro- and the phenomenological macro
anisotropy - to mention only a few essential theoretical and applied require
ments. From both a technological and a scientific viewpoint, an assessment of 
the state-of-the-art was required along with the added possibility of defining 
a methodology soundly based on modern nonlinear mechanics and developed 
in the scope of a unified approach. 

Taking into consideration, on the one hand, research aspects and, on the 
other, the need to furnish engineers with reliable theories and suggestions for 
suitable methods of approach to anisotropy in nonlinear cases, a specialized 
meeting was devised. The idea was to bring together theoreticians, experimen
talists and engineers, interested in the fundamental aspects of mechanical aniso
tropy, for discussions and interdisciplinary exchanges on the problems of mate
rial modelling and the experimental evaluation of the directional properties 
of solids. 

The idea was well received and approved by both the European Mechanics 
Colloquia Committee and the French Centre National de la Recherche Scienti
fique. Their support enabled us to make the idea a reality and to organize this 
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meeting on the Mechanical Behavior of Anisotropic Solids. The accepted papers 
are contained in this volume. 

Our attention was focused primarily on the aspects of modelling and 
experiments. We felt it necessary, however, to include some studies concerning 
problem-solving methods, as well as certain specific solutions. This was in 
keeping with our principal line of thought, ranging from mathematical and expe
rimental concepts to engineering applications, through the development of 
suitable mathematical aids, since good engineering requires mathematically 
sound and reliable theories. 

This Colloquium was to enable mathematicians, physicists, metallurgists, 
specialists in mechanics of solids, soils and rocks, geologists and practising 
engineers, all interested in the understanding and application of the anisotropic 
properties of solids, to meet together for the first time. 

Apart from its general purpose, any meeting, to be successful, has to 
define clear objectives and specific gUidelines for discussions, in order, rather 
than simply accumulating a mass of knowledge, to arrive at a clear and ordered 
pattern. Thus, the objectives we hoped to attain were specified as follows: 
a) assess the actual state of knowledge in mechanical anisotropy of solids; 
b) permit an interdisciplinary exchange of understanding, methods and accu
mulated experience in describing various anisotropies; c) formulate or sketch 
a common basis and suggest suitable methods for mathematical modelling of 
anisotropic behavior; d) discuss and assess experimental techniques permitting 
an objective evaluation of the mechanical properties of anisotropic behavior, 
both for the anisotropy of formation and the anisotropy due to deformation 
and to the variation of the internal structure under the effect of external 
agencies; e) discuss the relations between micro- and macro- anisotropy, i.e. the 
connections between the oriented structure (inborn or induced) and mecha
nical anisotropy, including the evolution of such connections. 

Besides these objectives, related to leading aspects of anisotropy, we had 
in mind that the meeting would help to specify the directions of future inter
disciplinary research. The end result of the Colloquium was intended to deter
mine the usefulness of such working sessions, both in accounting for the actual 
state-of-the-art, and in specifying particular domains, methods and techniques 
to be subsequently developed. 

Five general lectures in well defmed domains formed the framework of 
the Colloquium. Our first aim was to have a report on the present state of 
knowledge concerning the invariant formulation of constitutive equations for 
anisotropic behavior in general. Secondly, since deformation-induced anisotropy 
and its measurement are essential, a general lecture was devoted to plastic aniso
tropy. This domain appears to be largely studied experimentally. Hence, the 
relations between experimental facts and their actual theoretical explanation 
provide a possibility of revealing the failings of currently employed mathema-
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tical modelling. Micro- and macro-aspects of anisotropy were the topic of the 
third general lecture concerning the metallurgical features of anisotropy. It was 
intended to illustrate the states of research on the correlations between the 
directional characteristics of the internal structure and the bulk material 
behavior. Reports on the anisotropy of composites and the anisotropy of natural 
rocks close the group of general lectures, outlining practical aspects of the 
Mechanical Behavior of Anisotropic Solids. 

Original contributions, chosen in accordance with the adopted guidelines, 
were grouped in special sessions, concerning e.g. the invariant formulation of 
constitutive equations for materials with directional characteristics, experimen
tal and theoretical aspects of various oriented materials such as composites, 
soils, rocks and ice, and deformation-induced anisotropy in creep and conti
nuous damage. 

It seems that the Colloquium attained the goals proposed. After presen
tation and discussions, a clear picture was formed, concerning the most suitable 
formalism for the development of anisotropic constitutive equations and of rela
tions between the micro-structural view and the phenomenological theories of 
mechanical behavior. This outlines a suitable approach for the study of the 
evolution of anisotropic properties during irreversible deformations, due to 
plasticity, fissuration and creep. Extensive theoretical work is needed on consti
tutive and evolution equations, presumably within the framework discussed 
here, to arrive at an objective and unified formalism. 

We are confident that this volume contains pertinent and useful infor
mation on present-day knowledge and understanding concerning the mechanics 
of oriented solids, with particular emphasis laid on the nonlinear and inelastic 
aspects of anisotropy. This conviction is supported by the fact that the parti
cipants insisted on presenting the results available to a larger community and 
expressed their intention of maintaining the established contacts via appropriate 
interdiSCiplinary meetings on specific subjects in the near future. Among the 
promising subjects put forward for further studies were: appropriate accounting 
for materials internal structure, continuous oriented fissuration and damage 
under sustained or repeated external agencies, material hardening and softening, 
failure of oriented or stratified solids. 

Mechanical anisotropies will no doubt continue to attract the attention 
of engineers in various fields, as well as that of material scientists and biologists 
in the years to come. We hope that this volume will be of help in their future 
studies. 

J.P. BOEHLER 
University of Grenoble 

Grenoble and Warsaw, January 1981 

A.SAWCZUK 

Polish Academy of Sciences 
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Pre/ace 

Sur Ie Comportement Mecanique 
des Solides Anisotropes 

Le comportement mecanique des solides presente sou vent un caracrere 
anisotrope, c'est-a-dire une variation de Ia reponse mecanique suivant l'orien
tation des sollicitations ex terieu res. L 'origine de i'anisotropie mecanique reside 
dans Ie caractere oriente de Ia structure interne des materiaux, dl1 aux modes de 
formation ou aux procedes de fabrication (anisotropie initiale): metaux lamines 
et files, alliages et eutectiques orientes, composites fibreux ou lamellaires, roches 
stratifiees, argiles consolidees, sables compactes, bois, tissus biologiques (os), etc. 
Lorsqu 'un materiau solide subit des dejormations plastiques irreversibles, la 
structure interne evolue jusqu a Ia rupture (reorientation des particules et des 
axes cristallographiques, glissements internes orientes, formation de fissures et 
de cavites orientees, etc.). Ces modifications de Ia structure microscopique pro
voquent une evolution de l'anisotropie des proprietes mecaniques macrosco
piques (anistropie induite). 

Les proprietes mecaniques des solides anisotropes jouent un role important 
dans Ia Merallurgie, Ia Science de 11ngenieur, Ie Genie Civil et Ia Geologie. Une 
bonne comprehension, une description et une mesure appropriees de Ia njponse 
directionnelle des solides soumis d des sollicitations mecaniques, thermiques, 
electriques ou autres sont d'une importance vitale dans differentes branches de 
Ia technologie et concernent en generalles problemes de Ia Science de I1ngenieur 
dans les objectifs de la societe contemporaine. A titre d'exemples, on peut citer 
deux applications liees d des soucis de qualite des produits et d'economie de ma
tieres premieres et d 'energie: optimisation des procedes de fabrication pour 
obtenir des materiaux presentant des caracteristiques mecaniques adaptees; 
optimisation de la tenue des structures soumises a des conditions d'utilisation 
severes. L 'utilite pratique du developpement des connaissances dans Ie domaine 
du comportement des solides anisotropes concerne des secteurs tres diversifies, 
comme Ia metallurgie, Ia mecanique de i'ingenieur, Ia construction navale, aero
nautique et nucleaire, Ie developpement des materiaux composites et renforces, 
Ia geologie, Ia construction de tunnels et de zones de stockage sous-terrains, Ia 
prevention des avalanches, Ia sismologie, etc. 

Les etudes du comportement plastiflue des solides anisotropes peuvent 
etre regroupees suivant quatre axes: 1) tester, evaluer et decrire d 'une maniere 
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objective les proprietes mecaniques des materiaux anisotropes .. 2) synthetiser 
Ie comportement materiel dans des modeles mathematiques adequats, prenant 
en compte les effets des grandes deformations irreversibles .. 3) developper des 
methodes appropriees pour la resolution des problemes aux limites .. 4) resoudre 
des problemes specifiques concernant la deformabilite, la fissuration et la rup
ture, en vue de la mise en a?uvre de procedes technologiques adaptes et de la 
construction de structures optimisees. Les perspectives a moyen terme 
concernent les trois premiers axes, dont Ie developpement est indispensable 
pour pouvoir resoudre des problemes specifiques. 

La determination des proprietes anisotropes et Ie developpement des 
modeles mathematiques du comportement mecanique dans Ie domaine non 
lineaire exigent des etudes theoriques et experimentales adequates. Une somme 
de connaissances et de resultats pour la description des difterents aspects de 
l'anisotropie est deja dispon ib Ie, aussi bien dans les centres universitaires, que 
dans l'industrie. Cependant, les approches theoriques et experimentales actuelles 
sont encore trop diversifiees dans les techniques utilisees et limitees dans les 
resultats obtenus. Des problemes fondamentaux comme, par exemple, la des
cription realiste de l'ecrouissage anisotrope, ['interpretation correcte des essais 
"hors-axe", la quantification des correlations entre l'anisotropie de structure et 
l'anisotrople mecanique, sont encore mal formules. D'autre part, la diversite 
des disciplines scientifiques et des domaines techniques dans lesquels l'aniso
tropie joue un role, a empeche une concertation entre les difterentes approches 
des problemes lies au comportement anisotrope des solides. 

Devant une telle situation, il nous a semble opportun de provoquer la 
reunion de theoriciens, d'experimentateurs et d'ingenieurs s'interessant aux 
diverses caracteristiques de l'anisotropie des solides. Le Comite Europeen de 
Mecanique et Ie Centre National de la Recherche Scientifique ont bien voulu 
nous confier I'organisation d'un Colloque International sur Ie Comportement 
Mecanique des Solides Anisotropes. 

Ce Colloque a reuni, pour la premiere fois semble-t-il, des Mathematiciens, 
des Physiciens, des Metallurgistes, des Mecaniciens des Solides, des Sols et des 
Roches, des Geologues et des Ingenieurs, specialistes de l'anisotropie des solides 
dans leurs domaines de recherches specifiques, pour essayer d'atteindre les objec
tifs suivants: a) evaluer l'etat actuel des connaissances dans Ie domaine du 
comportement mecanique des solides anisotropes .. b) permettre un echange 
interdisciplinaire de conception, d'experience et de methode .. c) aider a deve
lopper ou ameliorer les modelisations mathematiques des comportements ani
sotropes, les techniques experimentales pour la mesure objective des proprietes 
mecanique et les etudes des correlations entre l'anisotropie de la structure mate
rielle et l'anisotropie du comportement macroscopique .. d) definir les voies de 
recherches prioritaires .. e) favoriser la poursuite ulterieure de cette concertation 
interdisciplinaire. 
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Cinq conferences generales, sur des themes bien definies, ont forme Ie 
cadre general du Colloque. Notre premier but etait d'avoir un rapport sur l'etat 
actuel des connaissances concernant la formulation invariante des equations 
constitutives pour Ie comportement anisotrope en general. Ensuite, comme 
l'anisotropie induite par deformation et sa mesure sont essentielles, une confe
rence generale a ete consacree a l'anisotropie plastique des metaux. Les etudes 
experimentales dans ce domaine sont assez nombreuses. La confrontation entre 
les rea lites experimentales et les tentatives actuelles pour leur explication theo
rique a fourni la possibilite de reveler les faiblesses des modeles mathematiques 
couramment utilises. Les anisotropies microscopiques et macroscopiques ont 
constitue Ie theme de la troisieme conference generale, consacree aux aspects 
metallurgiques de l'anisotropie. Le but etait de presenter l'etat actuel des 
recherches dans Ie domaine des correlations entre les caracteristiques direction
nelles de la structure interne des metaux et i'anisotropie du comportement meca
nique global. Les materiaux composites jouent un role tres important dans la 
technologie moderne. Une caracteristique essentielle de ces materiaux artificiels 
est i'anisotropie tres prononcee de leur comportement mecanique. La quatrieme 
conference presente les differentes methodes permettant de determiner les pro
prietes mecaniques macroscopiques a partir des proprietes des consituants, ainsi 
que les resultats obtenus dans i'etude des deformations elastoplastiQues de ces 
materiaux. La cinquieme con[erence generale a ete consacree aux connaissances 
actuelles dans Ie domaine du comportement mecanique des roches, en liaison 
avec les modes de formation de ces materiaux naturels et les deformations 
tectoniques subies au cours de leur histoire. Le cycle des con[erences generales 
s 'acheve par ces deux derniers rapports, exposant les aspects pratiques du 
Comportement Mecanique des Solides Anisotropes. 

Les contributions originales ont ete regroupees en douze sessions traitant 
de themes spficifiques. Trois sessions specialisees ont ete consacrees a la formu
lation invariante des lois de comportement, aux proprietes physiques des mate
riaux anisotropes et aux problemes de Genie Civil. Les neuf autres sessions ont 
ete consacrees aux differents aspects theoriques, experimentaux et appliques des 
materiaux anisotropes, comme les metaux, les composites, les eutectiques, les 
cristaux liquides, les sols, les roches, Ie bois et la glace. Les comportements 
mecaniques etudies concernent l'elasticite, la plasticite, la viscoplasticite, 
l'ecrouissage, Ie [luage et ['endommagement anisotropes. Plusieurs communi
cations sont specia/isees dans ['etude de l'anisotropie induite par deformation 
irreversible, evolution de la structure interne et fissuration orientee. 

II semble que Ie Colloque a atteint les buts proposes. Apres la presentation 
des contributions et les discussions, des idees claires se sont formees, concernant 
Ie formalisme Ie plus adequat pour Ie developpement des lois de comportement 
anisotrope et des relations entre l'approche au niveau de la microstructure et 
['approche macroscopique phenomenologique du comportement mecanique 
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des solides anisotropes. L 'etude de l'evolution des proprietes anisotropes au 
cours des deformations irreversibles exige encore un travail theorique impor
tant, qui devrait etre developpe dans Ie cadre general defini par Ie Colloque, afin 
d 'aboutir a un formalisme objectif et unifie. 

Nous sommes persuades que ce volume contient des renseignements perti
nents et utiles sur les connaissances actuelles dans Ie domaine de la mecanique 
des solides a structure interne orientee et plus particulierement sur les aspects 
non lineaires de I 'an isotropie. Cette conviction est renforcee par Ie fait que les 
participants ont exprime Ie souhait que les resultats presentes soient disponibles 
pour une plus grande communaute et que les contacts etablis puissent etre main
tenus par des rencontres interdisciplinaires sur des sujets specifiques dans un 
proche avenir. Parmi les voies de recherches prioritaires a developper, nous men
tionnons la prise en compte appropriee des structures internes orientees, la crois
sance de la fissuration et de l'endommagement sous l'effet des solliciations ex
ternes, l'ecrouissage anisotrope, la rupture des solides anisotropes. 

Dans les annees a venir, l'anisotropie mecanique continuera certainement 
d'attirer l'attention des ingenieurs dans les differents domaines d'applications, 
ainsi que celle des specialistes de la science des materiaux et des biologistes. 
Nous esperons que ce volume apportera une aide dans leurs recherches futures. 

J.P. BOEHLER 
Universite de Grenoble 

Grenoble et Varsovie, Janvier 1981 

A. SAWCZUK 
Academie Polonaise des Sciences 
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1. Introduction 

The plan of this lecture is that I shall first review some results in the theory 
of algebraic invariants of vectors and tensors in three dimensions, under the 
orthogonal group of transformations. Then I will show how, in some cases 
of interest, it is possible to use these results for invariants under orthogonal 
transformations to determine invariants of vectors and tensors under groups 
of transformations which are sub-groups of the orthogonal group. As examples, 
I shall consider (a) the case in which the group of transformations is the group 
of rotations about an axis, which is the symmetry group for a transversely 
isotropic material, and (b) the case in which the transformation group is gener
ated by the set of reflections in three orthogonal planes, which is the symmetry 
group for an orthotropic material. Next I will show how these results can be 
applied to the problem of determining mechanical constitutive equations for 
anisotropic materials with various types of stress response; in particular I shall 
consider materials whose stress response is that of a linear or a non-linear elastic 
solid, or that of a plastic solid, and illustrate the results by considering trans
versely isotropic and orthotropic materials. Many fibre-reinforced and laminated 
materials are, on the macroscopic scale, either transversely isotropic or ortho
tropic, and I shall give particular consideration to materials of this kind, and 
especially to the case in which the preferred directions are not uniform, but 
vary with position in a body. Finally, I will discuss the effect on the consti
tutive equations of the kinematic constraints of incompressibility and inex
tensibility in specified directions. 

Invariance problems arise frequently in continuum mechanics. Probably 
the simplest example is the strain-energy function of an elastic solid. Suppose 
that a body of an elastic material undergoes a deformation in which a typical 
particle which initially has position vector X, with components XR (R = 1,2,3) 
moves to the point with position vector x and components Xi (i = 1,2,3). 
Then the deformation is described by equations of the form 

(1.1) 

2 



www.manaraa.com

4 A.J.M Spencer 

Then it can be shown that the strain-energy function W can be expressed in 
the form 

W = W(CRS), 

where 

aXi aXi 
C ---

RS - ax ax ' 
R S 

0.2) 

0.3) 

and CRS are components of a second-order symmetric tensor C. The repeated 
index summation convention is used in (1.3) and in future. 

Now consider a second deformation in which the particle whose initial 
position is X = Q . x moves to the point with position vector x, thus 

(1.4) 

where Q is an orthogonal tensor with components QRS (all components are 
components in a fixed rectangular Cartesian coordinate system) so that 

where lj RS represents the Kronecker delta. Then 

In general the deformations (1.1) and (1.4) will give rise to different values 
ofW. However it may happen that, for certain orthogonal tensors Q, 

T or W(Q . C . Q ) = W(e) , (1.7) 

where the CRS are evaluated at the origin. It can be shown that the orthogonal 
tensors Q for which (1.7) is satisfied form a group, which is called the symmetry 
group of the material. 

If (1.7) is satisfied for all orthogonal tensors Q, then the symmetry group 
is the full orthogonal group in three dimensions, the material is isotropic, and 
W is an isotropic invariant of C. If (1.7) is satisfied for some, but not all, ortho
gonal tensors Q, then the symmetry group is a subgroup of the full orthogonal 
group. When the symmetry group is the proper orthogonal group, or rotation 
group, in three dimensions, then the material is hemitropic; in many cases, 
including those considered in this lecture, the distinction between isotropy 
and hernitropy is not important. 
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Let n be a unit vector with components n i . Then a rotation through 
an angle a about an axis through the origin and in the direction of n is defIned 
by the orthogonal tensor Q(n) (a), whose components are 

Q~§ (a) = DRS cos a + eRSpnp sin a + (1 - cos a) nR ns ' (1.8) 

where eRSP is the alternating symbol. The tensors Q(n) (a) (0 ~ a < 21T) form 
a group (the group of rotations about the axis n). A reflection in planes normal 
to n is characterized by the reflection tensor R(n) whose components are 

(1.9) 

If a is a unit vector normal to n, then R(a) represents a reflection in planes 
normal to a (and parallel to n), and Q(a)(1T) represents a rotation through 1T 
about a. In all there are fIve continuous groups generated by Q(n) (a) and 
various combinations of R(n) , R(a) and Q(a) (1T). The generators of these 
groups are 

(i) Q(n) (a) , (ii) Q(n) (a) , R(a) , (iii) Q(n) (a), R(n) , 

(iv) Q(n) (a), Q(a) (1T) , (v) Q(n) (a), Q(a) (1T), R(a) , R(n) . 
(1.1 0) 

These are the symmetry groups for various forms of transverse isotropy. For 
our purposes the distinctions between these five cases are not important and 
we can characterize elastic transverse isotropy about the axis n by invariance 
ofW (C) under the rotations Q(n) (a). 

The symmetry groups for the various kinds of crystal symmetry are 
fInite subgroups of the full orthogonal group. For illustration we shall consider 
the case of orthotropy. Let a, b and c be three mutually orthogonal vectors. 
Then an orthotropic material has reflectional symmetry with respect to the 
planes normal to these three vectors, so that its symmetry group is generated 
by the three tensors R(a), R(b) and R(c). The symmetry group is therefore 
comprised of the tensors 

I R(a) R(b) R(c) , , , , 

Q(c) (1T) = R(a) . R(b) , (1.11) 

For an orthotroqic elastic material, Wee) is invariant under each of the trans
formations (1.11). 

Another problem in continuum mechanics which gives rise to similar 
invariance problems is that of determining the form of the yield function for 
a plastic solid. The yield function is a function F(Tij) of the stress compo-
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nents Tij of the stress tensor T. The yIeld function is invariant under any of 
the transformations represented by the tensors which form the symmetry 
group ofthe material. Thus, 

T F(T) = F(Q . T . Q ), (1.12) 

for each Q which belongs to the symmetry group. 
The above examples lead to special cases of the following algebraic 

problem. Let A, B, C, ... be a finite set of symmetric second-order tensors 
in three dimensions, and a, b, c, ... be a fmite set of vectors in three dimen
sions (it is possible also to include a set of anti-symmetric tensors, but for 
brevity we omit these). Let 

- T 
A = Q . A . Q ,etc., it = Q . a, etc., (1.13) 

where Q is an orthogonal tensor, and let 

f(A,B,C, ... ,a, b,c, ... ) 

be a polynomial in the components of the vectors and tensors. Then if 

f(A,B,C, ... , a, b, c, ... ) = f(A,B,C, ... ,a,b,c, ... ) (1.14) 

for all Q belonging to a group G, then f is an invariant under this group. The 
problem is to determine canonical forms for f; that is, to determine a set 11 , 
12 , 13 , .•• of invariants such that any invariant f can be expressed as a poly
nomial in 11' 12 , 13 , •••• The set 11' 12 , 13 , ••• is then called an integrity 
basis. A classical theorem due to Hilbert asserts the existence of a finite inte
grity basis. If the integrity basis is such that none of its elements can be ex
pressed as a polynomial in the remainder, then the integrity basis is irreducible, 
and the aim is to determine an irreducible basis for a given set of vectors and 
tensors and a specified symmetry group. 

An apparently more general problem is that of fmding tensor polynomial 
functions of vectors and tensors which are form-invariant under a given sym
metry group. Suppose, for example, that T is a symmetric second-order tensor 
function of A, B, C, ... ,a, b, c, . .. . Then T is said to be form-invariant 
under the transformation Q if 

T - - - -
Q.T(A,B,C, ... ,a,b,c, ... ).Q =T(A,B,C, ... ,a,b,c, ... ). 

(1.15) 
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The problem is to determine canonical forms for T. This problem can be 
reduced to the invariance problem described above by a device due to Pipkin 
and Rivlin [5]. If u is an arbitrary vector, then 

F(A,B,C, ... ,a,b,c, ... ;u) =u.T(A,B,C, ... ,a,b,c, ... ).u (1.16) 

is an invariant of A, B, C, ... , a, b, c, ... , and u, and is of degree two in 
the components of u. Hence F can be expressed as a polynomial in the elements 
of the integrity basis for A, B, C, ... , a, b, c, ... , and u, of degree two in 
the components of u; therefore F is of the form 

F = L CP(Il' 12 , ••• ,In) p~r) uj Uj , 
m 

where 11 ,12 ,.,. I~ are elements of the integrity basis for A, B, C, ... , 
a, b , c, ... , and P ijm) u j Uj are invariants of A, B, C, ... , a, b, c, ... , and 
u, of degree two in u, which can be determined from the integrity basis for 
these tensors and vectors. It follows that T has the form 

T = L CP(II , 12 ' ... , In) p(m) • (1.17) 
m 

Similar procedures can be applied to determine form-invariant tensors of any 
order. 

A further problem is to relax the restriction that f be a polyno
mial in its arguments, and to seek a functional basis I~, I~, I~, ... of 
invariants of A, B, C, ... , a, b, c, . .. such that any invariant function 
f' (A, B, C, ... , a, b, c, ... ) can be expressed as a single-valued function 
of 1'1' I; , I~, . . . . An integrity basis is always a functional basis, but an 
irreducible integrity basis is not necessarily an irreducible functional basis. 

2. Isotropic Integrity Bases 

The problem of determining an irreducible integrity basis for an arbitrary 
number of vectors and tensors has been solved in a series of papers by Rivlin 
[6], Spencer and Rivlin [16-19] and Spencer [12,13]. A fairly complete account 
is given in Spencer [14]. Here we briefly outline some parts of the theory which 
will be used later in this lecture. 

Consider a set of v vectors a(r) (r = 1,2, ... , v) and X second-order 
symmetric tensors A (s) (s = 1,2, ... , X), and let I be a polynomial invariant 
of these vectors under the full or the proper orthogonal transformation group. 
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Without loss of generality it can be assumed that I is homogeneous in the 
components of the vectors and tensors. Hence I has the form 

(2.1) 

where r 1 ' r2 ' .•. , rn are integers (not necessarily all different) chosen from 
1,2, ... , v, and SI' S2 , ... , sm are integers (not necessarily all different) 
chosen from 1,2, ... , A, and (3.... •. J. k J. k J. k are a set of nume-

1 2··· nil 2 2··· m m 
rical coefficients. Under an orthogonal transformation Q, the components 
of a(r) and A (S) are transformed to 

-(r) _ Q (r) 
ap - pi ai ' 

-(S) _ Q Q (s) 
Aqt - qi tj Aij . (2.2) 

Since I is unchanged if a(p) is substituted for aP and )..(s) is substituted for 
A (s), it follows from (2.1) and (2.2) that 

A tensor p whose components have the property (2.3) for all orthogonal 
tensors Q is called an isotropic tensor; its components are the same in any 
rectangular Cartesian coordinate system. 

To determine the isotropic tensors we consider the case in which I is 
an invariant only of the vectors a(r), so that (2.1) reduces to 

(2.4) 

It was proved by Cauchy that an integrity basis for a set of vectors consists 
of the scalar products a(r). a(s) (r, s = 1, 2, ... , v) and the determinants 
eijk afr) a}s) a~) (r, s, t = 1, 2, ... , v). Hence I can be expressed as follows: 

(2.5) 
n 
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The determinant factor need occur at most once in any term because of the 
identity 

air 0jr 0kr 

eijk erst = Qis 0js oks (2.6) 

By equating (2.4) and (2.5) it follows that the components of the isotropic 
tensor fl are linear combinations of products of the form 

(2.7) 

if fl is of even order 2p, and of the form 

(2.8) 

if fl is of odd order 2 p 4- 3. This method of determining the isotropic tensors is 
due to Smith and Rivlin [10]. For simplicity we consider only the case in which 
fl is of even order, so that the invariant I in (2.1) is of even degree in the 
components of the vectors. This is also the only case which arises if the 
symmetry group is the full orthogonal group, because the determinant 
eijk a~r1) aV2 ) a~r3) changes sign under a transformation for which det 
Q = - 1, and so is invariant only for proper orthogonal transformations. 

By substituting for (l in (2.1), it follows that I can be expressed as a 
polynomial in expressions of the forms 

tr p(1) = p(1) atr) p(2) a(s) = a~r) p(2) a(s) 
11 ' •• 1 1) J' (2.9) 

where p(1) and p(2) are tensor products formed by taking inner products 
of any number of the tensors A(s) in any order. Hence (2.9) constitute 
an isotropic integrity basis for the vectors and tensors. However this integrity 
basis is not finite. The basis can be reduced to a finite basis by arguments based 
on a generalization of the Cayley-Hamilton theorem which show that tr p( 1) 
is reducible if p(1) is of degree greater than six in A(s), and a(r) .p(2) . a(s) is 
reducible if p(2) is of degree greater than four in A (s) (an invariant is said 
to be reducible if it can be expressed as a polynomial in invariants of lower 
degree). It then remains to determine an irreducible integrity basis. This has 
been accomplished by detailed examination of all the possible cases. The 
process is rather laborious but has been carried out. The resulting irreducible 
integrity basis for an arbitrary number of vectors and second-order tensors is 
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tabulated in Spencer [14]. The irreducibility of the basis has been established by 
Smith [7] using methods of the theory of group representations which yield the 
number of linearly independent invariants of each degree in the vectors and 
tensors. More recently, Smith [9] has shown how group-theoretic methods can 
be used to construct an integrity basis in a systematic way. 

The problem of constructing a functional basis has been considered by a 
number of authors. Many of the published results are not correct; the main 
source of error is failure to ensure single-valuedness of the representation of 
any invariant as a function of the elements of the basis. Complete functional 
bases have been given by Smith [8] and Boehler [1]. For the comparatively 
simple cases which arise in this lecture the irreducible integrity basis is also an 
irreducible functional basis. 

3. Transverse Isotropy 

We shall consider the problem of determining an integrity basis for a single 
symmetric second-order tensor for the symmetry groups (1.1 0), but the method 
used may be extended to the more general problem defmed by (1.14). The 
main results for a single tensor have probably been known for a long time; 
they are given explicitly by Ericksen and Rivlin [3]. The usual approach is to 
refer the tensor to a coordinate system in which one of the axes coincides 
with the axis of transverse isotropy. However there is some advantage 
in developing the theory in a manner which does not depend on the 
introduction of a special coordinate system; this becomes apparent when 
we consider applications to fibre-reinforced materials. If the fibres are suitably 
arranged, then a composite material which consists of an isotropic matrix 
reinforced by a single family of aligned fibres is, on the macroscopic scale, 
transversely isotropic with the fibre direction as the axis of transverse isotropy. 
However the fibres need not be arranged in straight lines, and so the direction 
of the axis of transverse isotropy may vary with pOSition in a body. It is 
straightforward to adapt results which are based on a special choice of 
coordinates to allow for such variation, but it is also of interest to develop the 
theory in a coordinate-free manner from the outset, and we shall proceed to do 
this in two distinct ways. 

The problem is now to determine canonical forms for a polynomial 
function t/>(CRS ) which satisfies 

(3.1) 

for all Q = Q(a) (Q), for 0 ~ Q < 21T, where the components of Q(a) (Q) are 
given by (1.8) and a defmes the axis of transverse isotropy. We solve this 
problem in two ways. 
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The Hrst approach is to employ the anisotropic tensors which were 
introduced by Smith and Rivlin [10]. The invariant cP is of the form 

(3.2) 

It follows by arguments similar to those leading to (2.3) that 

akl21k222 .. , kp2p = Qklil QQlh Qk2i2 ... QQpip a idli2 .,. ipip (3.3) 

for all Q = Q(a) (a). A tensor a. with the property (3.3) is said to be an 
anisotropic tensor for the symmetry group {Q(a) (a)}. The anisotropic 
tensors for a given symmetry group are readily calculated if an integrity 
basis for invariants, under that symmetry group, of an arbitrary nUmber of 
vectors is known. For transverse isotropy this integrity basis is well-known ; it 
is essentially the integrity basis for two-dimensional vectors under orthogonal 
transformations in two dimensions, and consists of the scalar products 
a(r) . is) together with the resolved components a.a(r) of the vectors a(r) 
in the direction of a. The corresponding anisotropic tensors then easily follow 
by a proceaure analogous to that used in deriving the isotropic tensors (2.7) 
and (2.8). The result is that the components of a. are of the form 

G:idl i2h .... ipip = L 'YN l)k121 l)k222 ... ~kqQq ami arn2 ... arnr , (3.4) 
n 

where kl' QI' k2' Q2' ..• , kq, Qq' m l , m2, ... , mr is a permutation of 
ii' jl> i2, j2' ... ip' jp and 2p = 2q + r (and hence r is even). Results equi
valent to (3.4), with a chosen to coincide in direction with the x3 -axis, 
were given by Smith and Rivlin [10]. 

By substituting (3.4) into (3.2), it follows that ep(C) is a linear combi
nation of polynomials in ai and Cij , with coefficients which are products of 
Kronecker deltas; thus ep (C) is an isotropic invariant of a and C. An isotropic 
integrity basis for a and C is a transversely isotropic integrity basis for C. It 
must be noted, however, that an irreducible isotropic integrity basis for a and C 
is not necessarily irreducible when it is regarded as a transversely isotropic 
basis for C. 

The alternative derivation of this result is based more on physical 
argument. For definiteness, consider an elastic material reinforced with a 
single family of fibres, which are characterized by the unit vector a in the 
reference configuration. Then W must depend on the deformation gradients 
aXj/axR and on a, and by the usual arguments we obtain 

W = W(C,a). (3.5) 
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If the only anisotropic properties of the material are those which arise from 
the presence of the fibres, then W is unchanged if we choose a new reference 
configuration which is obtained by a rigid rotation of the undeformed material 
and the fibres, and in which the particles are initially at X = Q. X and the 
fibre direction is Q. a where Q is any proper orthogonal tensor. Hence 

W(C, a) = W(Q.C. QT, Q .a), (3.6) 

and thus W is an isotropic invariant of C and a. 
To . determine the transversely isotropic integrity basis for C explicitly, 

we first note that IjJ (C) must be even in a. Hence it is sufficient to construct 
an isotropic integrity basis for C and a ~ a, where ® denotes the dyadic 
product (a ® a is the symmetric second-order tensor whose components are 
ai8j). This integrity basis can be read off from tables; it consists of the traces 
of the following tensor products: 

C, C2, C3, a ® a, (a ® a)2, (a ® a)3 , C.a ® a, C. (a ® a)2, 

C2 .a ® a, C2 .(a ® a)2. (3.7) 

However, since a is a unit vector 

a ® a = (a ® a)2 = (a ® a)3 = .... (3.8) 

Also 

tr a ®a = 1, tr C.a ® a = a.C.a, tr C2 .a ®a = a.C2 .a. (3.9) 

With (3.8) and (3.9), the set (3.7) reduces to 

tr C, tr C2, tr C3 , a . C . a, a . C2 . a, (3.10) 

and this is the irreducible transversely isotropic integrity basis for C. It agrees 
with the results of Ericksen and Rivlin [3]. An equivalent and, for our purposes, 
more convenient set is 

tr C, 1/2 {(tr C)2 - tr C2}, det C, a.C.a, a.C2 .a. (3.11) 

4. Orthotropic Symmetry 

The symmetry group for orthotropic symmetry with respect to three orthogonal 
planes normal to the unit vectors a, band c is given by (1.11). 
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The anisotropic tensors for all of the fmite symmetry groups which 
characterize the crystal classes have been obtained by Smith and Rivlin [11]. 
For orthotropic symmetry these tensors, expressed in coordinate-free form, are 
linear combinations of outer products formed from 

a ® a, b ® b, c ® c (4.1) 

Since a, b and c are mutually orthogonal, we have 

a ® a + b ® b + c ® c = I, (4.2) 

and we may discard one of the set (4.1), say c ® c, in favour of the unit tensor 
I, and take, as a basic set of anisotropic tensors,the tensors 

a ®a, b ®b, I. (4.3) 

It follows by arguments analogous to those used in Section 3 that any poly
nomial invariant of C, under the transformation group (1.11), is a polynomial in 
the components CRS of C, the components ai of a, and the components bi 
of b, which is of even degree in the components ai and of even degree in the 
components bi, and is invariant under all orthogonal transformations. Thus in 
this case also the tables of isotropic invariants can be used to determine an 
integrity basis for C in the case of orthotropic symmetry; specifically, an 
isotropic integrity basis for a ® a, b ® b and C will be an integrity basis for C 
for orthotropic symmetry with respect to planes normal to a, b and c = a x b. 

This result also can be obtained by more direct physical arguments. One 
method of constructing an orthotropic material is by building up layers of thin 
sheets of unidirectionally reinforced fibre-reinforced materials in some regular 
sequence, with the reinforcement in each layer lying initially in the direction 
either of a or of b, where a and b are orthogonal. Then, in the case of an elastic 
material, W depends on C, a and b, and since the sense of the fibres is not 
important, W has to be an even function of a and an even function of b. As in 
the case of Section 3, W is unchan~d if we choose a new reference configu
ration in which the particles are at X = Q . X and the fibre directions are Q . a 
and Q . b, and it follows that W is an isotropic invariant of C, a ® a and b ® b. 

From tables of isotropic invariants, an isotropic integrity basis for C, a ® a 
and b ® b is (omitting invariants which can be eliminated by relations analogous 
to (3.8» the traces of the following tensor products: 

C, C2 , C3 , a®a, b®b, C.a®a, C2 .a®a, C.b®b, 

C2 • b ® b, a ® a.b ® b, a ® a.b ® b.C, a ® a.b ® b.C2 (4.4) 
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Since a and b are orthogonal unit vectors 

tr a ® a = tr b ® b = 1, a ® a.b ® b = (a.b) a ® b = 0, (4.5) 

and so the integrity basis reduces (after some rearrangement) to 

11 = tr C, 12 = 1/2 {(tr C)2 - tr C2}, 13 = det C , 

a.C.a, a.C2.a, b.C.b, b.C2.b. 
(4.6) 

Another way to construct an orthotropic material is by building up 
thin sheets of unidirectionally reinforced fibre-reinforced material according 
to a regular sequence, but with the fibres initially aligned in the directions 
of two unit vectors d and e which are not necessarily orthogonal, but are 
inclined at an angle 2eI>. In the general case, the symmetry transformations 
for such a material are 

I, - I, (4.7) 

where c is orthogonal to d and e. If the material is elastic, then its strain. 
energy function W is an isotropic invariant of 

C, d®d, e®e, 

and an integrity basis is 

11' 12, 13, d.C.d, d.C2.d, e.C.e, e.C2.e, 

cos2eI>d.C.e, cos2eI>d.C2.e, and cos2 2eI>. 

(4.8) 

(4.9) 

However it can be shown that cos 2eI> d.C2.e may be expressed in terms 
of the other invariants, and so this invariant may be omitted from the integrity 
basis. 

The symmetry group (4.7) does not describe an orthotropic material. 
However, if the two families of fibres are mechanically equivalent (as, for 
example, when the successive sheets of unidirectionally reinforced material 
are alternately aligned in the directions of d and e, but are otherwise iden
tical) then the bisectors of d and e are also planes of symmetry, and the ma
terial is orthotropic. In this case W has to be a symmetric function of d and 
e, and so (4.9) (with cos 2eI> d.C2.e eliminated) may be replaced by the 
following set of invariants: 

11' 12, 13, d.C.d + e.C.e, (d.C.d) (e.C.e), 

d.C2.d+e.C2.e, (d.C2.d)(e.C2.e), cos2eI>d.C.e, cos2 2eI>. 
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However (d.C2 .d) (e.C2 .e) can be expressed in terms of the other inva
riants, and omitted, and so W can be expressed as a function of 

I}> 12 , 13 , d.C.d + e.C.e, (d.C.d)(e.C.e), 

d.C2.d + e.C2 .e, d.C.e cos 2<1>, cos2 2<1>. 
(4.10) 

The two sets of invariants (4.6) and (4.1 0) are both integrity bases for 
C for the case of orthotropic symmetry, and so they must be equivalent. This 
can be shown directly. The unit vectors a and b which bise~t e and d are 

a = (d + e )/2 cos <I> , b = (d - e )/2 sin <I> • 

so that 

d = a cos <I> + b sin <I> , e = a cos <I> - b sin <I> • 

(4.11) 

(4.12) 

If (4.12) are substituted into (4.10), we obtain a set of invariants which can 
be shown to be equivalent to the set (4.6), with the addition of cos2 2<1>. 

It is apparent that this approach can be extended to the determination 
of integrity bases for systems of vectors and tensors, and can be applied to 
other symmetry groups besides those considered in Sections 3 and 4. A similar 
method has been applied to a variety of problems by Boehler [2]. 

S. linear Elasticity 

For a linear elastic solid the strain-energy function is a quadratic function of 
the components E;j of the infinitesimal strain tensor E. 

For a transversely isotropic material the most general quadratic function 
which can be formed from the invariants (3.11 ) (with C replaced by E) is of 
the form 

W = 1/2 A(tr E)2 + IlT tr E2 + a(a.E.a) tr E + 2(IlL - IlT) a.E2.a + 

+ 1/2 !3(a.E.a)2, (5.1) 

where A, IlT ,ilL' a and!3 are elastic constants. The stress is given by 

(5.2) 

from which it follows from (5.1) that 

(5.3) 
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This is in agreement with the well-known expression for the stress in a trans
versely isotropic linearly elastic material. The constants ilL and I1T represent 
shear moduli. The other constants A, a and (3 can be related to elastic constants 
which have more direct physical interpretations, such as extension moduli 
and Poisson's ratios. 

For an orthotropic material the most general quadratic form for W is, 
from (4.6), 

W = 1/2 A(tr E)2 + 11 tr E2 + a1 (a.E.a) tr E 

+ a:i (b.E. b) tr E + 2111 a.E2.a + 2112 b .E2.b 

+ 1/2 (31(a.E.a)2 + 1/2 (3ib.E.b)2 +(33(a.E.a)(b.E.b) 
(5.4) 

where A, 11, at> a2, Ill' 112' (31' (32 and (33 are elastic constants. The corres
ponding expression for the stress is 

Tij = (AErr + a1 arasErs + a2 brbsErs) oij 
+ (a 1 Err + (31 ar as Ers + (33 br bs Ers) aiaj 

+ (a2 Err + (33 arasErs + (32 br bsErs) bi bj 

+ 211Eij + 2111 (aiakEkj + ajak Eki) 

+ 2112 (bjbkEkj + bjbkEk). (5.5) 

This expression also is in agreement with known results. 
There is nothing in this formulation which requires a to be constant 

in the case of transverse isotropy or a and b to be constant in the case of 
orthotropy. Therefore the constitutive equations (5.3) and (5.5) can be 
used if the directions which characterize the anisotropy vary from point to 
point, as would be the case, for example, for a fibre-reinforced material in 
which the fibres are arranged in families of curves which are not straight 
lines. Similar remarks apply to the constitutive equations which will be 
formulated in the next two sections. 

6. Finite Elasticity 

The constitutive equation for a finite elastic solid with strain-energy function 
WeeRS) is 

(6.1) 
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where Xi' XR and CRS were defmed in Section 1 and Po and p denote the 
densities in the reference and defonned configurations respectively. Consider 
first a transversely isotropic material in which the axis of transverse isotropy 
is in the direction of a vector ao in the reference configuration. Then, from 
(3.11), W is a function of 

(6.2) 

We note also that a material line element with direction ao in the reference 
configuration has the direction of a unit vector a in the defonned configuration, 
where 

aXi (0) 
~ a· = -- aR 

a I ax 
R 

and ~a is the stretch of the line element, given by 

(6.3) 

(6.4) 

It is also convenient to introduce the tensor B, whose components Bij 
are given by 

aXi aXj 
B··=--

IJ aXR aXR 
(6.5) 

From (6.1) and (6.2) it follows that Tij can be expressed in the fonn 

(6.6) 

By calculating the derivatives ala jaCRs , substituting these derivatives into 
(6.6), and using the relations (6.3), (6.4) and (6.5), and the Cayley-Hamilton 
theorem for B, we fmd eventually that (6.6) can be expressed in the fonn 

T = 21;-1/2 {(12W2 + 13W3) I + W1B - I3W2B-1 + I4W4a®a 

+ I4W s(a ® B.a + a.B ® a)}, (6.7) 

where Wa denotes aw jaIa . 
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The constitutive equation for an orthotropic elastic body can be obtained 
in a similar way. In this case W is a function of 

(6.8) 

where ao and bo are unit vectors normal to two planes of reflectional symmetry 
in the reference configuration. If a and b denote unit vectors in the deformed 
configuration in the directions of line elements which had the directions of 
ao and bo in the reference configuration, then (6.1) gives 

T = 2131/2 {(I2W2 + 13W3 ) 1+ W1B - 13W2B- 1 + 14W4 a ®a 

+ 16W6h®h + 14WS(a®B.a+a.B®a) 

+ 16W7 (b ® B.b + b.B ® b)}. (6.9) 

The constitutive equations (6.7) and (6.9) are equivalent to those given 
by Ericksen and Rivlin [3] and by Green and Adkins [4] for transversely iso
tropic and orthotropic elastic materials, but they are here expressed in a coordi
nate-free form and the method of derivation is rather different. 

7. Plasticity 

Most theories of plasticity assume the existence of a yield condition. We consi
der yield conditions of the form 

(7.1) 

where k depends on the deformation history, and F (T ij) is the yield function, 
and is homogeneous of degree two in the stress components Tij. F(Tij) is inva
riant under the transformations of the symmetry group. Hence, from (3.10), 
for a transversely isotropic material, F(T ij) can be expressed as a function of 

11 =trT, 12 =1/2trT2, 13 =1/3trT3 , 14 =a.T.a, 

15 = 1/2 a.r2 .a, (7.2) 

where a is the axis of transverse isotropy. For an orthotropic material, F(Tij) 
can, from (4.6) (with a minor modification), be expressed as a function of 

(7.3) 
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where a and b are unit vectors normal to two of the planes of reflectional 
symmetry. 

In plasticity theories it is often assumed that F(Tij ) is a plastic potential, 
such that the components D~ of the plastic strain-rate DP are given by 

. aF 
D!'.=A --, 

1) aT .. 
1) 

(7.4) 

where A is a scalar multiplier. From (7.2) this gives, for the case of transverse 
isotropy, 

and, for the case of orthotropy, 

P • 2 
D = A {F 1 I + F 2 T + F 3 T + F 4 a ® a + F 6 (b ® b) 

+ 1/2 Fs(a ® T.a + a.T®a) + 1/2 F7(b ® T.b.T ®a)}, (7.6) 

8. Kinematic constraints. Elasticity 

It is well-known that many problems in continuum mechanics are greatly sim
plified if the material concerned is regarded as incompressible, and that for 
some real materials the volumetric strain is small compared to the shear strain 
under loading conditions which are normally encountered. As a first approxi
mation such materials may be regarded as incompressible. 

For an incompressible linearly elastic solid, tr E = O. Hence the strain 
energy function (5.1) for an incompressible transversely isotropic material may 
be written as 

W = fJr tr E2 + 2(fJL - fJr) a.E2.a + 1/2 ~(a.E.a)2 - p tr E, (8.1) 

where p is a Lagrangian multiplier. From (5.2), the stress is 

T = 21lrE + 2(IlL - fJr)(a ® E.a + a.E ® a) + ~(a.E.a) a ® a - pl. 
(8.2) 

The mechanical effect of the kinematic constraint of incompressibility is to 
produce a reaction in the form of the arbitrary pressure p. 
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In a fibre-reinforced material which is constructed by reinforcing a rela
tively soft matrix material by strong stiff fibres, the resistance to deformation by 
extension in a fibre-direction may greatly exceed the resistance to other deform
ation modes. As a first approximation such a material may be regarded as 
inextensible in the fibre-direction. For small deformations, the condition for 
inextensibility in the direction of a is a.E.a = O. In this case the strain-energy 
function (5.1) reduces to 

W = 1/2 A(tr E)2 + J.l.T tr E2 + 2(J.l.L - J.l.T) a.E2.a + Ta.E.a , (8.3) 

where T is a Lagrangian multiplier. Then, from (5.2), 

T = AltrE + 2J.1.TE + 2(J.l.L -J.l.T)(a®E.a +a.E®a) + Ta ®a. (8.4) 

The mechanical effect of the inextensibility constraint is a reaction in the form 
of an arbitrary tension T in the direction of inextensibility. If the material is 
incompressible and also inextensible in the direction a, the constitutive equation 
(5.3) reduces to 

T = 2J.1.T E + 2(J.l.L - J.l.T)(a ® E.a + a.E ® a) - pI + Ta ® a. (8.5) 

Corresponding results are readily obtained for an orthotropic material. For 
an incompressible material, (5.5) reduces to 

T = ({3}a.E.a+{33b.E.b)a®a + ({33a.E.a+{32b.E.b)b®b 

+ 2J.1.E + 2J.1.} (a ® E.a + a.E ® a) + 2J.1.2 (b ® E.b + b.E ® b) - pl. (8.6) 

For a material which is inextensible in the orthogonal directions a and b, (5.5) 
reduces to 

T = Altr E + 2J.1.E + 2J.1.} (a ® E.a + a.E ® a) 

+ 2J.1.2 (b ® E.b + b.E ® b) + Ta a ® a + Tb b ® b, (8.7) 

where T a and T b are arbitrary tensions in the directions a and b. For a material 
which in incompressible and also inextensible in the directions a and b, (5.5) 
becomes 

T = 2J.1.E + 2J.1.}(a®E.a+a.E®a) + 2J.1.2(b®E.b+b.E®b) 

- pI + Ta a ® a + Tb b ® b . (8.8) 
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Analogous results hold for fmite elastic deformations. The condition for 
incompressibility is 13 = det C = 1; the condition for inextensibility in the 
direction ao in the reference configuration is 14 = ao'C .ao = 1. In the case 
of transverse isotropy, (6.7) is modified as follows: 

(a) Incompressible material (13 = 1) 

T = 2 {W 1 B - W 2 B- 1 + 14 W 4 a ® a + 14 W 5 (a ® B.a + a.B ® a)} 

- pI . (8.9) 

(b) Material which is inextensible in the direction a (14 = 1) 

T = 2131/2 {(l2W2 + 13W 3) I + WI B - 13W2B- l 

+Ws(a®B.a+a.B®a)}+Ta®a. (8.10) 

(c) Material which is incompressible and inextensible in the directiorl a (13 = 1, 
14 = 1) 

T = 2 {W 1 B - W 2 B- 1 + W s (a ® B.a + a.B ® a)} - pi + Ta ® a.(8.11) 

For the case of an orthotropic material, (6.9) is modified as follows: 

(d) Incompressible material (13 = 1) 

T = 2 {W 1 B - W 2 B-1 + 14 W 4 a ® a + Is W 6 b ® b 

+ 14 Ws(a ® B.a +a.B ® a) + Is W7 (b ® B.b + b.B ® b)} - pl. (8.12) 

(e) Material which is inextensible in the directions a and b (14 = 1, 16 = 1) 

T= 21 3 1/2 {(I2W2+13W3)I+WIB-13W2B-l 

+Ws(a®B.a +a.B ®a) + W7 (b®B.b + B ®b)}+ Taa ®a + Tb b ®b. 
(8.13) 

(f) Material which is incompressible and inextensible in the directions a and b 
(13 = 1, 14 = 1, 16 = 1) 

T = 2 {W 1 B - W 2 B- 1 + W s (a ® B.a + B ® a) 

+ W 7 (b ® B . b + b ® b)} - pI + T a a ® a + T b b ® b . (8.14) 
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For an orthotropic material which is inextensible in two non-orthogonal 
directions d and e, it is more convenient to express W as a function of the 
invariants (4.10), and note that the inextensibility conditions take the forms 
d.C.d = 1 and e.C.e = 1. This theory is described in Spencer [15], but the consti
tutive equations derived in [15] contain some redundantterms. 

9. Kinematic constraints. Plasticity 

The stress in a material subject to kinematic constraints can be divided into two 
parts. Thus 

(9.1) 

where R is the reaction stress, and S is the extra-stress. The extra-stress is 
determined by constitutive equations; the reaction stress is arbitrary and is 
determined by equations of motion or equilibrium and boundary conditions. 
For an incompressible material R = - pI ; without loss of generality the hydro
static part of S may be absorbed into pI, and we may assume tr S = 0, so that 
in this case S becomes the deviatoric stress. Similarly, for a material which is 
incompressible and inextensible in the direction a, we have 

R = - pI + Ta ® a, (9.2) 

and without loss of generality it may be assumed that 

tr S = 0, a.S.a = O. (9.3) 

It follows from (9.1), (9.2) and (9.3) that in this case 

1 1 
S = T - 2" (tr T - a.T.a) I - 2" (tr T - 3a.T.a) a ® a. (9.4) 

For a material which is incompressible and inextensible in the two ortho
gonal directions a and b, we have 

(9.5) 

and it may be assumed that 

tr S = 0, a.S.a = 0, b.S.b = O. (9.6) 
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In this case S takes the form 

S = T ~ (tr T ~ a.T.a ~ b.T.b) I + (tr T ~ 2a.T.a~ b.T.b) a ® a 

+ (tr T - a.T.a - 2b.T.b)b ® b. (9.7) 

For most metals it is observed that plastic yielding is, to a good approxi
mation, independent of the hydrostatic pressure. The yield function F(Tij) can 
then be expressed as a function of the components of the deviatoric stress 
T - 1/3 I tr T. In the case of a transversely isotropic material, the set of inva
riants (7.2) may then be replaced by 

J~ = 1/2 tr S2, J~ = 1/3 tr S3, J~ = a.S.a, J~ = 1/2 a.S2 .03, (9.8) 

and in the case of an orthotropic material, (7.3) may be replaced by 

J~, J~,J~,J~,J~ = b.S.b, J; = b.S2.b (9.9) 

where S = T - 1/31tr T. 

If a plastic material is inextensible in one or more directions, it is to be 
expected that yielding will not be affected by arbitrary tensions in those direc
tions. Hence the yield function may be expressed as a function of the extra
stress, rather than of the total stress. Thus in the case of a transversely isotropic 
material which is inextensible in the direction a, the set (9.8) may be replaced 

by J~ = 1/2 tr S2, J~ = 1/3 tr S3, J~' = 1/2 a.S2.a, (9.10) 

where now S is given by (9.4). In the case of an orthotropic material which is 
inextensible in the directions a and b, then S is given by (9.7), and the set 
(9.9) may be replaced by 

J~' = 1/2 tr S2, J~' = 1/3 tr S3, J~' = 1/2 a.S2 .a, J~' = 1/2 b.S2 .b. 
(9.11) 

Similar arguments can be applied in the case of an orthotropic plastic 
material which is inextensible in two non-orthogonal directions d and e. This 
case was discussed in [15]. 

If the associated flow rule (7.4) is adopted, then the plastic strain-rate nP 

is obtained from the appropriate form for F(Tij). 
The current yield stress k which was introduced in (7.1) depends on the 

deformation history. It is sometimes assumed that k depends on the plastic 
work W P' where 

(9.12) 
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If we denote <p(Tij) = {F(Tij)}1/2, then <P(Tij) is homogeneous of degree one, 
and (9.4) gives 

(9.13) 

where € is a factor of proportionality. Hence 

(9.14) 

If we choose e = ° when W p = 0, and k is an increasing function of W p' 

then (9.14) establishes a correspondence between e and W p' and k may 
equally be regarded as a function of e. In effect, e is an equivalent plastic strain. 
To obtain an explicit expression for €, it is necessary to solve (9.13) for Tij in 
terms of D~ and €, and then substituting for Tij in the yield condition gives € 
as a function of DB. As a simple example, a plausible generalization of von 
Mises' yield condition for a transversely isotropic material which is inextensible 
in the direction a is 

where c is constant. Then the flow rule gives 

and hence it follows that 

'2 

D~DB = --;. {2J~ + c(c + 4) J~}, 
4k 

Therefore, from (9.15) and (9.16), 

(9.15) 

(9.16) 

(9.17) 

and this determines the 'equivalent strain-rate' € for any given deformation. To 
assume that k is a function of e is equivalent to assuming that k is a function of 
Wp. 
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RESUME 

(Sur la formulation des equations constitutives pour les solides anisotropes) 

Nous passons d'abord en revue les problemes algebriques de la determi
nation des invariants, dans un groupe de transfonnations orthogonales, d'un 
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certain nombre de vecteurs et de tenseurs cartesiens du second ordre. On montre 
ensuite comment la solution de ce probleme algebrique peut etre appliquee pour 
la formulation des equations constitutives des materiaux anisotropes, et en 
particulier des materiaux orthotropes et orthotropes de revolution. Cette 
approche est iIlustree par la formulation des equations constitutives en elasticite 
lineaire, en elasticite fmie et en plasticite. Vne attention particuliere est reservee 
pour les materiaux renforces par des fibres. L'effet des restrictions cinematiques 
de l'incompressibilite et de l'inextensibilite dans certaines directions est 
egalement discute. 
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1. Introduction 

We are concerned with the problem of determining the general form of the 
tensor-valued polynomial expression 

T· . = !fl. . (BI' I', CI· I' ) II ... ln II·.·ln 1· .. pl· .. q, ... 
(1.1) 

which is invariant under a group of transformations {A} = {A 1 ,A2 , .•• }. 

Thus the function !fl il ... in appearing in (1.1) must satisfy 

A·· A·· !fl. . (B, " C· . ) = IIJ1 ... InJn 11 ... Jn II .. ·lp II· .. lq, ... 

!fl. . (A.· A·· B· . A·· A·· CJ' J') (1.2) 11 .. · ln 11J1 ... IpJp l1 .. ·Jp' 1111 .. · 1qJq 1·" q, ... 

for all A = II Aij II belonging to {A}. We are also concerned with determining 
the general form of expressions such as 

(1.3) 

which are invariant under a group of transformations {A}. This is of course 
a special case of (1.1). The restrictions imposed on the property tensors 
Cil ... is and CiI ... is by the requirement that (1.3) be invariant under {A} 
are that 

A.· A-. C· . = C· . A·· A·· C· . = C· . (14) 1111··· ISJS Jl· .. J5 11 ... 15' 1111'" ISJS J1 ... JS 11 .. · IS . 

must hold for all A belonging to {A}. Tensors Ci1 ... is and Ci1 ... i which 
satisfy (1.4) for all A belonging to {A} are said to be invariant un~er {A}. 
There is an extensive literature devoted to the determination of the general 
expressions for tensors which are invariant under the various crystallographic 
groups. See, for example, references [1], ... , [3]. In principle, the problem of 
determining the form of (1.3) is solved once the general forms of the tensors 
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Cil ... is, ... are known. In practice, difficulties frequently arise. For example, 
let us consider the problem of determining the general form of 

(1.5) 

which is invariant under the three-dimensional orthogonal group °3 , The 
general eighth order tensor which is invariant under 0 3 is expressible as 

where the right hand side of (1.6) denotes a linear combination of the 
105 distinct isomers of the tensor 0 i i 0 i i [j i i Oi7 i . Only 91 of these 
isomers are linearly independent. Exp\i~it ~:pre~s~ons ~or the 91 linearly 
independent 8th order tensors invariant under 0 3 are given by Kearsley and 
Fong [4]. If we employ the results of [4] and substitute the general expression 
for Cil ... is in (1.5), we obtain 91 terms. However, only 15 of these terms 
are linearly independent and one must solve a tedious algebraic problem in 
order to obtain the appropriate expression. It is preferable to proceed as follows. 
We set 

T1·J· = T~.o + T~~) 
IJ IJ' 

(1.7) 

(~ 1 (0 
Bijk = "6 (Bijk + Bjik + Bkji + Bikj + Bjki + BkU) - Bijk . 

The tensors B~l~, ... , B~tk have 3, 3, 5 and 7 independent components res
pectively. We may then write (1.5) as 

(I) (2) (1) (4) ) ( (1) (4) ) T ij + Tij = Cijk ... q (Bk2m + ... + Bk2m Bnpq + ... + Bnpq (l.8) 

and consider the 20 separate problems 

T (a) - B(P) B(')') 
ij -cijk ... q k2m npq' (a=I,2; J3,r=I,2,3,4; J3~r). (1.9) 



www.manaraa.com

Anisotropic Constitutive Expressions 29 

We may compute the number of linearly independent terms in the expressions 
obtained from (1.9) by setting (o:,I3,'}') = (I,I,I), (1,1,2), ... ,(2,4,4) 
and we fmd that there is just one linearly independent term in 15 cases and 
none in the remaining 5 cases. Thus, we have reduced the complicated algebraic 
problem of determining the general form of (1.5) which is invariant under 
the group 0 3 to 15 essentially trivial problems. The validity of this procedure 
is based on the. fact that the independent components of the six tensors 
T~l~ .... B~:f form carrier spaces for irreducible representations of the group °3 • We next show that a variant ofthis procedure may be effectively employed 
to establish the general form of expressions such as (1.3) which are invariant 
under any given crystallographic group. 

2. Decomposition Procedure 

We now consider the problem of determining the form of 

(2.1) 

which is invariant under a group {A} = {A l , ••. , AN}. Let T 1 , .•. , T P 
and Bl , ... , Bq denote the independent components of T,' I' and 

l··· n 
Bj 1 .,. jm respectively. Thus, (2.1) may be written as 

T=CB, T= B= (2.2) 

Tp 

The requirement ofthe form (1.2) that 

A~k) A~k) T = c' ,A~k) A~k) B 
IlPl··· InPn Pl···Pn Il,··lnJl···Jm Jlql··· Jmqm ql···qm 

(2.3) 

must hold for all Ak = II ALk ) II belonging to {A} may be written as 

(2.4) 

The sets of Np x p matrices S(Ak ) and Nq x q matrices R(Ak ) which defme 
the transformation properties of T and B respectively are said to form matrix 
representations of the group {A}. With (2.2) and (2.4), we see that the p x q 
matrix C is subject to the restrictions that 

(2.5) 
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must hold for k = 1, ... , N. We may determine matrices Q and P such that 
the matrix representations QS(Ak) Q-1 and PR(Ak)P- 1, which are said to 
be equivalent to the representations S(Ak) and R(Ak)' are decomposed into 
the direct sum of irreducible representations of {A}. Thus, we have 

1 •. 
QS(Ak) Q- = n1"1 (Ak) + ... + nrI;(Ak), 

PR(Ak) p- 1 = m1I'1 (Ak) -+ ... -+ mrI;(Ak) 
(2.6) 

where the right hand side of (2.6)1 denotes a block diagonal matrix which 
contains n1 PI x PI matrices I'l(Ak),···, nrPr x Pr matrices I"'r(Ak) along 
the diagonal. We note that there is a fmite number r of inequivalent irreducible 
matrix representations associated with a given crystallographic group and we 
denote these by II (Ak)' ... , I~ (Ak)· The representations I1 (Ak), ... , I'rCAk) 
are said to be of degrees PI' ... , Pr respectively. Let 

QT = 'C 1 -l- ... -l- 'C r' PB = fjl -l- ... -l- fjr ' 

'C i = 'C i1 -i- ... -l- 'C in.' fji = [1 it -+- ... -l- [1 im. , 
I I 

(2.7) 

ii) 
J1 

(3(i) 
j1 

'C ij = fjij = 
r{i) 

JPi 
rP) 

JPi 

wlfere the matrices Q and P are those appearing in (2.6) and where the rr~ , 
(3~~ are of course linear combinations of the components of T and B respec
tively. With (2.2) and (2.4), we have 

QT = QCB = QCP- 1 PB = DPB, 

QS(Ak) Q-l D = DPR(Ak) p- 1 

D = QCP-1 , 
(2.8) 

where (2.8)3 must hold for k = I, ... , N. With (2.7), we see that (2.8)1 may 
be written as 

'C 1 
11 1r D , ... ,D 

= 
r1 IT D , ... ,D 'C r 

fjl Dij Dij 
11 , ... , Pfn· 

J 

Dij ij 
n.1' ... , Dn.m. 

I I J 

(2.9) 
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The matrices D~ l' ... are Pi x Pj matrices and the matrix Dij is a .. Pini x Pjmj 
matrix. With (2.6), (2.8h and (2.9)1' we see that the matrices D~i3 appearing 
in (2.9h are subject to the restrictions that 

(2.10) 

must hold for k = 1, ... ,N. We may then employ Schur's lemma [5] which 
tells us that the matrices D~i3 are zero matrices if i =1= j and are multiples of 
the Pi x Pi identity matrix if i = j. For example, if n1 = 2, n2 = 1, m1 = 2, 
m2 = 1 , PI = 1 ,P2 = 2, we have 

T(l) a1 , a2 I (3(1) 
11 

I 
11 

0 
T(l) a3 , a4 I (3(1) 

21 21 
= -----4.- --- (2.11 ) 

T(2) I as, 0 l2) 
11 I 11 

0 I (3(2) T(2) I 0, as 12 12 

Thus, the problem of determining the form of T = CB which is invariant under 
{A} may be replaced by the equivalent problem of determining the form of 
QT = DPB which is invariant under {A}. However, appropriate choice of Q 
and P renders this problem trivial and essentially reduces the problem of 
determining the form of T = CB to the problem of determining the decompo
sition of T and B into the sum of quantities whose transformation properties 
under {A} are defined by the irreducible representations r 1 (Ak), ..• , ..... (Ak). 

We plan to employ this technique as the basis of a computer program which 
will generate explicit expressions for scalar-valued and tensor-valued functions 
of a number of vectors and second-order tensors which are invariant under 
any given crystallographic group. This work is in progress and we foresee no 
essential difficulties. For a more detailed discussion of the above notions, 
see references [6], ... ,[10]. 

3. The General Case 

The decomposition procedure employed in § 2 may be employed effectively 
when we seek to determine the general form of the polynomial expression 

<P = <P(B. . C· . ) II ... 1p , II ... Iq , ... (3.1) 

which is invariant under a crystallographic group {A}. We note that the 
problem of determining the form of the function 

T· . = <p. . (B. . C· . ) 
II ... In II ... In II ... Ip' II ... Iq , ... 
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which is invariant under {A} may be reduced to the problem of deter
mining the form of a scalar-valued function <p* (Bi1 ... i ,Ci1 ... iq , ... , Til'" io) 

which is invariant under {A} where <p* is linear in Til'" io . There is conse

quently no loss in generality in restricting consideration to the case (3.1). 
Let S(Ak), R(Ak), ... denote the representations of {A} which defme the 
transformation properties under {A} of the column matrices B, C, ... whose 
entries are the independent component B 1 ' ... , Bp ' C 1 , ... , Cq , . .. of 
the tensors Bi l' .. ip , Ci 1 ... iq , '" . We may then express (3.1) as 

<p = 4l(B,C, ... ) (3.2) 

where the polynomial function <P is subject to the restriction that 

"4>(B, C, ... ) = <P(S(Ak) B, R(Ak) C, ... ) (3.3) 

for all Ak belonging to {A}. Let us choose matrices Q, P so that 

-1 ., 
QS(Ak) Q = n 1 II (Ak) + ... + nr I;(Ak) , 

1 •• 
PR(Ak) P- = m 1 r 1 (Ak) + ... + mrI~(Ak) , ... , 

QB = ,. .j......j.. ,. .j.. .. . .j..,~ .j......j.. ,~ 
1-'11 1-'101 I-'r1 I-'rnr ' 

(3.4) 

pc=" .j.. ... .j..,. + ... .j..fj .j.. ... .j..,. 1-'1,01 +1 1-'1,01 +m1 r,or+1 I-'r,or+mr'''' 

where the transformation properties under {A} of the fjli, ... , fjri are defined 
by the irreducible representations r 1 (Ak), ... , I~(Ak) respectively. With 
(3.4), we see that (3.2) is expressible in the form 

<P = <P*$1i, ... , fjrj) (i = 1,2, ... ; ... ; j = 1,2, ... ) (3.5) 

where the function <p* is subject to the restrictions that 

(3.6) 

must hold for all Ak belonging to {A}. We observe that the problem of 
determining the form of <p(B, C) and q,(D,E ,F) which are invariant under 
{A}, when translated into the form (3.6), will differ only in the number of 
quantities fjli, ... , fjrj which appear as arguments of the function <P*. Thus, 
if we solve (3.6) for the case where i = 1, ... , k 1, ... ,j = 1, ... , kr where 
k1' ... ,kr are arbitrary, we have then solved the most general problem which 
may arise. In [11], [12], Kiral, Smith and Smith have obtained results of 
this generality for 27 of the 32 crystal classes. Work is in progress to extend 
these results to the remaining crystal classes (the 5 cubic crystal classes). 
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4. Syzygies 

We observe that the problem of determining the general for of <I>(B, C, ... ) 
where <I> is a scalar-valued polynomial function of the components of B ,C, .. . 
which is invariant under {A} includes the problems considered in § 2 such 
as (2.1) as a special case. Let us consider the problem of determining the general 
expression for a polynomial scalar-valued function of a single tensor B == II Bij II 
which is invariant under {A}. Let 11' 12, 13 be polynomial functions which 
are of degrees 1, 2, 3 respectively in B and which are invariant under {A} such 
that any polynomial function of B which is invariant under {A} is expressible 
as a polynomial in the 11' 12, 13, The invariants 11' 12, 13 are referred to as the 
elements of an integrity basis for functions of B which are invariant under 
{A}. Thus, we have 

<I>(B) == Co + c111 + c21i + d212 + c31~ + d31112 + e313 

+ c4Ii + d41il2 + e41; + f411 13 + .... 
(4.1) 

If we consider the problem of determining the general form of the functions 

(4.2) 

which are invariant under {A}, we may of course proceed by setting 

clj Bij == CS 1 11' ... , 

cijk2mnpq Bij BkQ Bmn Bpq == c41i + d41i 12 + e41~ + f411 13"" 
(4.3) 

provided that all of the terms of degree n in B appearing on the right hand side 
of (4.1) are linearly independent. In general, we are not sure that this is the case. 
For example, it might be the case that 1113 == I~. Such a relationship is referred 
to as a syzygy. The problem of determining all of the syzygies which relate the 
elements 11' 12, 13, ... of an integrity basis is one of the main problems of the 
theory of invariants. Solution of this problem would enable us to eliminate all of 
the redundant terms appearing in an expression such as (4.1) and we would then 
be able to read offfrom (4.1) the general expression for 

c· . B·· B· . 11··· 12n 11 12'" 12n- 112n 

for any n. In references [13], [14], [15], we have considered the problem of 
eliminating all redundant terms from the general expressions for scalar-valued 
and tensor-valued polynomial functions which are invariant under a given 
group {A}. 
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RESUME 

(Sur les expressions constitutives anisotropes) 

Nous discutons du probleme de la determination de la fonne generale 
d'une fonction tensorielle polynomiale T = <l>(B, C, ... ) d'un certain nombre de 
tenseurs B ,C, ... , lorsqu'elle est invariante dans un groupe {A}. 



www.manaraa.com

Colloques internalionaux du CNRS 
N° 295 - COMPORTE\1ENT ~lECANIQL:E DES SOU DES ANISOTROPES 

On the Structure of Anisotropic Tensor 
Functions in Continua 

K. Z. Markov 
Centre for Mathematics and Mechanics, Bulgarian Academy of Sciellces, Sofia, Bulgaria. 

A. A. Vakulenko 
Faculty of Mathematics and Mechallics, University (If Lellingrad, Lellillgrad, USSR. 

1. Introduction 

In the analysis of response of anisotropic media there exists a general problem 
about the material symmetry restrictions imposed on the constitutive equa
tions. Numerous studies on this question have been carried out (cf. the 
survey [18]). However, these studies have been based on the assumption that 
the tensor relations involved are polynomial (or that they could be approxi
mated by polynomials). According to the apt remark of Pipkin and Wineman 
[8], this assumption 'is a matter of mathematical convenience; it seems some
what foreign to a discussion of material symmetry'. 

The present work is devoted to an analysis of the symmetry restrictions 
imposed on the tensor function ;r. of arbitrary type. No proofs are given here, 
for brevity of this note. We put no requirements on regularity properties of 
;]i. But unlike [8], [21], we do not rely on the known polynomial results in 
order to extend these to a more general class of functions. 

We begin our study by introducing the sets of anisotropic tensors 
';(G) and tensor functions ~(G) the symmetry groups of which contain an 
orthogonal subgroup G (Sec. 2). The orthogonal subgroups G are described 
by the so<:alled determining tensors [4], [5], i.e. by tensors with a symmetry 
group coinciding with G. The fact that we deal only with the tensor repre
sentations of the orthogonal group automatically restricts the class of sub
groups which we are interested in when describing the sets 'lD (G) and ~ (G): 
this is the class consisting of those groups which can be determined by tensors 
(Sec. 3). If a subgroup G is determined by a tensor X, it turns out that the sets 
of anisotropic tensors ~ (G) consist of tensors which could be constructed from 
X, using the invariant tensor operations; the values ~I (T) of the anisotropic 
func,tions §i E ~(G) are constructed in the same manner from the tensor
argument T and the determining tensor X (Sec. 4). The latter result leads to the 

3 
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so-called Canonical Fonn of the tensor fWlctions with a given group of sym
metry (Theorem 4.2). The Canonical Fonn reduces the investigation of the ani
sotropic tensor functions to two basic problems: 1) the construction of a tensor 
basis (Le. a basic system of fonn-invariant tensors) and 2) the construction of 
a complete system of scalar invariants. Some facts concerning the tensor bases 
are discussed in Sec. 5. The concept of a complete system of scalar invariants is 
considered in Sec. 6; it is emphasized there that the completeness depends only 
on the requirements regarding the type of polynomiality, smoothness, etc., put 
on the tensor fWlctions. The relationship between the construction of a 
tensor basis and that of a complete system of scalar invariants is discussed 
in Sec. 7. 

2. Symmetry group of tensors and tensor functions 

Let E be a three-dimensional Euclidean space over the field R of the real 
numbers and let 

R, E, E®E, ... ,®E, ... 
p 

(2.1) 

be the tensor powers of E. so that C;(E) = U ® E is the set of all the Carte-
p=o 

sian tensors over E (R is treated as the 'zeroth' tensor power of E). The space 
® E of p-th order tensors is generated by the polyads Xl ® X2 .•. ® Xp, 
p 
i.e. by the tensor products of the vectors Xl' •.•• ~ E E (hereafter we omit 
the sign of tensor product of vectors) (1]. Viewing the second.order tensors 
as linear transfonnations of E, we can associate with any A E E ® E a linear 
transfonnation AP E ® E of the space ® E, which acts on the polyads 

2p p 
according to the fonnula 

where ~ E E. i = 1.2 •...• p, and the dot denotes the 'semi-scalar' product, 
e.g. (A,x)n=~mxm. The tensor AP'=®A is the p-th tensor power 
of the tensor A E E ® E. P 

As usual, we denote by O(E) C E ® E the orthogonal group of the 
space E, so O(E) = {UEE®EIU.U*=I}, with U* being the tensor 
conjugated to U and I the unit tensor. 

We call ,'ji: Vi - V 2 a tensor function over E if V 1 and V 2 are 
certain Cartesian products of a finite number of tensor powers (2.1). For 
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simplicity we restrict our attention to the tensor functions of the particular 
type 

51: ®E~ ®E, p, q>O, (2.2) 
p q 

though all the considerations and results given below are, mutatis mutandis, 
valid in the general case as well. 

We connect with every tensor function (2.2) its symmetry group 
G:9' C O(E). This is the group which consists of all U E O(E) that 'commute' 
with 51, i.e. 

G === {U E O(E) I 51(UP(T» === UQ(51(T»). VT E ® E} :9' p 
. (2.3) 

The tensor function is called isotropic, if G === O(E). If G is a subgroup 
of O(E) then 51 is called anisotropic. 

In the case of a linear function 51 we have 51 (T) = F. T, with a 
tensor F E ® E, s === P + q (the boldface dot means contraction with res
pect to p p~rs of indices). Then (2.3) reduces to the familiar defmition of 
the symmetry group 

for the tensor F E ® E . 
s 

(2.4) 

As a simple consequence of (2.3) and (2.4) we obtain the useful relation 

VTE®E, 
p 

(2.5) 

between the symmetry groups of the argument and the value for a tensor 
function 51. 

Let G C O(E) be an orthogonal subgroup. In continuum mechanics 
applications. the basic problem concerns the description of the set 

(2.6) 

consisting of tensor functions 51, each of which has the transformations 
U E G as symmetry elements. In the terminology adopted, the elements 
of ~(G) are called form-invariant tensors for the group G [18], or tensor 
concomitants for G [2]. [3]. For brevity we shall call them G-invariants or 
invarian ts. if the group G is fixed. 

If we assume that the tensor functions 51 are linear, then the set (2.6) 
reduces to the set 

~(G) === {T E ~(E) I G C GT } === {T E c;(E) I UP(T) === T, VU E G} (2.7) 
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of all the Cartesian tensors over E which do not change under the transfor
mation UP, U E G. We have the decomposition c;(G) = U ~ (G), where 

n=O 
In(G) is the linear space of all G.ffivariant tensors of order n, n = 0, 1 , .... 

3. Detennining tensors 

We introduce the class S; of orthogonal subgroups each of which is a symmetry 
group for a certain tensor over E, i.e. 

~ = {G C O(E) I 3X E c;(E), G = Gx }. (3.1) 

LEMMA 3.1.: The class S; consists of all fmite and texture I ortho
gonal subgroups. 

LEMMA 3.2.: Let Go be an orthogonal subgroup which does not 
belong to the class ~, then 

(3.2) 

where G* = () , G E~, is the smallest group in ~ which contains 
GOCG 

Go as a subgroup. 

Hence, analyzing the structure of the sets ~(G) of G-invariants, we 
can restrict our attention to the subgroups G E ~ . 

Let GE~. Following Lokhin and Sedov [5], we call XEc;(E) the 
determining tensor for G, if G = Gx . Equivalently, the subgroups G E S; 
could also be determined by a number of tensors Xl"'" Xn so that 
G = GX () ••• () GX . The point is that, within the accuracy of an inversion, 

I n 
GX = GX () •.. () GX ' where the tensor X is the polyad X = Xl ® ... ® Xn ; 

I n 
the inversion can be eliminated by adding the alternating tensor as a tensor 
multiplier into the polyad Xl ® ... ® Xn. 

Obviously, the class ~ is wide enough for continuum mechanics appli
cations, because it includes all 32 symmetry groups of crystals and the seven 
texture subgroups; the table of the determining tensors for these 39 subgroups 
is given in [5]. 

It is important to note that the groups G E ~ are compact. Moreover, 
the assumption that the group G is determined by a tensor presents a set of 
polynomial conditions; consequently, the groups G E ~ are algebraic and 

1 An orthogonal subgroup is a texture, if it contains all rotations about a flXed 
axis. 
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therefore, according to a known result, they are Lie groups. But in our case 
this is clear from their description given by the Lemma 3.1 . 

4. Description of the sets of anisotropic tensors and tensor functions 

Let G E ~ be a certain orthogonal subgroup with the determining tensor 
X, so that G = Gx . We consider the sets 

(4.1) 

consisting, respectively, of the p-th order tensors and of the tensors over 
E, which can be constructed from X using the invariant tensor operations, 
i.e. forming linear combinations, tensor products, contractions and isomers 1. 

The invariant tensor operations are polynomial isotropic tensor func
tions, so, according to (2.5), Gx C GT for each T E I(X). Hence, in the 
notation (2.7) and (4.1), we have that I(X)Cc;(G). It turns out,however, 
that these two sets coincide: 

THEOREM 4.1: If G E ~ and G = Gx , then 

I(X) = ~(G), Ip(X) = Ip(G) , p = 0,1 , ... (4.2) 

In other words, every tensor T with a symmetry group GT::J G = Gx can 
be constructed from X, using only the invariant tensor operations. 

Theorem 4.1 has been announced by Lokhin [4] for the class of symmetry 
groups of crystals and textures. 

If G = O(E), Theorem 4.1 is well-known (see, for example, [3]); in 
this case it states that every isotropic tensor is a linear combination of isomers 
of the tensor I ® I ® ... ® I. because the unit second-order tensor I deter
mines the full orthogonal group, i.e. G1 = O(E). 

THEOREM 4.2: If G E ~, G = Gx , then every tensor function 
~ E ~(G) of the type (2.2) can be represented in the so-<:alled Canonical 
Form: 

M 

§I(T) = L fi (T) Pi (T), 
i=1 

TE®E, 
p 

1 A is an isomer of B, if there exists a permutation s such that 

(4.3) 
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where Pj E ~(G) are polynomial tensor functions such that for every 
T E ® E the set of their values P 1 (T) , ... , PM (T) contains a basis for the 

p 
space Iq (X, T), generated by the tensors X and T by means of the inva-
riant tensor operations, and where fj are scalar-valued G-invariants. 

A stronger result was proposed in [7], where it was shown that the 
tensor functions Pj could be chosen so that the scalar-valued functions 
fj in (4.3) are polynomial, provided the function 5i is polynomial. In this 
case (4.3) is called the Polynomial Canonical Form. It is clear that every 
Polynomial Canonical Form is also a Canonical Form [8], [21], but the 
converse is not generally valid. 

It turns out that the Polynomial Canonical Forms are smooth in the 
sense of the following theorem. 

THEOREM 4.3: I.et (4.3) be the Polynomial Canonical Form for the 
tensor functions 5iE~(G). Then a tensor function §lE~(G) is smooth, 
i.e. 5i E Coo, if and only if the scalar-valued G-invariants f 1 to fM in the 
representation (4.3) for §I are also smooth. 

However, in the case of a tensor function §I E Cm , m < 00, the coef
ficients fj are in Cn , and m =1= n in general. The problem of relating m 
to n seems to be difficult. To the best of our knowledge the only result 
in this direction has been established in [13] (see also [19]), where it has 
been shown that an isotropic symmetric second-order tensor function is 
continuous if and only if the coefficients f1' f2 and f3 (there are three 
of them in the case as given below; see (5.2)) possess three continuous deri
vatives, i.e. n = m + 3 in the notation just introduced. 

The following consequence of Theorems 4.1 and 4.2 is often used 
in applications: 

THEOREM 4.4: Every anisotropic tensor function 5i E ~(G) can 
be represented in the form 

§I(T) = ge (T , X) , (4.4) 

where ge is a certain isotropic tensor function of two tensor arguments 
T and X, with X denoting the determining tensor for the group G. 

S. Tensor bases 

Following Smith and Rivlin [14], we call a tensor basis for the group G every 
basis in the linear space Ip(G) of anisotropic p-th order tensors with the given 
symmetry group G. 
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Theorem 4.1 presents the full description of the space Ip(G) of ani
sotropic tensors. However, it gives non information about the concrete cons
truction of the tensor bases. Note that a general method and examples of 
fmding such bases have been proposed in [14), [16). 

According to Theorem 4.1, the construction of a tensor basis means 
the construction of a basis in the linear space Ip (X) C ® E consisting of 

p 
the p-th order tensors which are obtained by applying the invariant tensor 
operations to the tensor X , G = Gx . The same problem occurs when 
analyzing the G-invariant tensor functions, because the values of the func
tions Pj (T), i.e. of the basic form-invariant tensors in (4.3), form a gene
rating system for the space Iq (X, T), T E ® E. That is why we shall take 

q 
the liberty to call the polynomial tensor functions P j (T) in the Canonical 
Form (4.3) also the tensor basis for the group G. 

The general representation (4.3) reduces the investigation of the ani
sotropic tensor functions to two basic problems: 

A. Construction of a tensor basis for the group G; 
B. Construction of a complete system of scalar-valued G-invariants allow

ing a representation of the scalar-valued G-invariants fj by the elements of 
this system. 

Let E ® E = {T E E ® E IT = T*} be the space of second-order sym
metric tenso~. The problem ·of tensor basis construction has been solved, 
first of all, for the spaces of symmetric second-order tensors 

generated by certain vectors ":i E E and second-order symmetric and/or 
skew-symmetric tensors; the basic results in this field have been surveyed 
in [18). 

For example, for every tensor TEE ® E, the space ~ (T) E E ® E 
is generated by the tensors I, T, and T. T.8 As a matter of fact, this is sthe 
Hamilton-Cayley theorem. Obviously, I~(I, T) = I~(T), so that Theorem 
4.2 then leads to the general representation of the isotropic second-order 
tensor functions of the type 

Si: E®E--+- E®E 
S 8 

(5.1) 

in the form 

TEE®E, 
8 

(5.2) 

with the isotropic scalar-valued functions fj, i = 1,2, 3. 
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For two symmetric tensors T 1 ' T 2 E E ~ E, the space I~ (T ~ , T 2) 

C E ® E is generated by the eight Rivlin-Ericksen tensors [10] 
S 

I, T1 , T2 • T1.T1 . T2 .T2 , T1oT2 • Tl ° (T2 ·T2 ), T2 o(T1.T1), (S.3) 

where T loT 2 = t (T l' T 2 + T 2' T 1)' etc. The basis (S.3) allows us to 

construct the general representations (4.3) for the tensor functions of the 
type (S.1) which are rotationally invariant or possess a rhombic symmetry 
group; this is so because these are the only cases in which the symmetry 
groups are determined by symmetric second-order tensors. The determin
ing tensors for the rest of the crystal point groups are of order higher than 
two [S]. Therefore, to get the concrete form of the general representation 
(4.3) for the functions (S.1) with the crystal symmetry groups which do not 
belong to the rhombic syngony, we need tensor basis constructions in the 
spaces I~(X, T), formed by the tensors TEE ® E, X E ® E, p> 2. This 

is a problem much more complicated than the Stensor basis construction by 
using two symmetric second-order tensors. One method, considered in [6], 
is to obtain all vectors and/or second-order tensors which can be found inva
riantly by means of the tensors T and X given, and then to apply, for 
instance, the basis (S .3). Using this method, a tensor basis in the space 
I~ (Oh , T) C E ® E has been constructed in [6]; 

S 

TEE ~ E, 0h = e~ + e~ E ~ E 

with e1, e2 ,e3 being an orthonormal basis in E. The tensor basis consists of 
the following 14 tensors 

I,T, T.T, T}>Tl.Tl' T2 ,T2 ·T2 , ToT}> ToT2 , Tl oT2 , (S.4) 

T ° (T 1 . T 1)' T ° (T 2 . T 2)' T 1 ° (T . T), T 2 ° (T . T), 

where T 1 = 0h: T, T 2 = 0h: (T .T) are the two symmetric second-order 
tensors which can be constructed by using T and 0h (the colon means a 
contraction with respect to two pairs of indices). The tensor basis (S.4) leads 
to the general representation of the tensor functions (S.1) which possess 
the cubic gyroidal crystal point group as a symmetry group, because just 
this point group is determined by the tensor 0h' 

Here we propose a more general method for constructing tensor bases. 
The method is based on the essential relationship between the tensor bases 
and the completeness of the systems of scalar-valued invariants (Theorems 
7.1 and 7.2 given below). In a particular case, the method has been proposed 
in [20]. 
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6. Complete systems of scalar invariants 

First of all, we will discuss the concept of completeness for a system of 
scalar-valued invariants. 

Let G C O(E) be an orthogonal subgroup and let 

(6.1) 

be the set of all scalar-valued invariants of the p-th order tensors under the 
group G. By J~(G) C Jp(G) we denote the set of scalar-valued G-invariants 
which possess r continuous derivatives, p, r = 0, 1 , .... 

DEFINITION 6.1: The system of scalar-valued G-invariants g'l'···' gn 
is called complete if every G-invariant f E Jp(G) can be represented by gl 
to gn' i.e. 

(6.2) 

It is to be noted that we put no requirements on the continuity or 
differentiability of representation (6.2) of the invariants by the basic ones; 
thus, the system gl to gn' complete in the sense of the Defmition 6.1, 
is the soo{;alled functional basis [8], [21]. 

In continuum mechanics applications, however, we not only need the 
possibility to represent an arbitrary invariant through the basic ones, but 
the differentiability of the representation as well. That is why we introduce 
one more defmition: 

DEFINITION 6.2: The system of scalar-valued G-invariants gl' ... ' ~ 
EJ~(G) is called Cr-complete, if every G-invariant fEJ~(G) can be repre
sented by gl to gn in the form (6.2) with a function IP E Cr. If r = 00 , 

the system is called smoothly-complete. 

However, it is always traditionally assumed that the invariants under 
consideration are polynomial. As it is well known, such a tradition is connected 
with the essential results in the theory of invariants, obtained by the methods 
of algebra (see, for example [2], [3]). The polynomial requirement leads to 
the introduction of the polynomial completeness, in the sense that the func
tion IP in (6.2) must be polynomial, if the invariant f is polynomial; this 
is the familiar definition of an integrity basis for the group G considered. 

From the point of view of continuum mechanics, the polynomial requi
rement is unnecessary. The only thing we need there is the possibility to 
differentiate (at least once) the function IP in (6.2) for a differentiable f. 
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The simplest example we could mention here is the representation of the 
elastic potential W = W(Ta) for an anisotropic elastic solid by the basic 
system of invariants for the stress tensor T a; in order to obtain the defor
mation tensor we have to differentiate W once with respect to T a' Besides, 
there exist useful invariants of the stress or strain tensors which are not 
polynomial. 

The following results give the basic known relations between the va
rious defmitions of the completeness. 

LEMMA 6.1: ([8]. [21]). Every integrity basis is a functional basis. 

Moreover, the same methods, used in [8]. [21] to prove Lemma 6.1, 
show that the following stronger result is valid as well: 

LEMMA 6.2: Every Cr -complete system is a functional basis, r = 0,1, ... 

LEMMA 6.3: ([12]). Every integrity basis is smoothly-complete. 
There is a hypothesis that the integrity basis is also Cr -complete, r < 00 

([9], p. 63). 

7. Relations between tensor bases and complete systems of invariants 

As stated in Sec. 5, fmding the Canonical Form (4.3) of the anisotropic tensor 
functions ~ E ~(G) requires the solution of two problems A and B, namely, 
firstly, the construction of a tensor basis for G and, secondly, the construc
tion of a complete system of scalar-valued G-invariants. It is to be noted that 
the defmition of the completeness depends on the restrictions imposed on 
the tensor function ~. If ~ is smooth, then the completeness we use is 
the smooth one (in the sense of Def. 6.2). If Si is polynomial, then the 
completeness is polynOmial as well, i.e. we have to use an integrity basis, etc. 

As it follows from the following -two theorems, Problems A and B 
are closely connected. 

THEOREM 7.1: Let G E ~, G = Gx ' and gj, i = 1 , ... , n , be 
a system of polynomial scalar-valued G-invariants of p-th order tensors. If 
the gradients V'Tgj E Ip(X, T), T E ® E, form a tensor basis for the func

p 
tions (2.2) with P = q, then the system gl to gn is a functional basis 
for G. 

THEOREM 7.2: Let G E §, G = Gx , be a fmite orthogonal sub
group and gj, i = 1 , ... , n, be a system of polynomial scalar-valued G-
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invariants of p-th order tensors. If the system gl to gn is an integrity basis 
for G, then the gradients 'VTgjEIp(X,T), TE®E, form a tensor basis 

p 
for the functions (2.2) with p = q. 

It is important to note that, under the conditions of Theorem 7.2, 
the tensor basis 'V T gj may not be a polynomial tensor basis in the sense 
that the scalar-valued functions fj in the Canonical Form (4.3) may not be 
polynomial, if the tensor function fji is polynomial. Such an example has 
been presented by Smith [17]. 

The integrity bases for the symmetric second-order tensors have been 
constructed in [15] for all the crystal point groups. According to Theorems 
4.2 and 7.2, we need only differentiate these integrity bases in order to obtain 
the corresponding tensor bases and the general representations (4.3) for the 
tensor functions (5.1) with crystal symmetry groups. 

Theorem 7.2 generalizes the well-known fact that the tensor basis 
I , T, T. T in the space I~ (T), TEE ® E, can be found by differentiat-

s 
ing the complete system tr(T), tr(T. T), tr(T. T. T) of isotropic invariants 
for the symmetric second-order tensor T. But if we reject the assumption 
that the tensors are symmetric, i.e. if we consider the isotropic tensor func
tions fji : E ® E ~ E ® E, then the gradients of the full system of iso
tropic invariants for the tensors TEE ® E are not sufficient to form a 
tensor basis [11]; hence, the condition that the group G is fmite is essen
tial for the validity of Theorem 7.2. 
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RESUME 

(Sur la structure des fonctions tensorielles anisotropes pour les milieux continus) 

Dans ce travail, Ie probleme general des restrictions imposees par les 
symetries materielles sur les fonctions tensorielles est discute. On montre 
que la representation generale des fonctions tensorielles anisotropes est uni
quement une consequence des proprietes de symetrie. Cette representation 
reduit l'investigation de ces fonctions a deux problemes fondamentaux: la 
construction d'une base tensorielle et d'une base d'integrite, respectivement. 
L'equivalence de ces deux problemes est formulee pour la classe des groupes 
discrets. 
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1. Introduction 

In continuum mechanics the description of physical properties of materials 
takes place in constitutive equations expressing relations between tensors 
which otherwise appear in some field equations. The possible symmetries that 
an anisotropic material may have will be reflected one way or another in the 
constitutive equations. The relations may be linear or non-linear tensor functions 
or functionals of tensor arguments. In Sections 2-5 the case of linear relations 
will be discussed while non-linear relations are briefly mentioned in Section 6. 

2. Symmetry relations 

In Cartesian coordinates a linear relation between two tensors t and e may be 
given as 

t k ... - ak ... n em .. . 
Q ... -Q ... m n .. . (2.1) 

where the material property in question is represented by the tensor a. When 
the tensor t is of order P, the tensor e of order Q the tensor a will be of order 
P + Q. In a linear theory the components of a are constants, or probably 
functions of position. 

Let the constitutive equation (2.1) be valid in a coordinate system with 
coordinates xk. In an-other sys.tem XQ the corresponding equation is 

Tk ... = Ak ... n Em .. . 
2 ... Q ... m n .. . (2.2) 

With the coordinate transformations 

(2.3) 

where 

(2.4) 
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the tensor transformations are 

Ak ... as 'Vk r .. . 
2 •.. = 1'2 ••• I r ... as .. . (2.5) 

For an arbitrary tensor the components A~::: are different from a~::: unless 
the transformation is the identity transformation (3~ = 'Y~ = [) ~. If the 
components A~::: happen to be equal to a~::: for some transformation the 
tensor posseses a kind of symmetry, and the transformation is a symmetry 
transformation. 

When a physical proper:ty of a material is represented by a tensor and the 
material possesses some kind of symmetry, the components of the tensor 
satisfy the symmetry relations 

ak ... = as 'Vk ar .. . 
Q ••• I'Q' • • I r . .. s .. . (2.6) 

with 

a k _ ak(l) a k (2) ... 'Vk _ 'Vk (1) 'Vk (2) ... 
1'2 - I'Q , 1'2 , 12 - I 2 " Q (2.7) 

where (3~(V), 'Y~(V) , v = 1, 2, . .. constitute a group of transformations s known 
as the symmetry group for the material property. 

If both ~~(M) and (3~(N) are elements of the symmetry group then also 

(2.8) 

is an element of the symmetry group. This indicates that the symmetry group 
may possibly be represented by a relatively small number of generating 
symmetry transformations. 

For a given symmetry transformation the relations (2.6) express some 
linear relations between the components of a and thus impose some restrictions 
on these components. The restriction placed on a component is one of the 
following: 

1) a component must be equal to zero, 
2) a component is a linear combination of some of the others, or 
3) no restriction at all is placed on a component. Such components are 

called independent and they can have any value. 

3. Symmetry rotations 

A symmetry transformation can be a rotation, i.e. a proper orthogonal transfor
mation characterized by an axis of rotation and an angle of rotation. Since the 
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identity transformation is an element of the symmetry group the angle of 
rotation X may be expressed as 

X = 2rr/n (3.1) 

where n is an integer, or X may have any value in which case the material is 
transversally isotropic. An axis corresponding to a particular value of n is 
termed an n-fold symmetry axis. 

Choosing the x3-axis as a symmetry axis the matrices corresponding to 
the transformation are 

cos X cos X 

[13~] = [ c~s X 

-smx 

° 

sin X 0] , [r~] = [c~s X 

° smx 

1 ° 

- sin X (3.2) 

° ° 
and the symmetry relations (2.6) are 

ak ... = as rk ar •.. 
Q ••• ""12· •• r •.. S ••• (3.3) 

In another coordinate system the symmetry relations are 

Ak ... = BS Gk Ar ... 
Q ••• Q ••• r·· . S ••• (3.4) 

where 

Ak ... = bS gk ar .. . 12 ••• 12 ••• r ... s .. . (3.5) 

(3.6) 

Gk = bm gk rn r r n m (3.7) 

Following Hermann [1] a coordinate transformation is chosen in such a way that 
the matrices corresponding to B~ and G~ become diagonal. This is performed 
by choosing 

[b~] = [ 1/0 
- i/../2 

° 

-i/../2 
1/../2 

° 

0] , [g~] = [1/../2 i/../2 001] ° i/../2 1/0 

1 ° ° 

(3.8) 
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The matrices corresponding to B~ and G~ thus become 

o 
exp(-ix) 

o 

In indicial notation this may be written 

with 

Introducing (3.10) in (3.4) the symmetry relations now read 

Ak. . . "\!: S "\ k !: k Ar • • ."\ "\ k Ak ... 
Q ••• = I\QUQ ••• I\ U r ... s ... = I\Q ••• I\ ••• Q ••• , 

A. Rathkjen 

o 
exp(ix) 

o 
(3.9) 

(3.10) 

(3.11) 

no sum on k, Q. . . (3.12) 

Since no sums occur in (3.12) the restriction imposed on each single compo
nent A ~... by the symmetry relation can be read off directly. For a combi
nation ~f" indices k, ... , Q, • .• making the coefficient AQ ..• A k . .. equal 
to 1 the component A~::: can have any value. Among other combinations 
this is seen to be the case for all k = ... = Q = ... = 3 following from the 
choice of identifying the symmetry axis with the x3-axis. For a combination 
of indices k, ... k Q , • •• not making the coefficient AQ ..• A k ... equal to 1 
the component A Q::: has to be zero in order to satisfy the symmetry relation. 

It is seen from the transformation matrices (3.8) that the components 
A ~ : :: are complex and furthermore it is the components a ~ : :: that are used 
in the constitutive equation (2.1). To determine the components a~··· from 
the components A~::: the transformation ... 

k... bk n Am .. . a Q • •• = m··· gQ • •• n .. . (3.13) 

has to be used. The restrictions imposed on the components at:: may also 
be determined from the symmetry relations 

{3n ak . .. - {3s an ... 
k··· Q ••• - Q ••• s •.. (3.14) 
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which follows from the symmetry relations (3.3) and the orthogonality 
conditions (2.4). 

The great value of the form (3.12) of the symmetry relations lies in the 
fact that it makes it possible to determine the greatest number of symmetry 
rotations about a particular axis to which a tensor of given order is sensitive. 
If an axis is an n-fold symmetry axis with n > R, where R is the order of the 
tensor under consideration then it is a symmetry axis for rotations through 
any angle x. 

To show this, note that the symmetry relations (3.12) may be written as 

A~::: = exp(iqx)A~::: (3.15) 

where 

exp(iqx) = All ... Ak ... 

and q is an integer 

-R';;;;q';;;;R 

R being the order of the tensor A. 

(3.16) 

(3.17) 

When q = 0 the coefficient exp (iqX) = 1 and the corresponding compo
nent A~::: may have any value. Other values of q making exp (iqX) = I are 
determined from 

qX = m21T; m = 1 , 2, ... (3.18) 

or, using (3.1) 

q/n = m (3.19) 

For n > R which implies n > q it is seen that (3.19) cannot be satisfied. 
If follows that if exp(iqx) =1= 1 for one value ofn > R then exp(iqx)=I= 1 

for any value of n > R and the corresponding component A~::: has to be zero. 
As a consequence only rotations with n = 1, 2, ... R are distinguishable 

from transverse isotropy. 

4. Other symmetry transformations 

Apart from rotations the central inversion, reflections and translations may 
happen to be symmetry transformations. 

The transformation corresponding to the central inversion is 

(4.1) 
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or 
(3~ = AQ 0 ~ ; 'Y~ = A Q 0 ~; no sum on Q (4.2) 

with 
(4.3) 

From (3.12) it follows that for tensors of odd order all components 
have to be zero while for tensors of even order the central inversion imposes 
no restrictions. 

The transformation corresponding to a reflection in the Xl x2 -plane 
is given by 

k k Q Q Q 
(3Q = AQ oQ; 'Yk = A Ok; no sum on Q (4.4) 

with 
(4.5) 

This means that components with an odd number of indices 3 have to be zero 
while all other components can have any value. 

From the fact that the transformation corresponding to· a 2-fold sym
metry rotation about the x 3 -axis is given by (4.4) with 

(4.6) 

it is seen that for tensors of even order a reflection in the x I x2 -plane and 
a 2-fold rotation about the x 3 -axis are equivalent transformations as far as 
symmetry restrictions are concerned. 

In general a reflection in the x I x2 -plane is eqUivalent to a 2-fold ro
tation about the x 3 -axis followed by a central inversion or vice versa. 

As mentioned above the components of the tensor a may be functions 
of position. If any translation is a symmetry transformation this functional 
dependence vanishes and the material is homogeneous. If not isotropic the 
material is said to be rectilinear anisotropic. For some materials a translation 
has to be accompanied by a certain rotation in order to satisfy the symmetry 
relation. In such cases the material is called curvilinear anisotropic. 

It should be noticed that while rotations and translations are operations 
which can be performed on any real material, no real material can be subjected 
to an inversion or a reflection. Two experimenters, however, using coordinate 
systems of different handedness, may observe that an inversion or a reflection 
is a symmetry transformation. 

5. Results for tensors of order four 

In section 3 it was shown that only rotations with n = 1 , 2, ... R can be 
distinguished from transverse isotropy as far as tensors of order Rare 
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concerned. For tensors of fourth order this means that an axis of symmetry 
can be I-fold, 2-fold, 3-fold, 4-fold or it can be an axis of transverse isotropy_ 

The symmetry group of a tensor will be indicated by the symbol {m n p} 
containing the information that the ftrst axis is an m-fold symmetry axis, the 
second an n-fold and the third a p-fold. The three axes are orthogonal and 
numbered arbitrarily. Transverse isotropy is indicated as an <:Xl-fold axis of 
symmetry. 

It is immediately seen that the symmetry of a tensor of order four having 
only one axis of symmetry is given by 

{Ill}, {II2}, {II3}, {II4} or {iIoo} (5.1) 

In the appendix the independent components, the zero-components and the 
relations between the components are given for the symmetry rotations (5.1). 
The results are displayed in 9 x 9 matrices, the numbering of the components 
may be taken from the matrix corresponding to {Ill} which is actually no 
symmetry at all. 

When a tensor has more than one axis of symmetry the results for the 
basic symmetry rotations (5.1) have to be combined. If all symmetry axes 
are orthogonal it is found that only rotations given by 

{122}, {123}, {124}, {144}, {12oo} and {oooooo} (5.2) 

lead to different restrictions. 
Finally, a tensor may have symmetry axes which are not orthogonal. 

The only combination of rotations found to impose new restrictions may 
be written as 

{I 1 2/3} (5.3) 

where 1 1 2 indicates that one of three orthogonal axes is a 2-fold axis of sym
metry and /3 indicates that an axis making equal angles with these axes is a 
3-fold axis of symmetry . 

The results for the symmetry rotations (5.2) and (5.3) too, are given 
in the appendix. Similar results, but in indicial notation and for all crystal 
classes are found in a paper by Lokhin and Sedov [2]. 

Since the central inversion does not place any restrictions on a tensor 
of even order and since a reflection is equivalent to a 2-fold rotation for such 
tensors the symmetry of a fourth order tensor is one of the symmetries in 
(5.1), (5.2) and (5.3). 
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A set of generating transformations for the symmetry groups (5.1), (5.2) 
and (5.3) is given in the table below together with some of the corresponding 
crystallographic symbols. 

Symmetry Generating Hermann- Shubnikov Schoenflies group transformations Maugin 

{I I 1} I 1 I C1 

{I I 2} R2 
3 2 2 C2 

{I I 3} R3 
3 3 3 C3 

{I I 4} R4 
3 4 4 C4 

{iIoo} R= 
3 6 6 C6 

{I 22} 2 2 
R 2 ,R3 222 2:2 V 

{1 23} 2 3 
R 2 ,R3 32 3:2 D3 

{I 24} 2 4 
R 2 ,R3 422 4:2 D4 

{I2 OO } 
2 = 

R 2 ,R3 622 6:2 D6 

{I 44} 4 4 
R 2 ,R3 432 3/4 0 

{I I 2/3} 2 3 
R 3 , Rd 23 3/2 T 

{oo 00 oo} R~, R;, R; .......... . Isotropy ........... 

In the table 

[~[~ ! ~] 
is the identity transformation, and 

R; ~ [~ 
0 

o J cos X sin X 

- sin X cos X 

" [COS' 0 

-~'] R2 = 0 1 

sin X 0 cos X 

[ cos, sin X 

n R~ = - s~nx cos X 

0 
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are rotations about orthogonal axes (1 00), (0 1 0) and (0 0 1) with X = 21r/n, 
n = 00 indicating any angle of rotation. Finally 

Rl ~ [r ~ ~] 
is a 3-fold rotation about the axis (1 1 1)/-/3. 

6. Non-linear relations 

So far only linear relations between tensors have been considered. When the 
relations are non-linear the influence of material symmetry becomes more 
involved. It is not the subject of this paper to discuss the problem of determining 
the restrictions imposed on non-linear constitutive equations by material sym
metry so only one of the results will be given. It can be shown that when a 
tensor t is a function of a number of tensor arguments then each component 
can be expressed as 

N 
t k ... m = ~ co:aKo:/al/l k ... m (6.1) 

0:=1 

where the C's are functions of some scalar invariants of the argument tensors 
depending on the symmetry group, 4 is an arbitrary tensor of the same order 
as t, and the K's are N scalar invariants of the argument tensors and 4.which 
are linear in 4. Details and further references are found in papers by Rivlin 
[3] and Spencer [4]. 

While the results from the preceding sections cannot be used directly 
in connection with non-linear relations some information about the type of 
material symmetry can be obtained if the increments of the tensors are used 
instead of the tensors proper. 

Taking as an example a second order tensor t to be a function of another 
second order tensor e and the symmetry group s, it follows that 

when s is assumed not to change as e and t change. With the notation 

a~ = atkQ/aemn 

it is evident that the relation 

(6.2) 

(6.3) 

(6.4) 
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is linear. In contrast to the situation in sections 2-5 the components a~ are 
not constants but functions of the invariants mentioned above. The symmetry 
of a however, has to be one of the symmetries discussed in section 5. 

APPENDIX 

Identifying superscripts with row numbers and subscripts with column numbers, 
the components of a tensor of fourth order a: can be arranged in a 9 x 9 
matrix. For each of the 12 rotation groups in section 5 this is done below. 

In the place belonging to a particular component, as an example a~; is 
chosen, one may find one of the following symbols: 

~~ - a~; is an independent component 

@- a~; is a dependent component equal to ag 

® - a~; is a dependent component, the dependence given to the right 
of the matrix. 

o indicates a component equal to zero. 
Tensors may have symmetries such as 

ak2 = a12k = ak2 = amn 
mn mn nrn kQ 

which do not arise from material symmetry. In the table concluding this appen
dix the number of independent components is given when such symmetries 
are present. 

11 11 11 
I 

11 11 11 11 11 11 {1 1 1} 11 12 13 I 21 22 23 31 32 33 
I 

12 12 12 I 12 12 12 12 12 12 
11 12 13 21 22 23 31 32 33 

13 13 13 
I 

13 13 13 13 13 13 
11 12 13 I 21 22 23 I 31 32 33 
------~ +- - -- - --+-- -----
21 21 21 I 21 21 21 I 21 21 21 
11 12 13 

I 
21 22 23 

I 
31 32 33 

22 22 22 I 22 22 22 I 22 22 22 
11 12 13 21 22 23 31 32 33 

I I 
23 23 23 

I 
23 23 23 I 23 23 23 

11 12 13 21 22 23 31 32 33 

---- ---+-------t ---- --
31 31 31 I 31 31 31 I 31 31 31 
11 12 13, 21 22 23. 31 32 33 

I 
I ~' 32 32 I 32 32 32 32 32 32 

11 12 13 I 21 22 23 I 31 32 33 

33 33 33 I 33 33 33 I 33 33 33 
11 12 13 I 21 22 23 31 32 33 
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I 
{I 1 2} 11 11 0 11 11 0 I 0 0 11 

11 12 21 22 33 
I 

12 12 0 12 12 0 I 0 0 12 
11 12 21 22 I 

33 

0 0 13 0 0 13 I 13 13 0 
13 I 23 I 31 32 

-------+-------+-------
21 21 I 21 21 I 21 
11 12 0 I 21 22 0 I 0 0 33 

I I 
22 22 0 22 22 0 I 0 0 22 
11 12 I 21 22 33 

I 
23 I 23 I 23 23 

0 0 13 I 0 0 23 31 32 0 
I 

-------+-------+-------
I 

o 0 31 I 0 0 31 I 31 31 0 
13 23 31 32 

I I 
0 0 32 I 0 0 32 I 32 32 0 

13 
I 

23 
I 

31 32 

33 33 0 I 33 33 0 I 0 0 33 
11 12 I 21 22 I 33 

11 11 11 I 11 11 @I 11 11 11 
{I 1 3} 11 12 13 I 21 22 13 I 31 32 33 

I I 

® 12 12 I@ 12 
®I® ® 12 

11 12 13 22 -13 I 32 31 33 

®® 13 I 13 13 13 I 13 13 0 
22 21 13 I 21 22 23 I 31 32 

-------+------+------

® ® ®l® ® @I@ ® ® - 22 21 13 12 -11 -13 I 32 31 33 

® ® ®l® ® ®I® ® ® 22 21 -13 12 11 -13 I -31 -32 33 

® 21 ® 22 @I®@ -23 I 22 21 CID '® 13 I - 32 ® 31 0 

------+------~------

31 ® 31 I@ ® aD l 31 31 0 @_12 11 11 
11 11 13 I 11 -11 13 I 31 32 11 - 22 - 21 - 12 

32 ® 32 I@ ® CID'® ® 0 @_11 11 12 
11 11 13 I -11 -11 13 I 32 31 21 - 11 - 22 - 12 

33 33 0 I@ ® 0 I 0 0 33 
11 12 I 12 11 I 33 
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{I 1 4} B 11 
12 o 11 

21 
11 
22 

I 
0

1
0 o 11 

33 

{I 1 ~} 

12 
11 

o 

12 
12 

o 

o 12 
21 

12 
22 

1 
0 1 0 

13 13 I 13 
13 1 0 0 23 I 31 

o 

13 
32 

12 
33 

o 

-------+---- --+------
@12@2 0 1 (12\@2 0 I 0 

22 21 1 \:V -11 1 

®1@1101@1@1 0 10 
22 21 1 - 12 11 1 

o @12 
33 

@1 
33 o 

(i3\ 1 fi3\ 1@13@3 o 0 \2) I 0 0 \2.V I 32 31 o 

------+------ +------
o 0 31 I 0 0 {32\ I 31 31 0 

o 

33 
11 

11 
11 

® 11 

0 

o 

33 
12 

11 
12 

12 
12 

0 

13 I QV 31 32 
1 

32 I 0 0 (3i\ I (ID31@1 
13 I \2.V 1 32 31 

o 1{33\@3 010 
I QV 11 I 

o 

I 
11 11 

I 
0 1 21 22 0 1 0 0 

I® 12 
1 

0 I 21 22 0 
1 

0 0 

13 I 13 I 13 13 
13 1 

0 0 23 1 31 32 

o 

33 
33 

11 
33 

12 
33 

0 

-------+------ +------

® @ 
:@ ® I ® -22 21 0 
1 12 11 0 I 0 0 -33 

® ® I@ ® I ® 22 - 21 0 I 12 11 0 
1 

0 0 33 

0 0 00 1 0 0 @I® ® 0 
23 I 13 I -32 31 

------ +------+------
0 0 31 I 0 0 @I 31 31 0 13 I -13 1 31 32 

0 0 32 I 0 0 ®I® ® 0 13 I 13 I 32 31 

33 33 0 :® ® 0 I 0 0 33 
11 12 11 I 33 

A. Rathkjen 

® 12 11 11 11 = 22 . 21 . 12 

@_11 11 12 
21 - 11 - 22 - 12 
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{1 2 2} n 
o 

o 

o 

12 
12 

o 

I 
010 

I 
o I 12 

I 21 

13 I 0 

11 
22 

o 

o 

o o 

o o 

o 13 

13 I I 31 

o 

o 

o 

11 
33 

o 

o 

------+------+------
o 

22 
11 

o 

21 
12 

o 

o 

o I 21 0 0 I 0 
I 21 I 

o : 0 ~~ 0 I 0 

I 23 I 
o I 0 0 23 I 0 

o 

o 

23 
32 

o 

22 
33 

o 

------+------~------

o 

o 

33 
11 

{1 2 3} n 
o 

o 

o 

o 

o 

31 I 0 0 0 I 31 
13 I I 31 

o I 0 0 32 I 0 
I 23 I 

o I 0 33 0 I 0 
I 22 I 

11 
13 o 11 

22 

I 
o I 11 

I 31 

o 

32 
32 

o 

o 

12 0 1@2 0 (ii\ I 0 (il\ 
12 I 21 QV I \E) 

(i3\ 13 I 13 I 13 
'\E) 0 13 I 0 22 0 I 31 o 

o 

o 

33 
33 

11 
33 

o 

o 

-------+------ -t------
@21(i2\@11Gl\ o 21 0 I \.::J 0 -13 I 0 ~ 0 

rll\ 0 {11\1 0@1 0 1@1 0 11 
~ ~ I 11 I -31 33 

o (ID3 0 1(ID3 0@3 1 0 (i3\ 0 
22 I 22 13 I ~ 

------+------+------
31 
11 

o 

33 
11 

o 

o 

31 I 0@31 0 I 31 
13 I 11 I 31 

o 

o :® 0 ®: 0 ® 
010@3 0 1 0 

I 11 I 
o 

o 

o 

33 
33 
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I 

{I 2 4} 11 0 0 0 11 0 I 0 0 11 
11 22 I 33 

0 12 0 12 0 0 I 0 0 0 
12 21 I 

0 0 13 0 0 0 I 13 0 0 
13 I I 31 

-------t------ +- -----
0 ® 0 I@ 0 0 I 0 0 0 

21 I 12 
I 

® 0 0 
I 0 ® 0 I 0 0 ® 22 I 11 33 

0 0 0 
I 

0 0 ®I 0 ® 0 
I 13 I 31 

------+------t------
0 0 31 I 0 0 0 I 31 0 0 

13 31 
I I 

0 0 0 I 0 0 @I 0 ® 0 

I 13 I 31 

33 0 0 I 0 ® 0 I 0 0 33 
11 I 11 I 33 

I I 
{I 2 .. } 11 0 0 I 0 11 0 0 0 11 

11 
I 

22 I 33 

0 12 0 I@ 0 0 
I 0 0 0 12 I 21 I 

13 I I 13 0 0 13 I 0 0 0 I 31 0 0 

--------+-------+-------
0 ® 0 I@ 0 0 0 0 0 21 I 12 

® 0 
I 

0 ® 0 0 0 ® 22 0 I 11 33 

0 0 0 
I 0 0 @I 0 ® 0 
I 13 I 31 

-------+-------+-------
31 I I 31 ®_11 11 12 0 0 13 0 0 0 I 31 0 0 21 - 11 - 22 - 12 

I 
@I 0 0 0 I 0 0 0 ® 0 13 I 31 

I I 
33 0 0 I 0 ® 0 I 0 0 33 
11 I 

11 
I 

33 
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{1 4 4} n o 
1 

o 1 0 
11 
22 o o o @1 

22 

{1 1 2/3 

o 

o 

12 
12 

o 

1 

o 1 ~i 
1 

o o o 

(1"2\1 0 0 0 1@2 
~I 121 

o o 

o o 

-------+- ------t-------
o ®2 0 11@2 0 0 1 0 0 0 

rll\ 
\:V 

o 

21 12 
1 I 

0:0 ® 0100 

o 1 0 0 (1"2\1 0 ®2 
1 ~I 21 

o 

o 

@1 
22 

o 

-------+-------+-------
o 0 ®i 0 0 O:@ 0 0 

I I 
o 

rll\ 
\:V 

11 
11 

0 

0 

o 

o 

0 

12 
12 

0 

o 1 0 0 ®I 0 

I 1 
o 1 0 @1~ 0 1 0 

1 1 

I 
0 0 11 0 I 0 22 I 
0 12 0 0 1 0 21 

1 
13 0 0 0 1 13 
13 

1 1 31 

(1"2\ 
~ 

o 

0 

0 

0 

o 

@1 
11 

11 
33 

0 

0 

-------+----- --+- -- -----
0 ® 0 I@ 0 0 I 0 0 0 31 I 13 I 

® I ® I ® 0 0 0 0 0 0 33 1 11 
1 

22 

1 @I ® 0 0 0 I 0 0 12 1 0 21 0 

-------+------ + ------
0 0 @I 0 0 o i@ 0 0 

21 I 
0 0 0 I 0 0 @I 0 ® 0 

I 
13 

I 

® 0 0 I 0 ® 0 1 0 0 ® 22 I 33 I 11 
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{~~ ~} 11 0 0 0 11 0 0 0 aD 11 22 22 

0 12 0 I@ 0 0 0 0 0 12 I 21 

0 0 @I 
12 I 0 0 0 I@ I 21 

0 0 

-------+-------T-------
0 @ 0 I@ 0 0 I 

0 0 0 21 I 12 I 

aD I ® I aD 22 0 0 
I 

0 11 0 I 0 0 22 

0 0 0 I 0 0 @I 0 @ 0 I 12 I 21 

-- -----+---- --+- - - ---
0 0 @I 

21 I 0 0 0 I@ I 12 
0 0 @_11 11 12 

21 - 11 -22 - 12 

0 0 0 I 0 0 @I 0 @ 0 
I 21 I 12 

® 0 0 I 0 ® 0 I 0 0 (ill 22 I 22 I 11 

Symmetry group ak2 
mn ak2 =a2k 

mn mn ak2 =aQk 
mn mn akQ =aQk 

mn mn 

=a~~ =a~~=a~n 

{I 1 I} 81 54 36 21 

{I 1 2} 41 28 20 13 

{I 1 3} 27 18 12 7 

{I 1 4} 21 14 10 7 

{I 1 oo} 19 12 8 5 

{I 2 2} 21 15 12 9 

{I 2 3} 14 10 8 6 

{1 2 4} 11 8 7 6 

{I 2 oo} 10 7 6 5 

{I 4 4} 4 3 3 3 

{I 1 2/3} 7 5 4 3 

roo 00 oo} 3 2 2 2 

Number of independent components for various symmetries. 
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RESUME 

(Relations symMriques pour les materiaux anisotropes) 

En mecanique des milieux continus, on suppose generalement que les relations 
symetriques pour les proprietes anisotropes peuvent etre decrites par 13 types 
de symetries. n y ales 11 types de symetries cristallographiques, l'orthotropie 
de revolution et l'isotropie. On developpe une methode qui permet de limiter 
Ie nombre des transformations symetriques a examiner en relation avec une 
propriete particuliere du materiau. Comme consequence, Ie groupe entier des 
symetries pour une propriete du materiau peut etre trouve parmi un nombre 
limite de combinaisons de transformations symetriques. Les proprietes mate· 
rielles qui sont representees par des tenseurs d'ordre quatre ont ete choisies 
comme exemple. On montre qu'il n'existe aucun autre type de symetrie que les 
13 mentionnes ci-dessus. Les transformations symetriques, les composantes 
independantes et les relations entre les composantes des tenseurs d'ordre quatre 
sont donnees pour chaque type de symetrie. 
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t. Introduction 

Many mathematicians have studied the theory of algebraic invariants in 
detail. Many results can be found, for instance, in [13, 14,29]. Very extensive 
accounts of algebraic invariant theory from the point of view of its application 
to modern continuum mechanics are presented, for example, in [17,26,28]. 

It is convenient to employ the theory of invariants in creep mechanics of 
anisotropic materials in a manner similar to that used in the theory of plasticity 
[4]. 

Creep deformations of the 'secondary' stage are large and of a similar 
character as 'pure' plastic deformations. For instance, creep deformations of 
metals will usuallyl be uninfluenced bya superimposed hydrostatic pressure. 

In [2] the author bases a generalized theory of invariants in creep 
mechanics on the following hypotheses: incompressible and isotropic material, 
creep rate independence of superimposed hydrostatic pressure, existence of a 
flow potential, and the Norton-Bailey's power law [1, 19] valid for the special 
case of uni-axial stress. Therefore, the flow potential is expressed in a general 
form as the second-order and third-order invariant of the stress deviator. It 
is also assumed that the equivalent stress is a function of dissipation. In the 
special case of the Mises potential the generalized theory leads to Odqvist's 
theory. 

In this paper a theory of invariants in creep mechanics of anisotropic 
materials is investigated. For this purpose the mentioned 'isotropic concept' 
[2] will be used by substituting a mapped stress tensor. 

2. Invariants of the Mapped Stress Tensor and its Deviator 

To describe the isotropic creep-behaviour it is expedient to start from a creep 
potential F = F(aij), which is, in the isotropic case, a scalar-valued tensor 

IThe usual assumption of plastic incompressibility can be considered as a special 
case [3, 6). 
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function of only the stress tensor ° ij. This function is said to be isotropic 
if 

(2.1) 

under any orthonormal transformation aij. Such a scalar function is termed an 
isotropic invariant [11]. The representation of the function (2.1) is furnished 
by an irreducible functional basis, i.e. by an irreducible set of isotropic invariants 
such that any isotropic function (2.1) can be expressed as a single-valued 
function ofthe basic invariants of the stress tensor 

Often the representation 

is used with the principal invariants: 

11 ((I) == 0ij 0ji' 12 (0) == (Oij 0ji - 0ii 0jj)/2, 

13 ((I) == (20ij 0jk 0ki - 3 0ij 0ji 0kk + 0ii 0jj 0kk)/6 

Assuming incompressibility, it is practical to use the invariants 

(2.2a,b,c) 

(2.3) 

(2.4a,b) 

(2.4c) 

(2.5a,b) 

of the stress deviator O;j = 0ij - 0kk 0 ij/3, so that the creep potential (2.3) 
takes the form: 

(2.6) 

In anisotropic solids, equal stresses 0ij cause various deformations cij in 
different directions. Therefore, anisotropic behaviour can be described by 
substituting the mapped stress tensor 

(2.7) 

for the actual stress tensor 0ij in the 'isotropic concept' (2 . .3). The anisotropic 
behaviour is expressed by the tensors aij '~ijkll ,'Yijkllrnn'... of rank 
2, 4, 6, ... , respectively, the components of which are to be determined from 
experiments. By analogy with (2.4a, b, c), we form the corresponding invariants 
of the symmetric tensor (2.7) : 

(2.8a,b) 

(2.8c) 
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Because of (2.7) they can be represented in the following manner: 

II ('t) = II (IX) + {I1(fj)}pq upq + {II (Y)}pqrs upq Urs ' (2.9a) 

12 ('t) = {I2 (CLCL)} + 2 {I2 (CLfj )}pq upq + 

+ [2 {I2(CLY)}pqrs + {I2(fjfj)}pqrs] upq urs + 
(2.9b) 

+ {I2 (fjy)}p ... u upq urs utu + 

+ {I2(YY)}P ... w Upq urs utu uvw ' 

13 ('t) = {I3(CLCLCL)} + [{I3(CLCL[l)}llq + 2{I3(CLfjCL)}pq] Upq + \ 

+ [ ... + {I3 (fjfjCL) }pqrs + ... ] upq urs + ( 

+ [2{I3(CLfjy)}P ... u + '" + {I3(fjfjfj)}P ... u] upq urs utu+ "'j 
+ ... + {I3(YYY)}p ... za upq urs Utu Uvw uxy uza ' 

(2.9c) 
In (2.9 a,b,c) the symbols {I1(fj)}pq, {I2(CLY)}pqrs ,{I3(CLfjCL~pq, etc. are 
tensors of rank 2, 4, 2, etc., respectively. These tensors are formed by using 
the operations from (2.8 a, b, c) with respect to the first index pairs of the 
tensors eL, fj and "t. The remaining free indices are appended to the curved 
brackets, for example: 

{I I (fj )}pq == 6 ij I3jipq, 

{I2 (CLY)}pqrs == (aij 'Yjipqrs - a ii 'Yjjpqrs)/2, 

{I3(eLfjeL)}pq == (2 aijI3jkpq aki - 3aij13jipq akk + 

+ aii I3jjpq akk)/6. I 

(2.10a) 

(2.10b) 

(2.10c) 

In the special case of vanishing tensors aij and 'Yijk2rnn the mapping (2.7) 
leads to the transformed stresses 

r ij = l3ijk2 uk12' (2.11) 

Then the image tensor r ij is a linear transformation, which is used in the theory 
of plasticity of anisotropic materials [4, 9, 10,25]. For (2.11) the invariants are 
simplified: 

(2.1la,b) 

(2.12c) 

4 
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if we define: 

Apq == {It (~)}pq == (3jjpq , (2.13a) 

(2.13b) 

Apqrstu == 3{I3(~~~)}pqrstu == J 
== (3ijpq (3jkrs (3kitu - 3 (3ijpq (3jirs (3kktu/2 + 

+ (3jjpq (3jjrs (3kktu/2. 

(2.13c) 

With (2.l2a,b,c) the function (2.3) takes a form which is often used as 
plastic potential of anisotropic materials [5, 7, 12, 24]. Analogous to the 
stress deviator U;j we form the deviator T~j = Tij - Tkk 8ij/3, which can 
be expressed by 

(2.14) 

after considering (2.11) and defining [4] the tensor 

(2.15) 

which is deviatoric with respect to the free indices {ij}. From the decomposition 
(2.14) we see that the deviator T~j of the image tensor (2.11) is influenced by 
the hydrostatic pressure p = - ukk/3. Thus, incompressibility requires 
f3'{ij}rr J o. If the actual stress tensor uij in (2.11) is split into its deviator and 
spherical tensor, 

(2.16) 

we see that the trace (3ijpq 8pq must be zero in the incompressible case. 
Together, we have the following equivalent conditions of incompressibility: 

I , I , I (3 
(3ij rr = 0 , (3 {ij} rr = 0, (3ij {pq} = ijpq· (2.17a,b,c) 

The requirement (2.17c) results from the definition 

(2.18) 

combined with (2.17a). Contrary to (2.15), the tensor (2.18) is deviatoric 
corresponding to the free indices {pq}. 
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Because of (2.17a,b,c) in connection with (2.11), (2.14), and (2.16), 
incompressibility results, if we use one of the following linear transformations: 

(2.19a,b ,c) 

instead of (2.10. 
As seen from (2.l7a,c), the transformations (2.l9a,c) are equivalent, 

while (2.19b) is the deviator of (2.19a,c). Its invariants are given, as in (2.5a,b), 
by 

(2.20) 

(2.21) 

from which we form the gradient dyadics 

aI2 ('t'I/aaij = l3{pq}{ij} 13 {qp} kQ akQ ' (2.22) 

aI 3 ('t')" , , I I 

a;.- = l3{pq} {ij} 13 {qr} kQ l3{rp}mn akQ amn . 
1) 

(2.23) 

In (2.22), (2.23) the tensor l3{pq}{ij} is deviatoric with respect to the index 

pair {ij}just as to the index pair {pq}: 

(2.24a) 

(2.24b) 

Because of (2.17b) and (2.24a) the double deviator l3{pq f {ij} in (2.22), (2.23) 
can be replaced by P{pq}ij, as can also be concluded from (2.17c) together 
with (2.15). However, the symbol 13 {pq}{ij} indicates the vanishing traces of 
the dyadics (2.22), (2.23) immediately. 

The isotropic special case is given by PijkQ = 0 ik 0 jQ and 

l3{ij}kQ = 0ik OjQ - 0ij okQ/3 . 

Then the gradient (2.22) agrees with the stress deviator, and (2.23) leads to 
the deviator of the square of the reduced stress: 

(2.25) 
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Finally, from (2.7) we find the generalized form of (2.14): 

I '+ a' I + I I I + Tij = aij ",{ij}pq Gpq r{ij} pqrs a pq a rs 

+ ~ [{J{ij} rr + (r'M pq rr + rtij} rr pq) a~q + (2.26) 

+ 1. I 
3 r {u} ppqq a rr ] ass' 

in which the last term must be zero in the incompressible case. To this end 
we require: 

I I .!.. 0 
akk = {3 {ij} kk = r {ij} kkQQ - , (2.27) 

so that the deviator takes the form 

I I + {3' I I I I 
Tij = aij {ii}pq a pq + r {ij} pqrs a pq a rs (2.28) 

instead of(2.l9b). 

3. Creep Potential and Constitutive Equations 

In this section the constitutive equations for the secondary creep stage of 
anisotropic materials will be formulated, and the material constants involved 
in the equations will be related to experimental data of calibration tests under 
uniaxial tension or compression. The strain rate-stress relations for creep given 
below are based on the assumption of the existence of a creep potential. It is 
evident from the theory of isotropic tensor functions that in an isotropic 
medium the creep potential (2.3) or (2.6) can depend only on invariants of 
the stress tensor or the stress deviator, respectively. Certain considerations 
that favour the creep potential hypothesis are presented, for instance, in [22]. 

As mentioned in Section 2, the anisotropic behaviour is described by 
substituting the invariants (2.8a,b,c) or (2.20), (2.21) of the mapped stress 
tensor (2.7) or its deviator (2.28) for the corresponding invariants (2.4a,b,c) 
or (2.5a,b,c) in the isotropic creep potential (2.3) or (2.6), respectively. This 
idea is schematically shown in Figure 1 . 

The actual creep state of an anisotropic solid is mapped on to a fictitious 
isotropic state with equivalent creep ratei: = r by a suitable transformation 
Tij = Ti/akQ). The 'limiting creep stresses' acx ' aCY etc. in Figure 1 for specimens 
cut along the x-direction, y-direction etc., and the transformed fictitious iso
tropic 'limiting creep stress' Tc produce a defined creep strain Ec in a defined 
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Figure 1. - Creep potentials. 

time, e.g. 1 per cent creep strain in lOs hours. Therefore, €c and ac are materials 
constants [20,21]. 

The theory of the creep potential, like the theory of the plastic potential 
[16,18], is based on the principle of maximum dissipation rate. Following 
Lagrange's method in connection with a creep condition F(aij) = const. as 
a secondary condition, the flow rule is obtained from the principle of maximum 
dissipation rate as follows: 

€ij = 'X [aF( ~)/aaij] . (3.1 a) 
or: 

€ij = ~[aF(~)/aTpq] (aTpq/aaij) == (aTpq/aaijHpq . (3.1 b) 

In (3.la,b) the factor 'X is Lagrange's multiplier. As it is known, the surfaces 
F(aij) = const. or F(Tij) = const. must be convex in the aifspace or Tij"space, 
respectively. The Jacobian matrix Ipqij == aTpq/aaij in (3.1b) is given by the 
selected transformation T pq = T pq (aij)' When using (2.7) the Jacobian matrix 
depends on the stress state, while the linear transformation (2.11) leads to the 
Jacobian matrix ~ijkQ . Then the flow rule (3.1 b) is therefore given by: 

(3.2) 
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To determine the proportionality factor A the Norton-Bailey power law [1,19], 

· Kn-.(/)n € = U = €c U Uc ' (3.3) 

is assumed, and is used in different directions with its corresponding 'limiting 
creep stresses' Ucx ' UCy etc. 

In a fictitious creep state, defined by 

· I . . ! . 
'Yc = €c or 'Y = € , (3.4a,b) 

we have by analogy of (3. 3): 

· Lm-.(/)m .(/)m. 'Y = T = 'Yc T Tc = €c T Tc = €, (3.5) 

so that, because of if 11 == if, we have from (3.2): 

(3.6) 

In (3.6) the fictitious 'isotropic' creep stress T appears, which can be determined 
by the hypothesis of the equivalent dissipation rate. Thus, in connection with 
(3.4b) we require 

.! . - D· 
T€ = Uij €ij = , (3.7) 

so that, using (3.2), (3.6) and the inverse transformation uij = (3~j~)TkQ of 
(2.21), the relation 

(3.8) 

results, from which we can determine the fictitious stress T. The rate of 
dissipation of creep energy is obtained from (3.7), combined with (2.11), 
(3.2) and (3.6): 

(3.9) 

Considering homogeneous creep potentials F(Tij) of degree r, we use Euler's 
theorem on homogeneous functions, 

(3.10) 

and fmd from (3.9) the dissipation rate D = iprl~, if we assume a creep 
condition F( Tjj) = ipl of degree r. For instance, the square creep condition 
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~ == Tij.T1j/2 == T2/3 with r == 2 and 'P == 113 leads to .the dissipation rate 
D == 2 A. T2 13 which agrees with (3.7), because of (3.6), i.e. A. == 3e 12T. 

In the following, incompressibility is adoqted, i.e., by analogy of (2.6) 
a creep potential of the form 

(3.l1) 

is based on the anisotropic case. The invariants in (3.11) of the deviator (2 .19b) 
are given by (2.20) and (2.21). From the flow rule (3.2), combined with re
lations (2.l7c), (3.5), (3.6), and (3.8), we finally obtain the constitutive 
equations: 

(3.12) 

in which the function 4> is defined by: 

(3.l3) 

The index V at the brackets in (3.13) indicates the uniaxial equivalent fictitious 
stress strate (Tij)V =diag {T ll =T,O,O}. The symbol T'~q in (3.13) is,like 
(2.25), the deviator of the square of the reduced tensor (2 .19b). 

Inserting (3.12), together with (3.13), into (3.7), we obtain the rate of 
dissipation of the creep energy 

(3.l4) 

in considering (2.l9c) and because of 

T' T == 2 I ("-') and T'p'q Tqp == 313 (-:'). qp pq 2 • , 

In the isotropic special case, given by ~pq ij == 5 p i 5 qj , L -+ K, m -+ n, 
T;j -+ a;j and r{j -+ aij, the constitutive equations (3.12), together with (3.13), 
immediately lead to the corresponding relations derived in [2]. 
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4. Orthotropic behaviour 

The parameters L, m in (3.5), (3.13) are determined by experimental data. 
For instance, we consider an orthotropic material and use the creep law (3.3) 
in tests on specimens cut along the mutually perpendicular directions x, y, z. 
Then, with the notations from Figure 1, we have: 

. = K Xnx . = K yny € x ,€ y , 

from which we find in the 'limiting creep stress' state: 

€ = (K K K )1/3 (anX any anZ )I/3 c xyz cxcycz 

(4.1a,b,c) 

(4.2) 

According to the idea in Figure 1 and using the mapping (2.11), the 'limiting 
creep stresses' can be expressed by the fictitious isotropic 'limiting creep 
stress' Tc: 

Tc == Txx == (3xxxx acx == Qx a cx ' Tc == Tyy etc., (4.3) 

so that then relation (4.2) according to (3.5) takes the form €c = LT ~, 
if the fictitious creep factor L is the geometrical mean value 

(4.4) 

and the fictitious creep exponent m is the arithmetical mean value 

(4.5) 

from corresponding experimental data. In the case of an existing Bauschinger 
effect, the compression test data ac~' a~, etc. appear in equations (4.3), 
(4.4) and (4.5) as well. 

In the orthotropic case, the transformation (2.11) can be specified 
according to [4] : 

(4.6) 

If the second order tensor wij is real and symmetric, then its principal values 
wI' WII' WIll are all real. For isotropic materials the tensor wij is identical to 
Kronecker's tensor oU. Using the notations from Figure 1 and considering 
(4.6), the diagonal form of the orthotropic tensor wij is given byl 

Wu = diag {VT/X, VT/Y, .,fiflJ. (4.7) 

1 If Wij has the diagonal form, then, in accordance with (4.6), the tensors Tij and Gij 

are coaxial. 
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For example, the assumptions of incompressibility (2.l9b) and orthotropic 
material (4.6) with 13{ij}pq = Wip Wjq - w~J oij/3 immediately lead from 
the quadratic creep condition 12("e') = 72/3 to the Hill-condition [16]. 

The following considerations are based upon the creep potential 

(4.8) 

which is suitable to describe 'second-order effects' as shown in [2, 5] for 
the isotropic case, for instance. The range - 3 ~ a ~ 3/2 in (4.8) results from 
the convexity of the potential surface F = const. Using (4.8), the constitutive 
equations (3.12) together with (3.13) become 

m+l m-l 

1 ( 3 )2 ~ 3 13 ("e'J]'-2 e·· = - L 1 ("e') + - a -- x 
IJ 2 1 + a/3 2 2 7 

which is applied in the next section. 

4.1. The Poynting Effect 

Considering a pure shear stress state 

ati ~ aij ~ a" C : : ) , 

X 13~q{ij}(7~p + a 7~p/7), 

I (4.9) 

\ 

(4.1 0) 

then the deviator (2 .l9b) and the deviator of its square are given by 

7;j=WIWna;j and 7;j=~w;w;Iai2 diag{1,1,-2},(4.11a,b) 
3 

if the stress tensor a ij and its image 7 ij are coaxial. This co axiality exists in 
the orthotropic case (4.6), if the orthotropic tensor wij has the diagonal form 
(4.7). Because of (4.10), the invariants of the deviator (4.11a) are given by 
12 ("e'J = wl WfI ai2 and 13 ("e') = 0, so that the constitutive equations (4.9) 
are reduced to 
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in using (2.18), (4.6), (4.10) and (4.11a,b). In the matrix (4.12) the 
ab breviations 

~I == (2Wf - WfI + 2 wiiI)/3, (4.13a) 

(4.l3b) 

(4.13c) 

are used, while the quotient 

r/012 = wI wn [3/0 + a/3)]1/2 (4.14) 

is determined from (3.8), considering (4.8), (4.10) and (4.11a). 
From (4.12) and (4.13c) we obtain the quotient of the longitudinal strain 

rate €33 and the shearing strain rate € 12' 

(4.15) 

which can be considered as a suitable measure of the Poynting effect (Fig. 2). 
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Figure 2. - Poynting effect. 
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Regarding experimental investigations [15, 27], the relation (4.15) is 
numerically evaluated only for negative o:-values, - 3 ~ 0: ~ 0, as shown 
in Figure 2. The limit 0: = - 3 is given by the convexity ofthe creep potential 
(4.8) and is compatible with equation (4.15), in which the square root must be 
real. In the isotropic case, WI = wn = WIll = 1, the results from Figure 2 
are identical with those calculated in [2]. 

The anisotropic influence is contained in the factor 

(w; + w~ + 4w;n)/(6 WI Wn), 

which is equal to one for isotropic materials, while the function 

- 20:(1 + 0:/3)1/2/(3 Vf> 

of equation (4.15) expresses the 'second order effect'. This possibility of a 
'polar' decompoSition is based on the fact that, because of (4.7), the tensors 
oij and T ij are coxial. 

s. Comparison with the representation theory for anisotropic tensor 
functions 

If the isotropic behaviour f:ij = €ij (opq) can be approximated by a tensor 
power series in one variable, 

N 

€ij = €ij(opq) = ~ Av ofr) , (5.1) 
v=o 

then, by using Hamilton-Cayley's theorem, 

(5.2) 

where P v- 2 , Qv- 1 ' and Rv are scalar-valued functions of the principal 
invariants (2.4a,b,c), and of the orders v - 2, v-I, v, respectively, in the 
stresses oij [8], the isotropic tensor-valued tensor function (5.1) is represented 
by [28]: 

2 

€jj = 710 8ij + 711 Oij + 712 Gjk Gkj == l: 71v G~v). (5.3) 
v=o 

An inverse form of (5.3) is used, for example, in [23]. The '1v in (5.3) are 
invariants of (I and hence can be expressed as functions 71v = 71v (II' 12, 13) 
of the invariants (2.4a,b,c). Comparing (5.3) with the consitutive equations 
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obtained from the flow rule (3.1a) and a creep potential of the form (2.3), 
we have 

110 == ~(aFjall - 11 aFjal2 - 12 aFjaI 3), 

111 == ~(aFjaI2 - 11 aFjaI 3), 113 == X aFjal3· 

(5.4a) 

(5.4b,c) 

By analogy with (5.3) we obtain for the incompressible case with (2.5a,b) and 
(2.6}: 

€ij = ~OOij + ~1 a;j + ~2 a;k a~j' (5.5) 

and as in (5Aa,b ,c) we have: 

2 
~ 0 ;:: - - 12 (a') ~ 2 , 

3 
(5.6a,b,c) 

Because of the incompressibility not all the values ~o, ~l' ~2 are independent, 
as we see from (5.6a). Equation (5.6a) immediately results from (5.5), too, if 
e;i = o. 

As in (5.1) and (5.3) the anisotropic behaviour can be expressed by 

N 

'Yij = 'Yij (7 pq) = L Bv 7fj> where 7ij = ~ijkQ akQ (5.7) 
v=O 

and 

(5.8) 

respectively, so that, because of (3.2), we find the representation 

(5.9) 

In view of the requirement of incompressibility (2.17c), we have an 'anisotropic' 
representation instead of (5 .9) 

(5.10) 

in which, by comparing (5.1 0) with the constitutive equations (3.12), (3.13), 
the scalar-valued functions VI 0' VII' Vl2 are: 
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As in the expressions (5.6a,b,c), not all functions (5.11a,b,c) are independent. 
Finally, the dissipation function (3.7) is obtained from (5.10) when 

considering (2.19c) and (5.11a): 

(5.12) 

which is, because of (5.11b,c), equivalent to (3.14), and which agrees with 
the corresponding one of isotropic materials (-:' --+ 0') given in [23], if in 
[23] isochoric behaviour (ekk = 0) is required. 
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RESUME 

(La theorie des invariants dans la mecanique du fluage des materiaux anisotropes) 

Dans ce travail, les equations constitutives pour Ie fluage secondaire des ma
teriaux anisotropes sont formulees, et les constantes materielles intervenant 
dans ces equations sont reliees a des donnees experimentaies. La theorie est 
basee sur l'hypothese de l'existence d'un potentiel pour Ie fluage, qui, lorsque 
Ie materiau est isotrope, ne peut dependre que des invariants du tenseur des 
contraintes ou du deviateur des contraintes. Le comportement anisotrope est 
decrit par la substitution des invariants d'un tenseur contrainte transforme ou 
de son deviateur avec les invariants correspondants du tenseur des contraintes 
reelles dans Ie potentiel pour Ie fluage isotrope. L'effet Poynting, par exemple, 
est pris en compte. Finalement, l'approche par Ie tenseur contrainte transforme 
est comparee avec la theorie des representations des fonctions tensorielles 
anisotropes. 
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1. Strength and elasticity tensors of different ranks 

To describe the curve of deformation or the ultimate strength surface in 
complex stress state, the tensorial polynomial series may be useful. In the 
case of deformation of nonlinearly elastic material, the relationship aij(€ij) 
may be written in the form 

(l) 

where aij is the stress, €ij the strain, and aij ... mn the elasticity tensors 
of different ranks. 

To describe the strength surface in the space of stresses aij , a similar 
relationship is helpful [8] : 

(2) 

Here PijkQ'" are the strength tensors of different ranks. 
Anisotropy of the medium imposes certain restrictions on the struc

ture of the tensors of elasticity aij ... kQ and strength Pij ... kQ' The simplest 
way for arriving at Eqs. (1) and (2) is by forming various linearly independent 
combinations of different orders of the invariants Ji of the tensor aij' In 
Eq. (2) such combinations of invariants with coefficients directly defme the 
structure of the strength tensors. Similarily, one may determine the number 
of the elasticity tensor components in Eq. (1), whereas the structure of 
aij '" kQ can be obtained by forming the polynomial potential W(J i) and 
deriving the function aij (€ ij) from the relationships: 

aw aJk a .. = ----
1J aJk a€ij 

The structure and the number of elasticity tensor components of order 
up to the twelfth inclusive for the most common classes of anisotropy have 
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been obtained in [3]. The number of the components of elasticity (strength 
tensors) for the two-dimensional stress state is given in [10]. Table 1 lists 
the number of elasticity (strength tensor) components of higher order in the 
two and three-dimensional case for the following symmetries of the medium: 
complete anisotropy (triclinic class), orthotropy (rhombic class), cubic sym
metry. transverse isotropy and isotropy. 

It is clear from Table 1 that the number of independent components 
of the tensors increases rapidly with the increase of the tensor order. This 
means that in practice the series (1) and (2) should be terminated at a 
rather small number of terms. Retaining the linear and square summands 
of Eq. (2), one obtains the following relationship 

Pu au + P22 a22 + Puu ail + PU22 au a22 + p2222a~2 + (3) 

+ P1212 ai2 = 1 

for an orthotropic body in two-dimensional stress state. The coefficients of 
Eq. (3) are provided from strength tests of simple stress states. Whenever 
the number of tests corresponds to the number of indefinite coefficients 
in formula (3), the necessary values are defined by quite simple equations 

TABLE 1. Numerators show the num ber of components for the plane stress 
state; denominators, in the three-dimensional case. 

Symmetry Designation Number of tensor components rank 
class of symmetry 2 4 6 8 10 12 

3 6 10 15 21 28 
triclinic - - -

6 21 56 126 252 462 

2. m 2 4 
rhombic 

6 9 12 16 

m. 2: m 3 9 20 42 78 138 

4. m 3 3 6 6 10 
cubic 

T/4 3 6 11 18 32 

6.m 2 3 4 5 7 
hexagonal 

m. 6: m 2 5 10 23 33 57 

transverse m.OO 2 2 3 3 4 
isotropy m.oo:m 2 5 9 16 25 39 

m.OO 2 2 3 3 4 
isotropy -

00/00. m 2 3 4 5 7 



www.manaraa.com

Defonnation and Fracture of Anisotropic Solids 83 

[8]. However, if the number of tests exceeds the number of coefficients, 
it is advisable to use the method of least squares and to determine the coef
ficients PjjkQ so that deviation of the approximation surface (3) from the 
experimental data be minimal. Figures I and 2 show the ellipsoids approxi
mating the strength surface of a Kevlar type reinforced fiber (with symmetry 
class 2 ill) at various test temperatures [6]. These figures show that the test 
data are well approximated by the surfaces of rank two. 

To conclude, we note that the invariants of tensor a jj for different 
medium symmetries can be found in [I]. The same invariants may be obtained 
by complete contractions of the tensor aij and the anisotropy tensors which 
are found in [5] for all the classes of symmetry. The tensors of anisotropy 
T(n) for the symmetry group Q are determined as follows: 

a) the intersection of symmetry groups Qn of these tensors coincides 
with Q = Q1 n Q2 n ... n Qn ; 

b) each tensor whose symmetry group contains Q may be derived from 
the tensor T(n) using linear combinations, multiplication and contraction 
of the tensors; 

Figure 1 - Strength surfaces of kevlar type reinforced plastic (rhombic class symmetry) 
atdifferenttemperatures: T=20°C(a), SOo(b), JOOO(c), JSOO(d) 
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6" 
r,oo 

Figure 2. - Sections of strength surfaces (Fig. 1) in the plane a 12 = O. Experimental 
points marked. 

c) none of the tensors r(n) can be derived from the remaining tensors 
of this set by the mentioned method. 

The possibility of deriving the invariants aij by their contraction with 
tensors r(n) will be used later. 

2. Main equations of the local strain theory 

In describing deformation and strength, Eqs. (1) and (2) are useful for the 
case of simple loading or when the mechanical properties in the nonlinear 
region are independent of the loading history (which is permissible in prac
tice as a rough approximation). The effects of complex loading can be con
sidered by statistical theories of plasticity [7, 9] and strength [11], where 
macrostrains or damage of material are determined by averaging microshears 
and microcracks in all directions in the material volume. 

In the statistical theory of plasticity, namely in the local strain theory, 
the deformation tensor Eij in the principal directions i, j = 1,2,3 is derived 
by averaging the strains Ei'j' calculated in the arbitrary mobile coordinate 
system i',j' = x,y, z. The mutual arrangement of the axes ij and i'j' is 
defined by the direction cosines Qix' Qiy ..• . The direction of the z axis 
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is defined either by the angles 8, ¢ or the vector e3, (Fig. 3). The values 
E i'j' ==. Exz , Eyz ,Ezz are arbitrary functions of the direction in space, besides 
Ezz (8 ,</» is invariant relative to rotations of the i'j' axes about the z axis, 

2 

I 
Figure 3. - Main coordinate system i, j = 1, 2, 3 and local (mobile) system i',i' = x, y, z. 
The position of the Z axis is defined by the coordinates 9, </>or the vector eJ. 

while Exz{8, ¢) and Eyz{8, ¢) change as the vector components with the 
notation of the same axes. Consequently, Ezz{8, ¢) is a scalar function on 
the sphere, and Exz ,Eyz are the components of the vectorial function 
"( == Exz e~ + Eyz e~ on the sphere. The values Ezz ' Exz ' Eyz are called the 
local strain components, to emphasize that they change arbitrarily from point 
to point on the sphere S, i.e., they are not components of some single (constant 
on S) tensor. The principal formula of the theory of local strains is actually 
that of averaging; 

Eij = % is EzzQizQjZ dS 

+ :S ~ [Exz{QixQjZ + QjxQiZ) + Eyz(QiyQjz + QjyQiz)]dS (4) 

It is easy to verify that integration of Eq. (4) over every 

Ei'j'C8,¢) (i',j/==x,y,z) 
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leads to a second order tensor in ij axes. The construction of the theory 
is completed by setting a law which would express the connection of local 
strains at an arbitrary point on the sphere with the stress tensor: 

(5) 

The connection (5) may be of fmite nature, however, in the plasticity theories 
it is more common that Eq. (5) is given by means of increments and taking 
into account the loading history: 

j 'Yi'i' df , 

dEi'i' ;= 

o 

when 

when 

a<l> 

f = 0 and 

f <0, 

af 
df = -a-- dak'lI' > 0, 

ak'Q' 
(6) 

(6) 

(7) 

Here 'Yi'i' = h -a--; f(ai,·" Ei'i') is the local yield surface in the space 
ai'i' J 

of the 0i'i' at a point (), cf> on the sphere; the scalar function on the sphere 
h( a , ~ , () , cf» is a local function of strain hardening; <1>( a , ~, () , cf» is a 
local plastic potential and also a scalar function on the sphere (in particular, 
<I> may be equal to f, which in the local system of coordinates i' j I leads 
of the associated flow rule); L'(ai'i" (), cf» is the loading path at the point 
() ,cf> on the sphere. 

It is easy to see that Eqs. (6) and (7) are just a generalization of the 
classical incremental plasticity theory, involving a single smooth load sur
face f;= 0, to a theory with an infmite number of load surfaces. The classical 
theory is obtained when the given functions f, h, <I> are independent of 
the position on the sphere. 

3. Spherical invariants of the stress tensor 

Anisotropy of the medium imposes certain limitations on the relations 
f, h, <I> (a, () , cf». The problem we face is to exhibit these limitations for 
different symmetries. Let us examine the anisotropy of the medium which 
is characterized by the rotation group Q. We shall deSignate the arbitrary 
position of the coordinate axes by the letter u, a transformation of the coor
dinates compatible with the medium symmetry Q will be denoted by g, 
and the axes obtained by rotating the coordinate system x, y, z by an arbitrary 
angle about the z axis will be designated by x· 
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Let us introduce the following defmition: 
By a spherical invariant of the tensor " relative to the group Q we 

call a scalar function on the sphere f(", u) which is invariant under rota
tions about the z axis, 

f(", u) = f(", UX), 

and such that 

f(", ug) = f(", u), gEQ. 

(8) 

(9) 

Since the tensor " is defined in a unique way by the components 0i'i' in 
an arbitrary coordinate system, the conditions (8) and (9) can be rewritten 
'componentwise'in the following form: 

(10) 
and 

f[oj/Y(u), u] == f[Oi"i,,(ug), ug], if 0i'i' = 0i"i'" (11) 

The condition (10) signifies that f does not depend on a rotation about 
the z axis, while condition (11) shows that at two positions of the coordinate 
system which are mutually identical from the viewpoint of the medium sym
metry, the scalar invariants have an identical structure in the local coordinate 
system. 

In [4] there was given an algorithm for calculating the full base of sphe
rical polynomial invariants Si of the second order symmetric tensor ". The 
polynomially independent spherical invariants of tensor ", relative to the 
group of coordinate transformations Q, can be obtained by deriving polyno
mially independent joint invariants of the tensors " and T(n) defining the 
group Q, and replacing their even number indexes by z. 

Obviously, the usual scalar invariants are included in a set of spherical 
invariants as a particular case, whenever the invariant is independent of the 
point on the sphere. 

As an example, let us consider a construction of the spherical inva
riants for an orthotropic medium (rhombic class). The symmetry tensors T(n) 
in the principal axes assume the form 

(12) 

The scalar invariants of orthotropy may be derived by contractions of the 
Aij , Bij , Cij' and 0ii: 

(13) 
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In the principal axes, Eq. (13) assumes the form 

(14) 

The spherical polynomial invariants used for the construction of the func
tion on the sphere are obtained according to the above formulated algorithm. 
The invariants are grouped according to their orders with respect to Gi'j'. 

a) Geometrical invariants: 

b) Linear invariants. 

Besides the scalar invariants there are: 

(15) 

(Q~z + Q~z + Q~z = 1). 

Since not all the above given invariants are linearly independent, the selec
tion of just the independent invariants leads to the following remaining 
relationships (in the principal axes): 

or abbreviated 

(no summation over 0:). 

c) The square invariants are derived in the form: 

(assume 0: = 1,2,3 and 3 + 1 = 1). 

d) The cubic invariant is a follows: 

(16) 

In total, there are fifteen polynomial spherical invariants (two geometric, 
six linear, six quadratic and one cubic). 
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For a plane stress state when au =f=. 0, a22 =f=. 0, a12 =f=. 0 and other 
aij vanish (the axes 1,2 coincide with symmetry axes), the following spherical 
invariants Sj remain: 

(19) 

The following equivalent set of Sj can also be used: 

(20) 

For an isotropic material (with the symmetry tensor <'ilj) the base com
prises the five polynomially independent spherical invariants 

Le., three scalar invariants, and the normal and shear stress in the local coor
dinate system. 

4. Application of spherical invariants to strength and failure theory. 

The main principles of the theory of dispersed failure using functions on the 
sphere are expounded in [11]. It is assumed that any damage of the vicinity 
of any point 0 on of the medium can be entirely characterized by a centrally 
symmetric scalar function IIz on a unit sphere with the center at O. Each 
value of this function IIz (8, 1/» can be interpreted as damage of the vicinity 
of the point 0 in the 8, I/> direction. Local failure occurs if some invariant 
characteristic of the function IIz reaches the critical value. A kinetic equa
tion, connecting the function IIz with the stress tensor should be established. 
As a first approach it can be assumed, that the damage rate is a function 
of the instantaneous stress state only: 

(22) 

As the failure criterion, the natural condition 

max IIz = 1 (23) 

can be used. 
Expressions (22) and (23) offer a possibility of estimating failure time 

for isotropic as well as for anisotropic material under complex loading. Of 
course the formula (22) should be chosen in more concrete form and the 
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indefinite coefficients at the spherical invariants in (22) should be determined 
from the basic tension, compression and shear tests. 

Expressions (22), (23) can be also used to describe the strength surface 
when the loads increase proportionally (simple loadings). The equation of 
the strength surface according to (22) and (23) has the following form: 

(24) 

Expressions (19) or (20) should be used together with formula (24) 
in the case of orthotropic materials and the plane stress state. In parti
cular, when in (24) the usual scalar invariants are used as the Sj' the func
tion f does not depend on the direction on sphere and condition (2) is 
obtained. Using iIi the strength criterion (24) all the spherical invariants, 
we obtain strength surfaces generalizing the above mentioned strength cri
terion. Then, if linear and quadratic terms are used, a strength. surface in the 
main stress plane has a form of intersected elliptic arcs corresponding to diffe
rent failure directions, i.e., directions in which the damage lIz first reaches the 
value 1. 
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RESUME 

(One description de la deformation et de la rupture des solides anisotropes) 

Une description de la deformation des solides anisotropes elastiques non
lineaires et la surface des resistances des solides anisotropes sont donnees en 
utilisant une serie polynomiale tensorielle. Le nombre des composantes des 
tenseurs d'elasticite d'ordres sup6rieurs est analyse. Des correlations entre la 
methode proposee et les donnees experimentales pour des materiaux compo
sites sont presentees. La theorie statistique de la plasticite des solides ani
sotropes a ete developpee. Pour etablir les equations constitutives, Ie concept 
nouveau des "invariants spheriques des contraintes" pour les solides aniso
tropes a Me introduit. Les invariants spheriques des contraintes sont utilises 
pour la description de la rupture dispersee des solides anisotropes. 
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1. Introduction 

On etudie dans ce travail les invariants des tenseurs T ijkQ d'ordre 4 ayant 
les symetries des tenseurs de comportement de l'elasticite lineaire : 

T ijkQ = TjikQ = Tt/Qk = T kQii (l) 

et possedant done, pour Ie cas tridimensionnel, 81 composantes, dont 21 dis
tinctes, ou, pour Ie cas bidimensionnel, 16 composantes, dont 6 distinctes. 

Le probleme de la formation de ces invariants, qui semble n'avoir re9u 
d'attention que recemment, ne constitue pas un probleme completement 
original. Tout d'abord, d'un point de vue fondamentaI, Ia theorie des groupes 
expose des methodes systematiques permettant d'etablir les invariants des 
representations lineaires d'un groupe (ici Ie groupe orthogonal); toutefois 
ces methodes sont lourdes de mise en oouvre et les applications publiees en 
ont ete faites it d'autres quantites que les tenseurs du type de l'elasticite. Par 
ailleurs, par des methodes algebriques empiriques, divers auteurs s'interessant 
aux materiaux composites (Tsai et Pagano [3], Wu [5], Hahn [2]) ont donne 
des invariants des tenseurs du type de l'elasticite dans Ie cas bidimensionnel. 

Dans Ie present travail, pour Ie cas bidimensionnel, on complete les 
resultats cites ci-dessus en utilisant une methode de variables complexes, qui 
simplifie considerablement Ie probleme. On forme alors sans difficulte 
six invariants polynomiaux irreductibles lies par une relation (base d'integrite 
minimale avec une relation de syzygie). On peut egalement former facilement 
les conditions imposees par la nature definie positive de l'energie de deformation 
et par les symetries materielles. 

On presente ensuite une methode qui tente une generalisation de l'equa
tion caracteristique claisique des tenseurs d'ordre 2. II existe en effet deux 
tenseurs du type de l'elasticite qui sont isotropes, soit I et E. On cherche 
alors a determiner un tenseur symetrique du second ordre P et deux scalaires 
m et k, tels que: 

kQ ( kQ 
T tjkQ P = 2m Ii/kQ + kE'ikQ) P (2) 
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Ceci conduit a annuler Ie determinant .::l de ce systeme lineaire homogene 
par rapport aux composantes independantes de P. Les coefficients de l'equation 
.::l(m , k) = 0 sont des invariants du tenseur T. Dans Ie cas bidimensionnel, 
cette methode fournit bien cinq invariants polynomiaux independants; de plus, 
l'equation .::l = 0 est une cubique du plan (m ,k), sur laquelle apparaissent 
les symetries materielles. Dans Ie cas tridimensionnel, cette methode ne resout 
pas entierement la question: elle ne fournit que 11 invariants polynomiaux; 
une extension semble toutefois fournir des resultats supplementaires. 

Enfin, on donne quelques applications des methodes et resultats exposes. 

2. La methode de variables complexes 

La methode classique de la variable complexe en eIasticite introduite par 
Kolosov et Muskhelishvili, a ete interpretee par Green et Zerna [1] comme un 
changement de re¢re complexe. On propose ici un autre changement de 
repere complexe, qui s'y rattache simplement mais qui est unitaire : 

Xl= 
kx + ky kz 

V2 .j2 

X2 = 
kx + ky kz 

= 
v'2 ..;2 

avec z = x + iy et k = eirr / 4 

Sous fonne matricielle, ceci s'ecrit : 

(3) 

(4) 

en designant par X Ie vecteur des composantes contravariantes. On a alors, avec 
des notations evidentes : 

X= g~ 
(5) 

- (0 ou g = g = 
= 1 

~) est la matrice du tenseur metrique en coordon-

nees complexes, et ou Ml est la matrice complexe conjuguee et inverse de 
m . M - m- 1 - m* 1· 1- 1 - 1· 

Une transformation lineaire T d'un vecteur, de matrice tl en coordon-
nees reelles : 

(6) 
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se traduit en coordonnees complexes par une matrice T 1 = m1 tl Ml 

(7) 

Plus generalement pour un tenseur A d'ordre n de composantes comple
tement contravariantes rangees en vecteurs a et A, et de composantes compIe
tement covariantes ! = i et ~, on a : 

(8) 

avec Mn = m;;-l = m~, ces matrices Mn et mn se deduisant de Ml et m1 de 
fayon classique. 

C'est ainsi que la relation a = M2 A s'explicite en : 

Axx -i All 

AXY 1 -i Al2 
- (9) 

AyX 2 1 -i A21 

Ayy -i A22 

et que la restr~tion t = M4 T aux tenseurs du type de l'elasticite, de la re
lation a = M4 A s'ecrit : 

Txxxx -1 4i 2 4 -4i -I Tll11 

TXXXY 2 0 0 2 -i Tl112 

Txxyy 1 0 -2 4 0 T1122 
- (10) 

TXYXY 4 0 2 0 0 T1212 

TXYyy -i 2 0 0 2 T1222 

Tyyyy -1 -4i 2 4 4i -1 T2222 

tandis que l'on a f = m4 t, avec m4 = it:. 
La transformation T operant sur A donne A I et on a : 

-I 

= tn a A' =T A (I I) a n 

avec Tn = mn tn Mn . 
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Le resultat essentiel est que les matrices Tn ont une forme particuliere
ment simple pour les rotations R(9) d'un angle 9 autour de l'origine et les 
symetries Sea) par rapport a la droite y = x tg a. On ne donnera ici en detail 
que Ie cas de rotation pour lequel les matrices Rn (9) sont diagonales. Tout 
ca1cul fait, on a donc pour les premiers ordres de tenseurs, avec r = e i6 : 

All'=r2All 

A 12' = A12 

A 21' = A21 

A 22' = f2 A22 

A 111' = r3 A 111 

A 112' = rA112 

A 121' = r A 121 

A 122' = r A 122 

A 211 ' = rA211 

A 212' = r A212 

A 221' = r A221 

A 222' = r3 A222 

(12) 

(13) 

(14) 

On forme donc tres facilement la loi de transformation en coordonnees 
complexes. Pour les tenseurs du type de l'elasticite, on a, compte tenu des 
symetries: 

T1111' = r4T1111 

T l112' = r2 r l112 

r 1l22' = r 1122 

r 1212' = r 1212 

r 1222' = r2 r 1222 

r 2222' = r4 r2222 

(15) 

De ces formules, on peut tirer immediatement tous les invariants poly
nomiaux. Dans Ie cas des tenseurs du type de l'elasticite, on obtient six inva
riants polynomiaux irreductibles reels lies par une syzygie : 
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Ll = T1l22 

L2 = T1212 

Q1 = Tllll T2222 

Q2 = Tll12 r1222 

C1 + iC2 = Till 1 (T1222)2 

avec la relation : 

97 

invariants lineaires 

invariants quadratiques 
(16) 

invariants cubiques 

(17) 

On peut expliciter ces quantites a l'aide des composantes reelles du 
tenseur T : 

(18) 

(19) 

1 2 2 
Q1 = - (Txxxx + Tyyyy - 2TXXYy - 4TxyXY) + (Txxxy - Txyyy) 

16 (20) 

(21) 

1 
C1 = 64 (Txxxx + Tyyyy - 2Txxyy - 4TxyXY ) . 

. [(Txxxx - Tyyyy)2 - 4(Txxxy + TXyyy)2) 

(22) 

(23) 
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Rappelons que ces quantites sont des invariants dans Ie groupe des ro
tations autour de l'origine. Vne symetrie par rapport Ii l'axe y = x tg a se 
traduit par les relations: 

T1111" = S8 T2222 

T1112" = s4T1222 

T1122" = T1122 

T1212" = T1212 

T1222" = 8 4 T1222 

T2222" = 88 Tlill 

(24) 

avec s = eiO! , d'oil on deduit immediatement que les symetries-miroirs laissent 
invariants Ll , L2, Q l' Q2 et C 1 , mais transforment C2 en - C2 . 

Les invariants lineaires et quadratiques, Ii des facteurs multiplicatifs 
pres, ont e16 donnes dans [3] et [5]. La reference [2] donne en outre un in
variant cubique s'exprimant Ii l'aide de Ll , L2 , Q l' Q2 et C 1 . 

Les symetries eventuelles du materiau introduisent des conditions sup
pIementaires sur ces 6 invariants irreductibles. Pour trouver l'effet d'un miroir 
faisant un angle a avec l'axe Ox, il est commode d'effectuer un changement 
de repere en prenant la direction du miroir suivant la bissectrice des axes; 
Ie miroir echanre alors les nouvelles coordonnees reelles ou complexes 
Xl = k 8X1, Xl = ks X2 ; les composantes dans ce nouveau repere du 
tenseur T doivent etre insensibles Ii cet echange. On en tire que _ e-4iO! T1111 
et ie-2iO! T1112 sont des quantites reelles, et qu'en consequence C2 est nul. 

D'oilles resultats : 

- pour Ie cas orthotrope (2 miroirs Ii n/2) 
il existe 4 invariants independants non nuls L.. L2, Q2' C l' avec 
Q1 = (C 1/Q2)2 et C2 = o. 
les angles a et a + n/2 des miroirs sont determines par: 

Re(Tl1l2) 
tg2a=---~;;;

Im(Tll12) 

- pour Ie cas a symetrie ca"ee (4 miroirs Ii n/4) 
il existe 3 invariants independants non nuls L 1 , L2 ' Q.. avec 
C1 = C2 = Q2 = 0 (et Tl112 = T1222 = 0). 
les angles a, a + n/4, a + n/2 et a + 3n/4 des miroirs sont determines par: 

Im(T1111) 
tg 4a = - 1111 

Re(T ) 
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- pour Ie cas isotrope 
it existe deux invariants independants non nuls Ll et L2, avec 
C1 = C2 = Q1 = Q2 = 0 (et rl1ll = r 1112 = r 1222 = r2222 = 0). 

Enfin la nature definie positive de l'energie de deformation impose des 
inegalites aux invariants. On obtient les conditions necessaires et suffisantes : 

Ll >vo. 
L2 >0 

2 
Ll L2 + 2C 1 - 2L2 Q] - 2Ll Q2 > 0 

(25) 

Les conditions suivantes, redondantes avec les precedentes sont aussi 
verifiees: 

(26) 

Les diverses proprietes donnees ci-dessus mettent en evidence la simplicite 
et l'efficacite de la methode des variables complexes dans Ie cas bidimensionnel. 

3. Methode des equations caracteristiques generalisees 

On sait que, pour les tenseurs du 2e ordre symetriques, l'equation caracteris
tique foumit les invariants par ses coefficients, cette methode ayant l'avantage 
d'etre valable aussi bien dans Ie cas bidimensionnel que dans Ie cas tridimen
sionnel. La methode du paragraphe precedent etant lirnitee au cas bidimen
sionnel, il serait interessant de disposer d'un equivalent de cette equation ca
racteristique, pour les tenseurs du type de l'elasticite. 

Pour cette generalisation, on utilise Ie fait qu'il existe deux tenseurs 
du type de l'elasticite isotropes et independants I et E: 

1 1 
IjjkQ = - ;;gjjgkQ + 2' (gjkgj2 + gjQgjk) (27) 

(28) 

ou n = 2 ou 3 est la dimension de l'espace consideree et g Ie tenseur metrique. 
Le tenseur unite en est une combinaison : 

1 
U=I+-E 

n 
(29) 

5 
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Introduisons en outre, pour les tenseurs d'ordre 4 A, T, ... , operant 
sur les tenseurs symetriques d'ordre 2 X, T, ... , les notations suivantes: 

A : X) = Aiik'l. Xk'l. 

(X: A: Y) = Aiik'l. Xii Yk'l. 

avec comme cas particulier : 

(X : Y) = (X : U : Y) = Xij yii 

et, pour un tenseur T symetrique: 

(X:T:Y)=(Y:T:X) 

(30) 

Vne propriete essentielle des tenseurs E et I est d'operer separement, 
respectivement sur les parties spheriques Xs, Y s et deviatoires Xo ' Yo des 
tenseurs symetriques du 2e ordre. Plus precisement on a: 

(X: E: Y) = (Xs : E: Y s) l 
(X. I. Y) - (Xo . E. Yo) ) 

(31) 

Ceci permet, on Ie voit, de fixer independamment les valeurs de 
(X: E : X) et de (X: I : X) sans pour autant fixer compIetement X. 

Si alors Y = T: X) est Ie transforme de X par Ie tenseur T, on peut poser 
pour X divers problemes d'extremum, a (X: E: X) et (X: I: X) fixes: 

a) determiner X pour que (X: Y) soit extremum. 
b) determiner X pour que (Y: Y) soit extremum. 

En representant les tenseurs par leurs matrices dans un reperage donne, 
ceci conduit aux equations suivantes : 

det (T - kE - 2mn = 0 pour a) 

det(T2 - KE - 2MI) = 0 pour b) 

(32) 

(33) 

ou k, K, 2m et 2M sont les multiplicateurs de Lagrange associes aux conditions 
irnposees sur X. 

Ces equations constituent la generalisation proposee des equations carac
teristiques. A priori, elles ne se reduisent pas rune a l'autre (alors que dans Ie cas 
classique des tenseurs du 2e ordre symetriques, les deux problemes analogues 
constituent en fait un probleme unique). On n'etudie cependant dans ce travail 



www.manaraa.com

Les Invariants des Tenseurs d'Ordre 4 101 

que Ia premiere des expressions, (32), correspondant au probleme suivant: 
trouver un tenseur du 2e ordre symetrique Xii et deux scalaires k et m tels 
que: 

Tiikll X kll = (2m Iiikll + k Ejikll ) Xkll (34) 

Dans Ie cas bidimensionnel, Ie determinant ~(m, k) du systeme (34) 
(donne par (32» dont l'annulation fournit l'equation caracteristique, s'ecrit, 
tout calcul fait, a l'aide de 5 invariants independants de T: 

~(m, k) = - 4m2k + 4m2L2 + 4km Ll - 4m(LIL2 - Q2) 

- k(q - Ql) + q L2 - 2Ll Q2 - L2 Q1 + 2C 1 
(35) 

On remarquera que les combinaisons constituant les coefficients de cette 
expression sont tous positifs d'apres les inegalites decouIant de la nature definie 
positive de l'energie de deformation. 

La forme de la cubique ~(m ,k) = 0 dans Ie pIan (m ,k) est caracterisee 
par les symetries materielles : 

- dans Ie cas anisotrope general, on peut ecrire l'equation sous la forme: 

k = L2 + Q2 + C1/.JQ; + Q2 - Ctf'vo; 
2m - Ll - v'Q; 2m - Ll + vQ 1 

oilles deux numerateurs sont positifs, d'oill'allure de la figure 1. 
- dans Ie cas orthotrope, la cubique se decompose en une hyperbole et 

une droite (Fig. 2) : 

(2m - Ll - VQ-;) [2Q2 + (L2 - k) (2m - Ll - C1/Q2)] = 0 

- dans Ie cas de symetrie carree, la cubique se decompose en trois droites 
distinctes (Fig. 3): 

(L2 - k) [(L1 - 2mi - Qd = 0 

- enfin dans Ie cas isotrope, on a une droite et une droite double (Fig. 4) : 

Dans Ie cas tridimensionnel, l'expression ~(m ,k) est de degre six en m 
et 2 en k. On montre en effet facilement, par la regIe de derivation des deter
minants que (comme dans Ie cas bidimensionnel): 

(36) 
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Figure 1. 

k 

Figure 2. 

k 
m 

Figure 3. m 

Figure 4. 

On obtient donc ainsi 11 invariants: 2 lineaires, 2 quadratiques, 2 
cubiques, 2 de degre 4, 2 de degre 5 et un (~(O,O» de degre 6. La deuxieme 
equation caracteristique generalisee (33), egalement lineaire en K et de degre 6 
en M, possede aussi 11 coefficients (de degre double par rapport aux precedents) 
qui sont invariants. n n'a toutefois pas ete possible dans ce travail d'etablir les 
relations qui les lient eventuellement aux 11 invariants provenant de la premiere 
equation caracteristique. Cette etude ne regie donc pas la question de l'etablis
sement des 18 invariants possibles pour les 21 composantes independantes des 
tenseurs du type de l'elasticite. 
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4. Applications 

Ces methodes et ces resultats donnent lieu a diverses applications pour les 
materiaux anisotropes et en particulier les materiaux composites stratifies. Leur 
exposition complete exigeant des developpements algebriques longs mais sans 
difficulte (figurant dans un rapport, a paraftre, de l'auteur [4]), on se borne ici a 
les citer : 

- formation de 20 invariants independants (au lieu de 15 seulement 
donnes par [2]) pour un tenseur d'elasticite dans les rotations autour d'un axe. 

- formation des invariants independants de la loi classique de compor
tement des plaques stratifiees: 17 dans Ie cas negligeant les effets de cisaillement 
transversal (loi (37» ; 20 dans Ie cas avec cisaillement transversal (lois (37) et 
(38» : 

[~J [*] [~] (37) 

(Q) = [d] (r) (38) 

- etablissement des lois de comportement a partir de resultats experi
mentaux, en etendant la methode due a Wu et al. [6]. 

- reconnaissance des symetries, exactes ou "approchees", pour ces 
divers comportements: classes de symetrie et position des axes privilegies: 
les resultats experimentaux donnent lieu en general a des realisations approxi
matives des symetries materielles. 

- extension de la methode de variables complexes a d'autres types de 
tenseurs. 

s. Conclusion 

Ce travail a etudie les invariants des tenseurs d'ordre 4 du type de l'elasticite par 
deux methodes originales: la methode des variables complexes et la methode 
des equations caracteristiques generalisees. Bien que les resultats qu'elles 
fournissent ne soient ni entierement nouveaux, ni complets, elles se revelent bien 
adaptees au probleme. 
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ABSTRACT 

In this paper, the invariants of fourth rank tensors with symmetries of the 
linear elasticity tensors are studied by two new methods. In the two 
dimensional case, a complex variables method gives very simple transform
ation formulas for the rotation of tensor components. From this, the six 
irreducible polynomial invariants related by one relation are quite easily 
established. Conditions due to material symmetries and the positive definiteness 
of the strain energy are also easily deduced. The second method use a 
generalization of the concept of characteristic equation. In the two
dimenSional, case, it gives a cubic equation ~(m ,k) = 0, the coefficients of 
which are 5 independant invariants. Its geometric representation in the m , k 
plane provides the material symmetries. In the three dimensionnal case, it 
has not been possible to determine all the properties of the 11 or 22 invariants 
given by the method. Finally some applications of the results are indicated. 
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1. Introduction 

L'etude des proprietes magnetiques des materiaux occupe une place impor
tante dans la physique de la matiere condensee. L'interpretation de ces pro
prietes necessite de faire appel aux modeles et methodes les plus elabores 
de la physique fonqamentale. 11 s'agit en effet d'un probleme a grand nombre 
de particules en interactions (probleme a N corps), ces interactions ayant une 
origine purement quantique (Ie theoreme de Bohr-Miss van Leewen, 1919, 
demontre de maniere tout a fait generale que la mecanique c1assique conduit 
a un moment magnetique moyen nul pour toute assemb16e de particules 
chargees). D'autre part, Ie champ des applications est extremement vaste et 
i1 est difficile d'imaginer une civilisation industrielle sans materiaux magne
tiques. Meme si 1a plus ancienne des applications, 1a boussole, a ete nette
ment supplantee par des systeme gyroscopiques, les gyroscopes les plus sophis
tiques en cours de developpement font tout de meme appel a la suspension 
magnetique d'une sphere supraconductrice ! 

Enfm la tres grande sensibilite de certaines mesures magnetiques per
met d'utiliser Ie magnetisme comme un moyen de caracterisation des ma
teriaux dont les propritHes magnetiques ont pu etre modifiees meme tres 
faiblement par des influences diverses. Par exemple, les renversements du 
dipole magnetique terrestre ont laisse leurs traces dans les materiaux issus 
des dorsales medio-oceaniques et les mesures magnetiques effectuees sur 
ceux-ci ont apporte une preuve indiscutable de l'expansion de la croute ter
restre au niveau de ces dorsales. Les contraintes mecaniques auxquelles est 
ou a ete soumis un echantillon modifient egalement ses proprietes magne
tiques qui peuvent donc etre utili sees comme un moyen indirect d'investi
gation dans des problemes au depart essentiellement mecaniques. II est clair 
que dans ce domaine, ce sont les proprietes magnetiques anisotropes qui 
devront etre envisagees. 
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2. Description des proprietes magnetiques anisotropes des materiaux 
dans I'approximation du milieu continu 

2.1. L 'aimantation 

Un echantillon de matiere con den see est un ensemble de particules possedant 
un moment magnetique orbital et un moment magntHique de spin. Pour une 
particule de charge q et de masse m, Ie moment cinttique orbital est pro-

~ ~ q ~ 
portionnel au moment cinetique Q, J1.JI. = - Q, et donc directement lie 

~ ~ 2m 
au mouvement de la particule. J1.JI. et Q sont des o¢rateurs de la mecanique 
quantique mais pour ce qui nous concerne ici on pourra faire comme s'il 
s'agissait de vecteurs quantifies spatialement (description dite semi-classique), 
la composante Qz etant un multiple entier de h, Qz = mho Pour un electron 

en eh 
J1.Q = - -- m = - m J1.B OU J1.B = -- = 0,9274.10-23 l/T est Ie 

z 2me 2me 
magneton de Bohr qui donne l'ordre de grandeur des moments magntltiques 
microscopiques. L'ordre de grandeur des moments magnetiques nucleaires 

eh 
est Ie magneton nucleaire J1.N = -- = 5,051 .10-27 l/T beaucoup plus 

2mp 
petit que J1.B' aussi les proprietes magnetiques des materiaux sont-elles essen
tiellement electroniques. 

Le moment magnetique de spin est proportionnel au moment cine
tique intrinseque dit de spin t et pour un electron lis = - gs J1.B t OU 

gs = 2,0023 est Ie rapport gyromagnetique de l'electron et Sz = ± 1/2. 
Nous ne nous interesserons pas ici au probleme du calcul ab initio du 

moment magnetique resultant des electrons constituant un atome ou un ion 
isoIe ou en interaction avec d'autres. Dans l'approximation du milieu continu, 

~ 

nous introduisons un champ vectoriel M appele aimantation du materiau 
dont la valeur en un point Pest la moyenne volumique des moments magne
tiques microscopiques iii de toute origine des particulescontenues dans un 

1 . 
eIemen t de volume d r en tourant P, soit M = - ~ J1j. Les dimensions 

dr dr 

de dr tont de l'ordre de quelques centaines d'A c'est-a-dire que la moyenne 
porte sur quelques milliers de particules, ce qui assure la continuite du champ 
~ 

M a l'exception des surfaces de separation. 
En l'absence d'interaction (paramagnetisme) et sans champ magnetique 

~ ~ 

applique on a M == o. L'application d'un champ donne alors lieu a deux 
effets concurrents: 

- un effet purement electromagnetique de meme origine que les phe
nomenes d'induction fait apparaftre une aimantation en sens inverse du champ 
( diamagnetisme) 



www.manaraa.com

L 'Anisotropie Magnhique 109 

- un effet d'orientation des moments microscopiques existants paral
!element au champ qui produit une aimantation de meme sens que Ie champ 
et d'autant plus faible que la temperature est plus elevee a cause de la compe
tition avec l'agitation thermique (paramagnetisme de Langevin-Brillouin). 
Ces deux effets sont toujours tres faibles (sauf a tres basse temperature et 
pour des champs eleves pour Ie dernier) si on les compare aux effets obtenus 
dans des materiaux oil, par suite d'interactions qui ne peuvent etre clairement 
comprises que dans Ie cadre de la mecanique quantique, les moments magne
tiques microscopiques ont tendance a s'ordonner parallelement entre eux 
(ferromagnetisme), antiparallelement (antiferro et ferrimagnetisme) ou suivant 
des structures non colineaires plus complexes (helimagnetisme par exemple). 
Cette ten dance spontanee conduit a l'existence d'une aimantation dite spon-

~ 

tanee, II Mil =1= 0, en l'absence de champ. L'aimantation spontanee est evi-
demment fonction de la temperature avec une temperature critique de chan
gement de phase (generalement du second ordre) entre la phase ordonnee et 
la phase desordonnee appeIee par extension phase paramagnetique. La tem
perature critique d'ordre est connue so us Ie nombre de temperature de Curie 
pour les ferromagnetiques et de temperature de Neel dans les autres cas. 

Pour les materiaux magnetiques ordonnes et les ferromagnetiques en 
particulier qui nous occuperont essentiellement par la suite, une complica
tion intervient dans la description macroscopique des materiaux du fait de 
l'existence d'une structure a une plus grande echelle que l'echelle macros
co pique (dimensions du d T precedent) et que nous appelerons megascopique. 
Les moments magnetiques spontanement ordonnes creent en effet un champ 
magnetique non negligeable dans lequel ils se trouvent eux-memes plonges. 
Cette interaction est I'interaction dipolaire magnetique bien connue en tHec
tromagnetisme et tout Ie probleme vient du fait qu'elle ne decroft qu'en 1/r3 

avec la distance et il est donc impossible de s'en affranchir quelle que soit 
la taille de l'echantillon. Le champ cree par l'echantillon lui-meme est d'une 
maniere generale en sens inverse des moments rnagnetiques d'oil son nom de 
champ demagnetisant. n apparaft que la meilleure solution energetique pour 
l'echantillon n'est pas de diminuer son aimantation spontanee mais de se 
subdiviser en domaines (domaines de Weiss pour les ferromagnetiques) dont 
les dimensions sont megascopiques et qui peuvent dans certains cas etre du 
meme ordre que les dimensions de l'echantillon. Les aimantations des do
maines ont des directions differentes et Ie champ demagnetisant est ainsi 
reduit sans que soit reduite dans chaque domaine l'aimantation spontanee 
consequence des interactions autres que dipolaires. II conviendrait donc de 
biell distinguer dans Ie langage l'aimantation M qui est la propriete macros
copique, donc defmie a l'interieur meme de chaque domaine, et l'aimanta-

~ ~ 

tion magascopique JrG/V oil JrG est Ie moment magnetique total de l'echan-
tiUon et V son volume. Ces deux quantites ont la meme dimension et 1'0n 
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dit souvent quand on me sure m/v que l'on fait une mesure d'aimantation 
~ ~ 

alors que l'on ne fait qu'une me sure de moment. Jrr/V ne correspond a M 
que dans Ie cas OU I'echantillon est monodomaine, ont dit aussi sature. 

2.2. Les champs magnetiques 

On decrit en tout point de l'espace vide Ie champ electromagnetique 
~ ~ 

au moyen de deux cha~..es E et B qui interviennent dans 1a formule de 
Lorentz F = q(E' + -; X B). En presence de matiere, 1a situation reste 1a 
meme dans Ie vide mais se complique a l'interieur de 1a matiere elle-meme. 

Considerons un systeme de courants creant en l'absence d'echantillon 
~ 

un champ dans Ie vide Bo' Les moments magnetiques de l'echantillon creent 
eux-memes un champ magnetique b', somme des champs magnetiques crees 
par cette assembIee de dipoles dans Ie vide. A l'exterieur de l'echantillon, on 
est suffisamment loin de tous les dipoles et la variation spatiale de bl , varie 
spatialement a l'echelle des distances interatomigues. Nous definissons dans 
l'approximation du milieu continu un champ Ii; identique a b' a l'exte
rieur de l'echantillon et egal a la moyenne spatiale de b' sur un volume de 
l'ordre de l'ordre de grandeur du dr defmi plus haut pour l'interieur de 
l'echantillon. Nous definissons ainsi en tout point de l'espace un champ 
~ ~ ~ . ~ ~ 

B = Bo + B I qui comme Bo et b I est a divergence nulle, c'est-a-dire a 
flux conservatif. 

On peut alors demontrer sur la base des equations de l'electromagne
~ 

~ B ~ ~~ ~ 
tisme que Ie champ H = - - M obeit au theoreme d'Ampere rot H = j 

~ ~o 
ou jest la densite des courants de conduction (nous utilisons ici Ie systeme 
d'unites MKSA rationalise ou ~o = 4 rr. 10-7 , B se mesurant en Tesla, It 

~ ~ ~ 

et M en A/m et les mo~ents en A/m2 ou J/T). Dans Ie vide H = B/ ~o et 
n'est donc pas distinct de B sinon par les unites utilisees. 

Le champ demagnetisant dont nous avons parle plus haut est Ie champ 
~ 

~,. ~ ~ ~, ~ Bo 
H tel que H = H + H ou Ho = -. Par exemple dans Ie cas d'un echan-

~o ~ 
tillon spherique monodomaine d'aimantation uniforme M, on demontre 

~ 1 ~ 
que H' = - 3" M a l'interieur de l'echantillon. D'une maniere plus generale, 

pour un echantillon limite par une quad rique et uniformement aimante 
~ ~ ~ ~ 
H' :=; - D. M a l'interieur de l'echantillon ou D est Ie tenseur de champ 
demagnetisant, tenseur symetrique de rang 2 et de trace unite. Seules les qua
driques conduisent a un champ demagnetisant uniforme a l'interieur de l'echan
tillon pour une aimantation pour une airnantation uniforme, aussi ces formes 
d'echantillon sont-elles a preferer pour les mesures magnetiques. Pratique
ment, la sphere est la forme la plus commode a realiser. Des disques tres 
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aplatis ou des cylindres tres allonges (fils) constituent des approximations 
acceptables dans certaines conditions. 

2.3. Les energies magnetiques [1] [8] 

Les equations de Maxwell conduisent pour l'expression du travail fourni par 
Ie milieu exterieur (operateur et sources de champ) dans une transformation 
quasi statique d'un echantillon a : 

oW = fffBo. dM dr 

~ 

oil Bo est Ie champ cree par les sources de champ dans Ie vide en l'absence 
d'echantillon. Une transformation quasi statique d'un echantillon magne
tique ordonne n'est pas obligatoirement reversible a cause des phenomenes 
d'hysteresis qui sont lies a la structure en domaines. Ainsi les fonctions d'etat 
thermodynamique ne sont definies de fa90n unique, c'est-a-dire caracteris
tiques du materiau, que dans Ie domaine des champs appliques suffisamment 
eleves pour que l'echantillon soit sature. 

Un echantillon limite par une surface quad rique placee dans un champ 
~ 

magnetique exterieur Bo ' uniforme sur son volu~ et suffisamment grand, 
est mono-domaine avec une aimantation uniforme M. On peut alors definir 
une energie interne par unite de volume U telle que: 

-+ ~ 

dU = TdS + Bo . dM 

et une energie libre : 

F=U-TS 

telle que: 
~ -+ 

dF = - SdT + Bo' dM 

avec: 

travail reversible isotherme par unite de volume. 
Dans un souci de Simplification, nous supposons ici Ie reseau invariable 

et n'introduisons pas les variables volume et pression hydrostatique ni les ten
seurs de contrainte et de deformation. L'energie libre F contient l'energie d'inter-

1 -+ -+, 
action dipolaire dont l'electromagnetisme fournit l'expression -"2 !J.o M.H 
par unite de volume. On posera donc : 

1 ~~, 
F = E - - !J.oM.H 

a 2 
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oil Ea est une densite d'energie caracteristique du materiau appelee, pour 
un monocristal, energie d'anisotropie magnetocristalline car elle depend evi

-+ 
demment en principe de la direction de M par rapport aux axes cristallo-
grapbiques. L'energie dipolaire : 

1 -+ -+, 1 -+::t-+ - '2 J.LoM.H = '2 J.LoM.D.M 

depend de la forme de l'echantillon d'oil Ie nom anisotropie de forme qui 
1 -+ 

lui est souvent donne. Pour une sphere, ce terme se reduit a "6 J.Lo M 2 • 

Quel est main tenant Ie potentiel thermodynamique dont Ie minimum 
correspond a l'equilibre de l'echantillon place dans un champ exterieur 
-+ 
Bo fixe et a une temperature fixee T? On voit facilement qu'il s'agit de 

-+ -+ -+ -+ 
G = U - TS - J.LoM.Bo car dG = - SdT - J.LoM.dBo (on utilise ici la 
meme notation pour Ie potentiel thermodynamique et la fonction d'etat 
correspondante egale au minimum d'equilibre du potentiel). 

Designons par ti Ie vecteur unitaire de M et par tie et l!t les deux 
autres vecteurs unitaires du triedre local associe a la direction u(O, rj» de 
-+ 
M par rapport a des axes lies a l'echantillon QFig. 1). Introduisons la fonction 

-+ -+ -+-+ 
d'etat E~ = Ea - J.Lo M . H oil H = Ho + H' est appele champ interieur 
ou champ applique "corrige" du champ demagnetisant. En posant HM = Ii. ti, 
on trouve facilement que : 

1 aE' 
M = - J.Lo (aH:) T,e,q, (1) 

Figure 1. - Definition des angles et des vee
teurs unitaire reperant Ie veeteur aiman
tation. 

-u.,. 

~-----+--~ 
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et ( aE~ -+ -+ ) ( aE~ -+ ) dG = - - J.l M H . u de + -aA. - M sin e H. u'" dl/> ae 0 (} 'f' 'Y 

d'oilla condition de minimum de G; 

-+ -+ -+ -+, 
J.loMxHo =-J.loMxH + 

sin e 
-+ -+ -+ -+ -+ 

J.lo M x Ho = M x Bo = r 

( aE~) -+ (aE~) -+ 
-- u(} + -- uq, 

al/> T HM (J ae T,HM,q, , , (2) 

n'est autre que Ie couple par unite de volume exerce par l'echantillon sur 
-+ 

l'appareil qui Ie maintient fixe dans Ie champ exterieur Bo' 
Les relations (1) et (2) montrent que des mesures d'aimantation et de 

couple permettent d'acceder aux derives de la fonotion E~ d'ou ron pourra 
remonter a Ea par; 

, -+ -+ 
Ea = Ea + J.lo M . H (3) 

3. L'anisotropie magnetocristalline et l'anistropie induite 

3.1. Phenomen%gie 

Ainsi qU'elle a ete introduite plus haut, la fonction E~a est une fonction des 
variables T, HM , e, I/> et caracteristique du materiau. On peut la developper 
sous la forme : 

E~ = L K~ (T, HM ) fnce, 1/» 
n 

ou les fonctions fn(e, 1/» sont entierement determinees par des considerations 
de symetrie et les K~ des coefficients d 'anisotropie. D'apres (1) : 

n 

L'aimantation peut donc presenter elle-aussi une anisotropie de son module 
bien que celle-ci soit en general tres faible et que la partie principale de M 
soit isotrope. On tire de (3) : 

n n 
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ou les Kn(T, HM ) sont appelees constantes d'anisotropie bien qu'elles de
pendent de T et de HM . On a par ailleurs : 

Si comme Ie montre souvent l'experience Kn et Mn ne dependent prati
quement pas de HM dans Ie dornaine des champs usuels K~ = ~ - Jio Mn HM 
est une fonction lineaire de HM a une temperature determinee dont la me sure 
en fonction de celui-ci donne immediatement Kn et Mn. 

Donnons quelques exemples de developpements de Ea (ou E~a). La me
thode la plus generale consiste a prendre pour fn(O, </» les combinaisons li
neaires d'harmoniques spheriques d'ordre n, soit : 

+n 

fnCO, </» = L C~ Y~\O, </», 
ffi=-n 

repondant aux conditions de symetrie imposee. Ainsi pour un crista I de symetrie 
cubique, on construit des "harmoniques cubiques" [2], mais l'usage a generale
ment consacre d'autres methodes de developpement refIetant plus directement 
la symetrie comme des polynomes symetriques [2] des cosinus directeurs 
0:1 ' 0:2 ,0:3 de la direction de l'aimantation par rapport aux axes quaternaires 
du cristal cubique. On voit facilement que seules puissances paires des O:j peu
vent intervenir Cl'energie ne depend pas du sens de l'airnantation ou est inva
riante par rapport au renversement du temps) et comme Ie polynome d'ordre 
2 est invariant: 

ona: 

Pour un cristal hexagonal, en prenant pour axe z de la figure 1, l'axe c de la 
structure, on a : 

l'anisotropie dans Ie plan de base n'intervenant qu':l l'ordre 6 en sin 0 . 
Supposons rnaintenant que Ie cristal ait subi des influences exterieures 

diverses possedant des caracteres de symetrie differents de ceux qui caracte
risent la structure cristalline, par exemple une contrainte mecanique ou un 
traitement thermique pendant lequel l'airnantation a ete fixee dans une di-
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rection (0', ¢') ou ct' dtHerminee par un champ exterieur applique. II 
apparaft alors une anisotropie dite induite Eu dont l'expression phenome
nologique refletera les proprietes de symetrie de l'ensemble cristal-influence 
exterieure. Ainsi pour un cristal cubique ayant subi Ie traitement thermo
magnetique precedent : 

qui contient maintenant des termes du deuxieme ordre en a j , c'est-a-dire 
une anisotropie induite uniaxiale (N.B.: les coefficients F et G correspon
dent a la notation consacree par l'usage et n'ont rien a voir avec les fonctions 
F et G utilisees plus haut). 

Dans Ie cas d'un echantillon polycristallin dont les cristallites sont de 
dimensions petites par rapport aux dimensions de l'echantillon et orientees 
au hasard, l'energie magnetocristalline a une moyenne nulle sur l'ensemble 
de l'echantillon aux fluctuations statistiques pres alors que l'energie uni
axiale ind uite est en moyenne : 

_ 2 ~~, 
Eu - - Ku cos (u, u ) 

ou (t, t') est l'angle entre l'aimantation de l'echantillon de direction t 
et la direction \t' qu'elle avait pendant Ie traitement thermomagnetique ou 

~ 

bien la direction u' d'une contrainte uniaxiale appliquee pendant ou avant 
la mesure. Ku est appeIee constante d'anisotropie uniaxiale induite. 

3.2. Methodes de mesure 

II existe plusieurs methodes de me sure de l'anisotropie magnetique faisant 
appel a des experiences statiques comme des rnesures d'aimantation en fonc
tion de la direction du champ applique ou dynamiques comme la resonance 
ferromagnetique par laquelle on accede aux derivees secondes de E~ par 
rapport a 0 et ¢. Nous ne decrirons ici que la methode de loin la plus per
formante et permettant d'atteindre des precisions suffisantes pour deceler 
en particulier des anisotropies induites tres faibles superposees a des aniso
tropies magnetocristallines importantes. II s'agit de la methode basee direc
tement sur la relation (2) et qui consiste a mesurer Ie couple necessaire pour 

~ 

maintenir un echantillon dans un champ exterieur Bo uniforme suffisant 
~ ~, 

pour Ie rendre monodomaine., Le terme - 110 M x H depend de la forme 
de l'echantillon (anisotropie de forme) et les conditions exp6rimentales sont 
en general choisies pour qu'iI soit nul (echantillon spherique par exemple). 
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On a alors : 

sin 0 

Sans entrer dans Ie detail des arrangements experimentaux souvent fort 
sophistiques et allant jusqu'a des appareillages entierement automatiques et 
pilotes par un ordinateur [6], Ie schema Ie plus courant actuellement consiste 
a fixer l'echantillon sur un systeme libre de tourner autour d'un axe z vertical 
("balance de torsion") dont on asservit la position en compensant Ie couple 
exerce sur l'echantillon par Ie couple cree par Ie courant d'asservissement qui 
parcourt une bobine convenablement placee dans Ie champ d'un aimant per
manent. La detection de la position est en general optique et permet d'obtenir 
des precisions angulaires dans l'asservissement de la position de quelques se-

-+ 
condes d'arc [8]. Le champ ext~ieur Bo est cree par un electroaimant qui 
peut tourner autour de l'axe z. Bo prend ainsi diverses orientations dans un 
plan horizontal, orientations connues par rapport a l'echantillon avec une pre
cision analogue par des dispositifs Ie plus souvent optiques. L'anisotropie 
magnetique dependant tres fortement de la temperature, il importe de reguler 
la temperature de l'echantillon avec une tres grande precision de l'ordre de 
quelques mK dans Ie domaine 2-300 K par exemple ou quelques centiemes 
de Kelvin au-dessus de la temperature ambiante. L'echantillon est oriente par 
les methodes habituelles de la radiocristailographie de telle fa\!on que Ie plan 
xoy perpendiculaire a Oz vertical soit un plan de symetrie ,So et M pour 
l'echantillon sature sont alors dans ce plan et reperes chacun par une seule 
variable (Fig. 2). 

~ ____ ~ ____ ~ ____ -+x 

Figure 2. - Definition des angles pour les mesures de couples. 

(N .B.: On ne confondra pas les angles 0 et rj> de cette figure avec ceux de 
la figure 1 et de l'expression 2). 

On a alors: r:;: = MBo sin (0 - rj» et l'on .mesure a chaque tempe
rature r z en fonction de 1>. Pour chaque valeur de 1> connue experimenta-
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lement, 8 n'est pas connu directement mais connaissant M mesurable par 
ailleurs, on a immediatement : 

r z 
8 - cp = Arc sin --

MBo 

et l' on sait donc passer de r z< CP) a r z(8) lie plus directement par la rela
tion (2) aux coefficients d'anisotropie. 
N.B. : 8 - cp est en general tres faible (quelques minutes d'arc) et de ce fait 

fut longtemps neglige dans les interpretations comme s'il s'agissait d'une 
erreur anglaire. A la difference d'une erreur, cet ecart n'est pas aIea
toire mais lie directement a la propriete mesuree et Ie fait de Ie negliger 
a ete a l'origine de nombreuses conclusions erronnees. 

La grande fmesse des mesures d'anisotropie resulte de la possibilite de 
realiser une analyse harmonique de r z fonction de cp ou de 8 [9]. Prenons 
par exemple Ie cas d'un crista I cubique tel que xoy soit un plan (100). 

K' 
Avec pour axe origine [100], r z = 21 sin 48 + (termes d'ordre su-

perieur en 88, 128 , ... ). Vne anisotropie uniaxiale induite dans la direc
tion 80 du plan, introduira un couple supplementaire Ku sin 2(8 - 80 ) 

facilement separable par decomposition en serie de Fourier de la courbe 
de couple, meme si Ku est mille fois plus faib~ que K~ [10]. L'etude de 
K~ = Kl - J.10 Ml H en fonction du champ II BII applique permet de de
terminer Kl et MI' Dans Ie cas des metaux ferromagnetiques courants 
(Fe, Ni, Co .... ) et de leurs alliages, Ml est de l'ordre de 10-4 Mo OU Mo 
est la partie isotrope de M. La grande sensibilite et la grande precision atteintes 
par les mesures de couple (on peut par exemple detecter 1 dyne. cm avec un 
appareillage permettant d'en mesurer 106 ) a permis neanmoins de mesurer 
Ml a 1 % pres [1], [8]. On imagine sans peine que les mesures d'anisotropie 
magnetique puissent egalement etre utilisees comme des tests de la qualite 
des cristaux. 

3.3. Origine microscopique de I 'anisotropie magnetique 

L'origine microscopique de l'anisotropie magnetocristalline est essentiellement 
quantique. Considerons Ie cas simple dans lequel les moments magnetiques 
microscopiques sont bien localises, par exemple des ions de transition dans 
un oxyde magnetique. L'interaction responsable de l'ordre magnetique est 
l'interaction d'echange qui fait intervenir les operateurs de spin des ions. Pour 

-+ -+ 
deux ions i et j, elle s'ecrit: - 2 1ij Sj. Sj ou 1 ij est l'integrale d'echange 

(positive pour Ie ferro-magnetisme) et s". l'operateur de spin de l'ion i. Cette 
-+ -+ 

interaction ne depend que de l'orientation mutuelle de Sj et Sj mais est 
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invariante dans une rotation d'ensemble par rapport au crista I. Les moments 
orbitaux des ions sont lies aux densites de charges electroniques et donc 
sensibles aux champs electriques crees par les ions environnants (effet Stark 
cristallin). Enfm les moments de spin et orbital de chaque ion sont couples 
entre eux par l'interaction spin-orbite qui provient du fait que Ie moment 
magnetique intrinseque de chaque electron (moment de spin) est place dans 
Ie champ magnetique cree par Ie pro pre mouvement de l'electron, mouve
ment qui implique l'existence d'un moment orbital. Ainsi l'energie du sys
teme des moments magnetiques couples par l'interaction d'echange va de
pendre de leur orientation par rapport aux axes cristallins, la symetrie du 
cristal fixant l'environnement de chaque ion donc la symetrie du champ 
cristallin . 

Les origines des energies d'anisotropie induites sont fondamentalement 
les memes mais se pretent a des interpretations semi-phenomenologiques va
riees qui mettent mieux en evidence leurs relations avec leurs causes comme 
Ie montreront les quelques exemples qui suivent. 
N .B.: Pour une revue bibliographique recente sur l'anisotropie magneto

cristalline, on pourra consulter la reference [7]. 

4. Exemple: materiaux magnetiques textures 

Nous no us proposons de montrer au moyen d'un exemple simple comment 
l'energie d'anisotropie magnetique peut traduire les proprietes d'anisotropie 
"mecanique" de certains materiaux. 

Rappelons tout d'abord brievement que l'on dira d'un materiau poly
cristallin qu'il est "texture" lorsque la distribution des orientations des axes 
cristallins des differentsgrains n'est pas au hasard. Vne texture peut resulter 
de differentes operations: solidification, deformation, recuit so us contrainte 
ou apres deformation, recristallisation so us champ magnetique. On la carac
terise habituellement par rapport aux dimensions exterieures du materiau : 
axe d'un fil ou plan et bords d'une feuille. 

Nous considererons dans ce qui suit, la texture obtetlUe sur un echan
tillon plan par larninage. On peut obtenir dans ce cas un ensemble de grains 
ayant tous un plan cristallographique de meme symetrie (par exemple : (110) 
ou (101) ou (011) etc.) parallele au plan de l'echantillon. On caracterise alors 
la texture en donnant Ie plan cristallographique correspond ant au plan de 
l'echantillon, et ensuite la direction cristallographique parallele a la direction 
de laminage dans ce plan: ex. {lIO} (100). 

Au point de vue magnetique, on pourra admettre, si les grains sont 
assez gros, que l'energie d'anisotropie mesuree dans des champs assez eleves 
est la somme algebrique des energies de chacun des grains. Or chaque grain, 
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qui est un monocristal, possede une energie d'anisatropie magnetocristalline 
de la forme: 

comme cela a ete decrit precedemment (§ 3). Si les grains sont assez nom
breux et repartis au hasard, la somme de leurs energies ne dependra plus de 
la direction de me sure , par effet de moyenne. Par contre on conyoit facile
ment que si les grains ne sont pas repartis au hasard, on mesurera une energie 
d'anisotropie magnetique resultante. 

A titre d'exemple, considerons un polycristal texture {100} (100) 
avec des ecarts 11 une texture parfaite que l'on peut decrire comme des rota
tions dans Ie plan autour de la direction de laminage. L'aimantation dans 
chaque grain tourne dans un plan {l00} lors de la me sure du couple, et Ie 
couple dl1 11 un grain s'ecrit : 

K 
L = - _1 [sin (4(8 + 0:»] v 

2 

ou K1 est la premiere constante d'anisotropie du cristal, 8 est l'angle de 
l'aimantation par rapport 11 la direction de laminage, 0: l'ecart entre la direc
tion {100} du grain et la direction de larninage, et v Ie volume du grain. 

Le couple me sure par unite de volume de l'echantillon total est la somme 
des couples: 

L 

V 

K1 . sin 40: 
= - sm48 --. 

2 40: 

On verifie bien ainsi que l'echantillon polycristallin texture presente une 
forme de couple tout 11 fait analogue a celIe d'un disque monocristallin dans 
un plan {100}, mais l'amplitude de l'anisotropie est dirninuee d'un facteur 
~~ . --- < I. Connaissant la valeur de K1 du monocristal, on peut deduire 

40: 
la valeur de 0: caracterisant la texture. 

La figure 3 compare les courbes de couple mesurees sur un mono
crista I (100) (100) et sur un echantillon texture (110) (100). On utilise 
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)(102 

150 
M 

polycristol texture 

'E 100 . 
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u 
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Figure 3. - Comparaison des courbes de couples mesures dans un monocristal (110) (lOa) 
ou un polycristal texture (11 0) [100). 

beaucoup ce genre de resultats dans l'alliage FeSi [4], servant a de nom
breuses applications, en particulier pour les toles de transformateur, dans 
lequel on cherche a developper des textures de laminage de fa~on a obtenir 
des directions de facile airnantation. Des resultats analogues pourraient etre 
donnes concernant les alliages Fer-Nickel, les Alnico etc. Pour tous ces alliages, 
la methode de me sure de l'energie d'anisotropie est tres utilisee [3] : elle est 
en effet plus pratique et plus rapide a faire, pour determiner la texture, qU'une 
mesure de rayons X par exemple. 

5. Conclusion 

Nous avons vu sur un exeinple comment l'anisotropie magnetique peut 
refleter une anisotropie "mecanique" et, d'une maniere plus generale, per
met d'acceder a certaines proprietes metallurgiques d'un alliage. On pourra 
trouver dans differents ouvrages [3], [5] une revue de telles etudes. 

Certes, la limitation de cette methode d'investigation apparaft vite 
puisqu'on ne peut faire pratiquement des mesures d'anisotropie magnetique 
que dans des materiaux ferromagnetiques. Par contre, lorsque ces mesures 
sont possibles, elles permettent d'obtenir tres facilement des resultats rapides 
avec une precision souvent superieure a celle de bien d'autres methodes plus 
longues a mettre en ceuvre. 
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ABSTRACT 

We Hrst recall the description of the magnetic properties of materials in the 
continuous medium approximation: magnetization, shape anisotropy, magneto
crystalline anisotropy (M.C.A.). By various means (heat treatment, strains, 
irradiation, ... ), one can create a magnetic anisotropy called induced aniso
tropy (LA.) superimposed on the M.e.A. which is an intrinsic property of 
the material. Inversely, measurement of this I.A. can give us information about 
the treatments to which the sample was previously submitted. 

After studying the principal method of measurement of magnetic ani
sotropy and evoking the microscopic mechanisms which are responsible for 
the M.e.A., we give a simple example in which this method of characterization 
is used. 
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DISCUSSION 

QUESTION POSEE PAR M. PERNOt: II semble que les conclusions sur les re
lations entre les courbes de couple d 'anisotropie magnetocristalline 
et la texture cristallographique, obtenues sur une texture simple, ne 
soient pas generalisables a des textures plus complexes. En effet, dans 
Ie cas des alliages Fe -Si, les textures cubiques ou de Goss developpees 
sont tres accusees; cependant il a ete montre [l] dans Ie cas general 
que les renseignements que donnent les courbes de couple sur la tex
ture sont trop incomplets pour etre utilises, par exemple, dans Ie cas 
des relations entre les courbes de couple et l'aptitude a l'emboutissage 
des aciers extra-doux. Ceci est du au fait que Ie couple est la derivee 
de l'energie; Ie terme d'isotropie plane est donc perdu, alors qu'il est 
preponderant dans les textures des aciers extra-doux. Existe-t-il une 
methode simple et rapide pour remonter directement a l'energie d'ani
sotropie magnetocristalline et non a sa derivee ? 

[1] M. PERNOT. These de Doctorat d'Etat: Universite Paris XI, 1977. 

REPONSE DE A. CHAMBEROD: La mesure de l'energie d'anisotropie fournit 
dans de nombreux cas des renseignements qualitatifs et souvent quan
titatifs sur les textures. Le cas des fer-silicium est particulierement si
gnificatif. Cela dit, on ne saurait condure que ce type de me sure peut 
donner a coup sur des renseignements tout a fait satisfaisants sur les 
textures, notamment lorsque celles-ci sont complexes ou orientees de 
fa90n defavorable pour permettre une me sure efficace, ou tout simple
ment lorsque l'energie d'anisotropie resultante est trop faible. 

II n'existe pas en tout cas de mesure simple et rapide pour obtenir 
directement l'energie d'anisotropie autrement que par la me sure du couple, 
c'est-a-dire de la derivee de cette energie. 
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Birefringence in Finitely-Deformed Materials 
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1. Introduction 

In this paper we develop the equations for the propagation of electromagnetic 
waves in a material which is subjected to a finite static deformation. The theory 
developed follows the lines of that presented earlier by Smith and Rivlin [2]. 

The theory proceeds from the assumption that the electric displacement 
field is linearly related to the instantaneous value of the electric field and the 
magnetic intensity field is linearly related to the magnetic induction field, 
the coefficient matrices being functions of the instantaneous values of the 
displacement gradient matrix. For semantic simplicity we shall refer to such 
materials as elastic materials. 

The practically important cases when the material is isotropic and 
non-magnetic are derived as special cases. 

Two formulations of the theory, which we have called the Lagrangian 
and Eulerian formulations, are presented. These correspond roughly to the 
Piola-Kirchhoff and Cauchy formulations of the equations of continuum 
mechanics. 

The application of the equations which are derived to materials in 
which the coefficient matrices in the constitutive equations depend on the 
history of the deformation gradient matrix are also discussed. 

2. Electromagnetic constitutive equations for a defonned elastic 
material. 

The constitutive equations governing the propagation of an electromagnetic 
wave in a deformed isotropic elastic material can be obtained by the now 
standard procedures ~f ~o!!.s!!.tutive equation theory. 

We denote bye, h, d, b, the electric field, the magnetic intensity field, the 
electric displacement field and the magnetic induction field respectively. We 
consider the elastic material to be subjected to a deformation in which a particle 
initially at vector position X with respect to a fixed origin moves to 
vector position x as a result of the deformation. We denote by xi and 
XA (i , A = 1, 2, 3) the components of x and X respectively in a rectangular 
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Cartesian coordinate system x. Similarly, we denote the components in the 
system x of e,h, d, b by ei,hi, di,bi respectively. 

We assume that Ii and d at the instant of time t are linearly related to 
the values of e and b at time t and are also functions of the instantaneous 
value of the deformation gradient matrix g defined by 

(2.1) 

where the notation 'A is used to denote the operator ajaxA . Accordingly, 
we have 

d = ke + kb, h = we + wb, (2.2) 

where k, k, wand ware matrix functions of g. It can easily be shown 
that if the material has a center of symmetry 

k = w = 0, (2.3) 

and we shall restrict our discussion to this case, so that 

d = k(g)e, h = w(g)b. (2.4) 

If an electromagnetic potential exists for the material, then k and ware 
symmetric matrices. However, in the following analysis we shall not make 
explicit use of this fact. 

We superpose on the assumed deformation a rigid rotation and 
simultaneously subject the electromagnetic fields to an identical rigid rotation. 
Then, in (2.4) g, e, li, d, it are replaced by ag, ae, ab, ad and ali respectively, 
where a is a proper orthogonal (i.e. a rotation) matrix. Equations (2.4) become 

d = a-I k(ag) ae, Ii = a-I w(ag) ab, (2.5) 

and these equations must be valid for all proper orthogonal a. It can easily be 
shown that the necessary and sufficient condition for this to be the case is 
that the relations (2.4) be expressible in the form 

D = K(C)E, H =S&(C)B, (2.6) 

where K and 0 are matrix functions of the Cauchy strain matrix C defined 
byl 

C = gtg, (2.7) 

1 The dagger denotes the transpose 



www.manaraa.com

Birefringence in Finitely-Defonned Mu,terials 

and E, B, Hand D are defined by 

E=gt;, H=gth", 

Ii = (det g) g-l b, D = (det g) g-l d. 

125 

(2.8) 

We can also write the constitutive equations in the forms (2.6) with many 
other definitions for E, H, H, D than (2.8). The particular choice in (2.8) is 
made because it leads to felicitous expressions for Maxwell's equations in terms 
of E, ... , D (see §4 below). 

Equations (2.6) provide a Lagrangian formulation of the constitutive 
equations, whether or not the material is isotropic. If the material is isotropic, 
K and 0 must be isotropic matrix functions of C and must therefore be 
expressible in the forms 

K = Ko~+ K1C +K2C2 , 
(2.9) 

where Ko' K 1 , ... , [22 are scalar functions of the basic orthogonal invariants 
ofC, 

(2.10) 

~ is the unit matrix. We note that 13 = 1 if the deformation is isochoric, as 
it must be if the material is incompressible. 

From (2.6) and (2.8), we can obtain relations of the form (2.4), where 

(2.1 1) 

With (2.11), equations (2.4) provide an Eulerian formulation of the constitutive 
equations, whether or not the material considered is isotropic. If the material 
is isotropic, we obtain the appropriate expressions for k and (t) by substituting 
from (2.9) and (2.7) in (2.1l). We thus obtain 

k = ko~ + kl C + k2 c2 , 

00= wo~+ w1c + W2 C2 , 

where C is the Finger strain matrix defined by 

C = ggt, 

(2.12) 

(2.13) 
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and ko, k1' ... , w2 are given by 

ko = 1~/2 K2, k1 = 13 1/2 (Ko - 12 K2), k2 = 13 1/2 (K1 + 11 K2), 
(2.14) 

wo=I~/2 n 1 + 12 13 1/2 no, w 1 = 1¥2n2 -11 13 1/2 no, w2 =131/2no. 

In deriving these relations, we have used the Cayley-Hamilton theorem for 
c and we note that 11, 12, 13 defined by (2.1 0), may also be expressed by 

(2.15) 

We also note that det g = 1~/2. 
We now consider that the deformation is homogeneous and the electro

magnetic fields are associated with a plane electromagnetic wave propagating in 
the direction of the unit vector n. Then, 

(e, h, d, b) = (e, h, d, b) exp i w (sx . n - t), (2.16) 

where s is the slowness of the wave and e, h, d, b are constant vectors. The 
relations (2.4) then yield 

d = ke, h = wb. (2.17) 

We may also write 

(E, H, D, B) = (E, H, D, B) expiw (SX • N - t), (2.18) 

where (cf. (2.8» 

E = gt e, H = gth, 

B = (det g) g-1 b, D = (det g) g-1 d 
(2.19) 

and 

(2.20) 

Then, we obtain from (2.6) 

D = K(C) E, H = 1I(C) B. (2.21) 
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3. The secular equation - Eulerian fonnuIation 

Taking the velocity of electromagnetic waves in free-space as unity 1 ,Maxwell's 
equations yield 

sn x e = b, sn x h = - d. (3.1) 

Using (2.17) to eliminate e, hand b from (3.1), we obtain 

s2 n x {wen x (k- 1 d)]) + d = O. (3.2) 

Alternatively using (2.17) to eliminate e, hand d from (3.1), we obtain 

(3.3) 

Equations (3.2) and (3.3) determine the polarizations of the d and b vectors. 
Of course, they both lie in the plane normal to n. If the material considered 
is a non-magnetic dielectric, so that 00 = ii, then from (3.1h we see that d is 
also perpendicular to b. 

The necessary and sufficient condition that (3.2) and (3.3) have non-trivial 
solutions for d and b is 

Ikij + S2 €jpq €jsr np nr wqsl = O. 

With some algebraic manipulation this can be re-written as 

</>s4 - I/Is2 + e = 0, 

where 

if> = (ntkn) (nt 00- 1 n) det (I), 

1/1 = n t {(tr kwt) k - kwtk} n, 

e = det k. 

(3.4) 

(3.5) 

(3.6) 

Equation (3.5) is the secular equation for the slowness s. We note that in 
deriving (3.4)-(3.6), we have made no use of the fact that the material 
considered is isotropic. 

Equation (3.5) yields 

(3.7) 

1 The refractive index is then l/s. 
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The dielectric constant matrix k and the magnetic permeability matrix (t)-1 

are necessarily positive definite. Accordingly (J and ep are necessarily positive 
and the necessary and sufficient conditions that all the values of s given by (3.7) 
be real are 

e > 0, ep > 0, 1/1 > 0, 1/1 2 - 4(Jep ~ 0. (3.8) 

In practically interesting cases, the material will generally be non
magnetic so that 

(3.9) 

Then 

ep = n tim, 1/1 = n t [(tr k) k - k2 ] n, (J = det k. (3.10) 

Also, equations (3.2) and (3.3) become 

S2 {(nk- 1 d) n - k- 1 d}+ d = 0, (3.11) 

and 

S2 n x k- 1 (n x b) + b = O. (3.12) 

4. The secular equation - Lagrangian fonn 

It can be shown fairly easily [3] that in terms of the Lagrangian electromagnetic 
fields defined by (2.8) Maxwell's equations may be written as 

curl E = - aB/at, curl H = aD/at. (4.1) 

With (2.18) we obtain 

SN x E = B, SN x H = - D. (4.2) 

We note that both Band D are perpendicular to N. Then, with (2.21) we 
obtain 

(4.3) 

and 

(4.4) 

From either of these equations we 0 btain the secular equation 

(4.5) 
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where 

<I> = (Nt KN)(Nto - 1 N) detll, 

'11 = Nt {(tr KIt!) K - KIlt K} N, 

e = det K. 
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(4.6) 

When the material is non-magnetic, i.e. when (t) = il, we have, from (2.11h, 

0= (det g)-l C. (4.7) 

S. VlScoelastic materials 

The procedure used in arriving at the constitutive equations (2.6) with (2.9), 
or (2.4) with (2.12), can also be used to obtain corresponding constitutive 
equations of the Lagrangian or Eulerian type for an isotropic rate-dependent 
material. 

We can envisage two types of rate-dependence. In a particular material 
either or both of these may be present. If both are present and the material is 
electromagnetically linear, then the constitutive assumption (2.4) is replaced 
by the assumption that II and Ii at time t are vector functionals of the 
histories of the deformation gradient matrix g(T) , up to and including time 
t, and linear functionals of the histories e( T) and b (T) respectively. 

However, here we will conside.£ that the material is non-magnetic and make 
the constitutive assumption that d is a linear function of the instantaneous 
value of e and a functional of the history geT) of the deformation gradient 
matrix, with support (- 00, t]. Thus, we write 

d = k[g(T)]e, h = 1>. (5.1) 

It can then be shown by considering the effect of a superposed time-dependent 
rigid rotation that fi and H are related to E and R by 

jj = K[C(T)] E, H = (det g)-l CR, (5.2) 

where K is a matrix functional of C(T) with support (- 00, t]. 
The Eulerian constitutive equations corresponding to (5.2) have the forms 

(5.3) 

The matrix functional kin (5.3) is, in general, different from that in (5.1). 



www.manaraa.com

130 R.S. Rivlin 

If the electromagnetic fields are those associated with an electromagnetic 
wave, then from (5.2) and (2.18) we have 

1 
D = K[C(r)] E, H = - CB, 

det g 

and from (5.3) and (2.16) we have 

d = gk [C(r)] gt e. h = h. 

(5.4) 

(5.5) 

If the material is isotropic then K and k are isotropic matrix functionals. 
Provided that the period of the electromagnetic wave is small compared 

with the times involved in carrying out the deformation and in establishing 
equilibrium following a deformation, we can neglect time derivatives of K, k, g 
in comparison with those of the electromagnetic fields. Then, the Lagrangian 
secular equation still takes the form (4.5), with e, <I>, 'IT given by (4.6) in which 
K is replaced by K and 0. is replaced by (det g)-1 C. Also, the Eulerian 
secular equation still takes the form (3.5) with 0, rp, y, given by (3.6) in which 
k is replaced by k and w by ti. 

If the functional K in (5.4) is of the fading memory type, and at some 
instant of time, say t = 0,_ the material is subjected to a deformation with 
is thereafter held constant, then (cf. [1]) if t is not too small, K may be 
replaced by an ordinary matrix function, K say, of the Cauchy strain C 
corresponding to the constant deformation, which also depends on 1. Thus, 
equation (5.4)1 may be replaced by 

D = K(C, t)E. (5.6) 

If the material is isotropic then K is an isotropic matrix function of C and 
can therefore be expressed in the form (2.9)1 where Ko' K1 , K2 are now 
functions of t as well as of 11' 12, 13 defined by (2.1 0). Analogous conside
ration apply to equation (5.5) l' which can be replaced by 

d = ke, (5.7) 

where k is expressible in the form (2.12)1' in which ko' kl and k2 are 
functions of t as well as of 11' 12, 13 , 
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RESUME 

(Birefringence des materiaux sous deformation finie) 

Nous discutons de la propagation des ondes electromagnetiques dans un ma
teriau isotrope a symetrie centrale, soumis a une deformation finie. Deux for
mulations de la theorie, Lagrangienne et Eulerienne, sont presentees. 
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1. Introduction 

The shape of the load-<leformation curves of a pseudo-elastic body depends 
strongly on the temperature. While at low temperatures the body exhibits 
properties akin to those of a plastic body, it behaves like a true (non-linear) 
elastic body at high temperatures. At intermediate temperatures the body 
has a yield load, at which the deformation increases markedly, but upon unload
ing this increase of deformation is recovered and there is no residual defor
mation. 

This peculiar behaviour is due to a phase transition in the body and to 
twinformation. At high temperatures the body is in an austenitic phase while 
at low temperatures it exists in a martensitic phase. This latter phase may 
occur in different modifications, called twins, because they are energetically 
identical. 

Reviews of the macroscopic properties of pseudo-elastic bodies and 
of their lattice structure may be found in the paper [1] by Delaey, Krishnan, 
Tasand Warlimont and in the book [5], edited by Perkins. 

This paper presents a structural model which ignores the complexities 
of the molecular structure of a pseudo-elastic body and yet it simulates most 
of the properties of such bodies. 

2. Phenomenology 

The form of the load-deformation curve of a pseudo-elastic body is illustrat
ed by Figures la through If which refer to increasing temperatures. 

At low temperatures the possible load-<leformation curves are remi
niscent of those of an elastic-ideally plastic body. In particular, one recognises 
in Figures 1a and 1b an elastic range at small loads and small deformations 
and a plastic range, once Py is exceeded. In contrast to the behaviour of a 
plastic body, there is a second elastic branch of the load-deformation curve 
which occurs at large deformations and which enables the body to support 
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loads beyond Py . Once the body has been subjected to a stress greater than 
Py , it will show a residual deformation Dp upon unloading. Figure lb shows 
that Py decreases when the temperature grows. 

At higher temperatures the load-deformation curves have the shapes 
shown in Figures lc and Id. Upon loading there is still an elastic range with 
I P I < Py , as well as a plastic range at p:=: Py and a second elastic range 
at I PI> Py . However, upon unloading from P > Py the body does not 
contract to a residual deformation, rather it returns to the original configu
ration with D "" 0 along a path that contains the recovery range at p:=: PR . 

This is the phenomenon that has been termed pseUdo-elasticity. Both Py 
and PR increase with increasing temperature and the slope of the initial 
elastic branch also increases. 

As the temperature becomes still higher, the difference between Py 

and PR diminishes and eventually vanishes. Thus we observe curves as those 
in Figure Ie, and, at still higher temperature, in Figure If. Each branch 
of those curves can be traversed in both directions, as indicated by the arrows. 

The most dramatic property of a pseudo-elastic body is the shape memory 
which is implied by the Figures I: If, at a low temperature we deform the 
body plastically and leave it unloaded at Dp , heating to a high temperature 
will let the body creep back to D:=: 0, since that is the only deformation 
which the body can sustain at high temperature when unloaded. 

p a. p b. p c. 

--I----f--f ... D ---1'----f---+ ... 0 

p d. e. f. 

---+----I~D ---+----II~D ---+-----II~D 

Figure 1. - Stress-strain temperature behaviour of a pseudoelastic body. 
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The object of the following chapters is the description of the observed 
behaviour of a pseudo-elastic body by a model which we proceed to describe 
now. 

3. The Model 

The basic element of the model is a lattice-particle which has two stable modi
fications and a metastable one. Those three modifications are schematically 
drawn in Figure 2 which also shows the potential energy of the lattice- particle 
as a function of the displacement D.. We see that the three equilibria are 
separated by energetic barriers and that the minima at D. = ± J are deeper 
than the minimum at D. = O. 

<I>(~I 

I I 
I I 

-----'~--±-+---':!:___'--__t~ ~ /J-a + a-J~ 

II 
Figure 2. - ConFIgUrations of a lattice-particle. 

We refer to the three modifications as types M± and type A, respectively, 
as indicated in the figure. M stands for martensite and A stands for austensite 
and these names refer to the phases which the body may assume. The indices 
± on M identify the twins of the martensitic phase. 

The body itself is modelled as a superposition of many lattice-particles 
as shown schematically in Figure 3, such that the lattice particles are arranged 
in long layers at an angle of 1(/4 to the boundaries. 

Figures 3a and 3b show two realisations of the reference configuration, 
in which we take the deformation D to be equal to zero. In Figure 3b this 
configuration is realised by a non-uniform distribution of lattice particles, 
because adjacent layers are alternately of types M± and M . 
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These two realizations of the reference configuration may seem to be 
different in the schematic representation of Figures 3a and 3b, but macro
scopically that difference cannot be detected, because a body is made up 
of very many layers - rather than the ten layers of the figures - and their 
dimensions are microscopic so that to the naked eye the body shown in 
Figure 3b would have a smooth surface just as the body of Figure 3a. Also 
there are maar other non-uniform realizations of the reference configura
tion, because the types of lattice particles need not alternate between diffe
rent layets. 

We shall come back to a discussion of non-uniform distributions of 
lattice-particles at the end of this paper. To begin, however, we consider 
uniform distributions and show how a deformation may come about under 
the action of a load on this model. 

When a tensile load is applied to the body in the state of Figure 3a, 
the lattice particles come under the influence of a shear stress T which 
tends to tilt them in the manner indicated in Figure 4a, where a small part 
of the body is shown. As a consequence, there is a small overall deforma
tion which may be recovered by unloading. 

Once the load exceeds a critical value, the lattice particles of type A 
flip over the potential barrier and assume a displacement somewhat smaller 
than ~ = - J, as depicted in Figure 4b. A considerable deformation is the 
result. 

Some of this deformation is recovered by unloading, but not all of it. 
The body is left with a large residual deformation, because all lattice par
ticles, including those that have flipped, after unloading. will become of 
type M_. Figure 4c shows this unloaded deformed configuration. 

o. b. 

Figure 3. - Uniform realizations of the 
reference configuration. 

b. c . 

Figure 4. - Deformation of the model under 
loading and unloading. 



www.manaraa.com

State Functions for a Pseudoelastic Body 137 

It is clear from this description that the overall deformation of the body 
is given by the relation 

1 N 

D = '2.L Llj' 
y.c. 1=1 

(3.1) 

where the summation extends over all lattice particles of which there are N. 
The factor 1/.J2 results from the arrangement of the particles at 4So to the 
original boundaries. 

Figure 4 shows that during the deformation the body changes its shape 
rather drastically. This must lead to internal stresses, if the body is clamped 
or, indeed, if it forms part of a bigger body that is subject to a load. Such 
internal stresses and their effects are ignored here. 

The above arguments are supposed to make the reader familiar with 
the comportment of the model under a load. But these arguments ignore 
the fact that the lattice particles participate in the thermal motion. We must 
take the thermal motion into account, however, because shape memory and 
pseudo-elasticity are consequences of an adjustment of the body to the thermal 
motion. 

4. Free Energy of the Body 

4.1. Probability Distribution P ~ = N~/N 

If there is appreciable thermal motion, i.e. at high temperatures, it is no longer 
useful to ask for the displacement of a particular lattice particle. We may instead 
ask for the probability P ~ that a lattice particle has the displacement Ll. 
For big N this probability is equal to the ratio N~/N, where N~ is the num
ber of particles with displacement Ll. 

For the calculation of P ~ we assume that, at high temperatures, the 
lattice particles do not feel the influence of the bottom of the energy well 
in which they move. Therefore, for the purpose of calculating P ~ we replace 
the true potential (Fig. Sa) by a box potential (Fig. Sb). 

Thus P ~ is constrained by only two conditions 

and (4.1) 

of which the fll'st is the usual normalization of probabilities and the second 
follows from (3.1). 
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- J - a a J -J 
a. 

J 

b. 

1b.1 < J 
1b.1 >J 

Figure 5. - The potential and its simplification as a box potential. 

4.2. Entropy 

The probability is actually determined from the requirement, that the entropy 

H = - Nk L P ~ £nP ~ 
~ 

be maximal under the constraints (4.1). Hence, by a simple calculation, 

-{3~ P __ e __ _ 
~ - L e-i3~ 

~ 

(4.2) 

(4.3) 

D 1 . 
where (3 is the solution of ~((3J) = - -, and ~x) = cotg x - - IS the 

NJ x 
langevin function. The equation for (3 follows from (4.1)2 when the summation 
is replaced by integration. Substitution of P ~ from (4.3) into formula (4.2) 
leads to the following expression for the entropy 

( sinh (3J ) 
H = Nk £n (iJ - (3J ~(3J) , (4.4) 

where again summation was replaced by integration, and an unimportant 
constant was deleted. According to this formula, H is a function of D, but 
unfortunately this function cannot be written in analytic form, because the 
Langevin function cannot be explicitly inverted to give (3 in terms of D. 

4.3. Energy 

The above replacement of the true potential by a box potential is obviously 
not good enough for the calculation of the energy, because energy would 
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vanish in this approximation. We obtain, however, a reasonably good expres
sion for the energy, if we take the probability distribution P A from (4.3) 
and write 

(4.5) 

To be sure, this is the expectation value of the potential energy only, but 
we may ignore the kinetic part of the energy, since we are interested here 
in the D-dependence of the energy. 

The energy E depends on the form of the potential IP(.:l) and we can 
simplify calculations by replacing the true potential (Fig. Sa) by that of Fi
gure 6, thus obtaining, after a little calculation in which again the sum over 
fl is replaced by an integral, the formula 

sinh{3a ~ IPl ( t:({3a»)! 
E = NIP -- 1 + - 1 - 2 -- . 

o sinh {3J (IPo (3a 
(4.6) 

Here again {3 is given in terms of the deformation D, as the solution of the 
D 

equation ~({3J) = - -. 
NJ 

l <l>o+(<I>1-<I>o)~2 1~I<a 
<I> = 0 for a<I~1 <J 

00 J<I~I 

Figure 6. - An approximation to the potential. 

4.4. Graphical Representation of the free energy 'II = E - TH 

From (4.4) and (4.6) we conclude that the free energy of the body is of the 
form 

'II = N [IP sinh{3a ~ 1 + !L (1 _ 2 ~({3a») I 
o sinh {3J (IPo (3a) (4.7) 

~ sinh {3J I] 
- kT ( £n """"iJ - {3J ~({3J») . 

1 A justification of this formula will be given by the authors in a forthcoming 
paper. 
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D 
Since ~(lH) = - NJ cannot be solved analytically for p, it is impossible 

to find an analytic expression for w(D, T). However, there is no difficulty 
to numerically evaluate equation (4.7), and Figure 7 shows the function 

cP ex 
W(D. T) for the special choices cP 1 = 3, J = 0,6 and for an interesting 
range of temperatures. 0 

-0.5 0.1 0.5 

Figure 7. - Free energy as a function of deformation. 

lOD 
NJ 

All curves W(D. T) coincide at D = 0 and all tend to infmity when 
D tends to ± NJ. Apart from those common characteristics, the curves 
differ widely: At low temperatures, there are two lateral minima and a 
maximum in-between. At higher temperatures, a third minimum develops 
at D = 0 which is first shallower than the lateral minima and then deeper. 
At still higher temperatures only the central minimum is left and the ascend
ing branches of the curves show two points of inflection. Eventually, at higher 
temperatures yet, the inflection points vanish and we are left with curves of 
positive curvatur~ everywhere and a minimum at D = O. 

5. Load-Deformation curves and their interpretation 

5.1. Graphical representation 

As is well-known, the load can be obtained from the free energy by differen
tiation with respect to deformation, 
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a'l1(D, T) 
p= . 

aD 
(5.1) 

It follows that the shapes of load-deformation curves differ considerably for 
different temperatures due to the differences in shape of the functions 'l1(D, T). 
Figure 8 illustrates some typical examples. Curves like these, except that they 
were graphs of polynomials, were abstracted byFalk [2] from the experimental 
data about pseudo-elastic bodies. 

The dashed parts of these load-deformation curves represent unstable 
equilibria and we shall never be able to observe these. 

To discuss the load-deformation curves of Figure 8 we recall that they 
.refer to uniform bodies. Within the theory this is put in evidence by the fact 
that we have the same probability P A for all lattice-particles and correspond
ingly we may defme one free energy 'l1/N per particle. 

5.2. Interpretation at low temperatures 

Figures 8a and 8b refer to a low temperature and we have stable stress-free 
configurations only at D""" ± 0,8 NJ where all lattice-particles are of type 
M±, i.e. their displacements are close to the sites of the deep minima of the 
potential energy <I>(Ll). In particular, there is no stable configuration at 
D = 0, even though the lattice-particles could realize such a configuration 
by all attaining the metastable displacement Ll = 0 as shown Figure 3a. 
However, this configuration cannot occur at low temperatures, because the 
lattice particles prefer to assume the minimal energy at Ll = + J or Ll = - J, 
and the low temperature does not allow them to leave this position. 

If, starting at D """ - 0,8 NJ, where all particles are of type M_, 
we apply a tensile load to the body, the deformation will increase with a 
growing load until Dc is reached; then all particles are ready to flip over to 
type M+ and upon a further slight increase of load the body will yield along 
the dotted line in the load-deformation curve until it reaches the right solid 
branch of that curve. On this branch we may move up upon further loading 
or down upon unloading. Complete unloading leads to a stress-free configu
ration at D""" + 0,8 NJ and from there we may move back to the left solid 
branch by appropriate compression loading. 

The so-described loading path corresponds to the observed behaviour 
of a pseudo-elastic body at a low temperature as exhibited in Figures la and 
lb. Py corresponds there to the height of the dotted line and this height 
decreases with increasing temperature (see Fig. 8b), according to observations. 

The Figures la and lb also contain a virginal curve that starts in the 
stress-free state at D = O. According to Figures 8a and 8b, the states on 
that curve cannot be stable in a uniform body; therefore, since the curve is 
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Figure 8. - Load-deformation- temperature behaviour of the model. 

observed, it must be realized in a non-uniform body. We proceed to discuss 
this. 

5.3. The virginal curve 

While a uniform body, by the above theory, cannot attain any state within 
the plastic region enclosed by the solid and dotted lines of Figures 8a and 8b, 
a non-uniform body can have stable states there. Indeed, Figure 3b shows a 
non-uniform body in a stress-free configuration at D = 0, where all lattice-
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particles are in stable positions at either Ll = J or Ll = - J . 1 Obviously 
this non-uniform body can be deformed elastically by tilting the lattice
particles unless the load exceeds Py , when the body yields, because the 
lattice-particles of type M_ flip to become of type M+. 

A detailed discussion of the deformation of a non-uniform body is pre
sented by Muller & Villaggio [3] who formulated a 'snap-spring model' for 
an elastic-plastic body. 

In a body which has been cooled from the melt and which has not 
been deformed yet we expect non-uniformity to be the rule, because crys
tallization of the lattice starts at many places and the two different lattice 
types M+ and M_ will form at random, roughly in equal numbers. 

5.4. Interpretation at intermediate temperatures 

The Figures 8c and 8d refer to an intermediate temperature and they permit 
only one stress-free configuration, namely at D = O. This means that the 
temperature is now high enough for the lattice-particles to be lifted from 
the stable minima of the potential energy at Ll = ± J. They have thus a 
tendency, assisted by the metastable minimum at Ll = 0, to assemble in 
the middle of the potential well and form particles of type A, i.e. austenitic 
particles. 

As a consequence a body which has been deformed at low-temperature 
from the virginal stress-free state to the stress-free state at D ~ 0,8 NJ, will 
creep back to D = 0 upon heating, i.e. the body will exhibit shape memory. 
Under a small load the body cannot quite make it back to D = 0, but it 
will still creep to a value D > 0 which decreases as the temperature gets 
higher. Therefore the initial part of the load-deformation curve is steeper for 
higher temperatures, as observed in Figures lc and Id and confirmed by 
Figures 8c and 8d. 

If the load increases beyond the maximum in the first quadrant of 
Figures 8c and 8d, the body yields along the upper dotted line until it reaches 
the right solid branch of the load-deformation curve and upon unloading it 
recovers along the lower dotted line. This shows that our model exhibits the 
phenomenon of pseudo-elasticity, as observed in Figures lc and ld. Figures 
8c and 8d also confirm that the yield load Py and the recovery load PR 

increase with increasing temperature. 
Along the dotted yield lines in Figures 8c and 8d there occurs a tran

sition from the austenitic phase A to the martensitic phase M+. This phase 

1 In Figure 3a the lattice-particles are in metastable positions and the body cannot 
assume this state, because there is a competing state with lower energy. 
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transition is reversed along the dotted recovery line. This is so because under 
a big load the lattice-particles find in type M+ a lower energy than in type A. 

Here again the points between the dotted lines cannot be attained by 
a uniform body, but they can be attained, if the distribution of lattice-particles 
is non-uniform. 

5.5. Interpretation at high temperature 

The discussion of Figures 8e and 8f is short: Figure 8e represents the critical 
limiting case in which the maximum and the minimum of the previous figures 
grow together to form a point of inflection with a horizontal tangent. Figure 8f 
is a monotone curve whose character does not chafige even if temperature is 
raised, except that the slope gets steeper. Both these curves represent a fully 
elastic behaviour and they are in agreement with the observations shown in 
Figures Ie and If. We may understand this behaviour, if we consider that at 
high temperature the thermal energy of the lattice particles is so great that 
the particles may ignore the details of the potential energy at the bottom of 
the energy well. They behave as they would in a simple box-potential. 

Curves like the one in Figure 8f were derived for a 'snap-spring model' 
of a body with shape memory at a high temperature by Muller in [4]. 

5.6. Phase Equilibrium 

To those interested in thermodynamic phase transitions, the free energy
deformation curves of Figure 7 and the load deformation curves of Figures 
8c through f may be reminiscent of the isotherms of van der Waals fluids 
which permit a phase transition. There is one essential difference though: 
In a van der Waals isotherm there is no hysteresis of the type shown in Figures 
8c and 8d. This is so, because in a van der Waals fluid, the liquid and the vapour 
are always in phase-equilibrium, whereas the austenite and martensite of a 
pseudo-elastic body are not in phase equilibrium, due to the difficulties of the 
geometrical readjustment that must occur with the phase change. 
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RESUME 

(Fonctions d'etat pour un corps pseudo-elastique) 

Nous donnons un bref expose de la phenomenologie du comportement pseudo
elastique des alliages a memoire. On procede a la construction d'un modele 
capable de sirnuler qualitativement ce comportement. Plus specifiquement, 
Ie traitement du modele par la mecanique statistique permet la comprehension 
du comportement en charge - deformation - temperature des alliages a 
memoire comme une consequence d'une transition de phase martensite
austenite. 

DISCUSSION 

COMMENT BY R.S. RIVLlN: It may be worth mentioning some papers which 
were published about 1946 by W.A. Wooster and collaborators. These 
were concerned with the stress induced phase transitions between the 
electrical twins of crystalline quartz. The twins are mirror images of 
each other and accordingly have. in their undeformed states, the same 
free energies. However. if forces are applied, their free energies are, in 
general. different and a phase transition from one twin to another may 
take place. From a structural point-of-view, this transition involves the 
motion of a simple oxygen atom in each cell. The possibility of a phase 
change taking place when specified forces are applied arises only if the 
Gibbs free energy would be decreased by such a change. Even when the 
free-energy balance is favorable to a phase transition, this does not occur 
unless the temperature is raised sufficiently (by a few hundred degrees) 
in order to provide the oxygen atoms with sufficient mobility to over
come the barriers which exist between their possible equilibrium positions. 

The free-energy difference in the presence of applied forces may 
be easily calculated from the known elastic constants of quartz in the 
case when the competing systems are both homogeneous. Of course, 
even if we have initially a homogeneous body, consisting entirely of 
a single phase. and we deform it homogeneously, the transition to the 
other phase need not take place homogeneously since, as soon as a 
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change of phase has taken place at one point of the test-piece, the stress 
field will no longer be homogeneous. 

G 

--------~--------~D 

Figure A. - Free energy versus deforma
tion for different temperatures. 

Figure B. - GIBBS' free energy versus de
formation for different loads. 

I mention this work since somewhat similar considerations may 
apply to the phase transitions discussed by Professor Muller, particulary 
to transitions between the martensitic phases. Of course, in the case 
of martensitic-austenitic transitions a complication arises from the fact 
that the free-energies of the two phases are different, even if the material 
is undeformed. Account would presumably be taken of this by introduc
ing the latent heat associated with such a transition. 

ANSWER BY I. MULLER: If a lattice allows twin formation, and no more than 
that, the potential energy has two lateral minima like those shown in 
Figure 2 but no minimum at the center. In such a case, to the best of 
my knowledge, the free-energy as a function of deformation and for 
different temperatures has the form shown in Figure A. 

In order to obtain the Gibbs free-energy G, appropriate to the 
load P, one must subtract PD from the free-energy 'IF and thus one 
obtains the curves of Figure B which refer to one temperature T 1 and 
different (positive) loads. Thus Professor Rivlin is right when he says 
that the load favors the formation of one of the twins at the expense 
of the other one. Indeed, for P = 0 and a low temperature T 1 ' the 
curve G(D, T 1) has two equal minima, so that both twins are equally 
likely to occur, while for P > 0 the left minimum becomes shallower 
and eventually, for P greater than a critical value P, it vanishes altogether. 
At a high temperature T 2' where 'IF (D, T 2) has only one minimum, 
the effect of the load is less drastic: Even at P = 0 both twins and all 
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intermediate states are present, and P> 0 favors one twin gradually, 
rather than suddenly at reaching a critical load. 

The form of the free-energy function IJI(D, T) in my paper differs 
a little from the above, because the lattice allows twin formation and 
an additional stable configuration at Ll = 0 (see Fig. 2). This leads 
to a free energy which may have three minima, or one minimum and 
four points of inflection (see Fig. 7). Nevertheless, here too subtraction 
of PD from IJIleads to the Gibbs free-energy in the same way as above. 
Due to the greater complexity of the curves IJI (D, T), however, we 
may still have a sudden formation of one of the twins at temperatures 
where IJI (D, T) has only one minimum. This may occur as long as the 
curves IJI (D, T) have points of inflection (see Fig. 8c and 8d). 
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1. Introduction 

The state of matter, discovered by Reinitzer [20] termed liquid crystalline, 
or mesomorphic, has structural properties intermediate between those of a solid 
crystal and a liquid. They possess many of the mechanical properties of a liquid 
e.g. high fluidity, inability to support shear. At the same time, they are similar 
to crystals, in that they exhibit anisotropy in their optical, electrical and 
magnetic properties. So, the quintessential property of a liquid crystal is its 
anisotropy. In this paper, we will list some of its manifestations and introduce 
an order parameter which characterizes and quantifies it. 

Liquid crystals are found among organic compounds. The molecules 
are elongated. Liquid crystallinity is more likely to occur if the molecules 
have flat segments i.e. benzene rings. Friedel [8] has proposed a classification 
of the states of matter based on their structural differences. He has distinguished 
two types of liquid crystals: 

i) the nematic state is characterized by a long range orientational order, 
the long axes of the molecules tend to align, locally along a preferred direction 
which may vary throughout the unstrained medium. Many of the interesting 
phenomena are described by the fluctuations of this preferred axis, and it is 
useful to define a unit field vector nCr), called the director, giving its local 
orientation. 

ii) the smectic phase is characterized by a layer structure. The centers 
of gravity of the elongated molecules are arranged in equidistant planes: the 
long molecular axis being perpendicular to this planes (smectic A) or tilted 
(smectic B, C ... ). In practice the layers are rather thick (20 to 30 A) and 
they give rise to typical Bragg reflections in small angle X-ray experiments. The 
layers can slide freely over one another. 

We note that there is still another type of liquid crystals, the cholesteric 
state, classified by Friedel [8] as a variety of the nematics. Their structure is 
the same as of the nematics, but it has an additional twist about an axis 
perpendicular to the long axes of molecules. So, a nematic is a cholesteric of 
infinite pitch. 
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For all these mesomorphic phases, such an arrangement takes place only 
below a transition temperature T NI. Above T NI' the compounds present an 
isotropic phase characterized by a short range order responsible for the 
anomalous physical properties of this phase, such a structural order, 
characterized by nCr), is easily distorted and can be aligned, thanks to the 
elasticity of these compounds, by magnetic and electric fields, or by surfaces 
which have been properly prepared. 

We can see that this is a very broad subject, and so in this paper, we shall 
limit ourselves to discussing the nematic phase and its transitions to isotropic 
and smectic A phases. 

The behaviour of the system under varying temperature can be well 
defined, if it is characterized by an order parameter which is non - zero in 
the liquid crystalline phase and vanishes in the isotropic one. Let us suppose, 
for simplicity, that the orientation of the molecule is described by a unit vector 
vi which should not be confused with the director n giving the average prefered 
direction of the molecules: the order parameter is commonly defined by a 
numerical parameter 

1 
S = - < 3 cos2 8 - 1 > 

2 
(1) 

where 8 is the angle between Vi and n, and the bracket < > denotes a thermal 
average. An instantaneous picture at the molecular level should look like the 
picture of Figure 1: Figure la refers to a temperature close to the first order 
transition to the isotroqic phase at a temperature T NI ; Figure 1 b is obtained 
at a lower temperature; Figure 1 c shows the picture of the isotropic phase. 

1 b 5; 0.35 1c 5= 0 

~--------~v~----------

Nematic-Phase Isot ropic-Phase 

Figure 1. - Instantaneous picture of a nematic phase at the molecular level. 
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2. Anisotropies and order parameter: the nematic-isotropic transition 

In real liquid crystals, the molecules may be flexible in contrast to the rigid 
model considered above. So, as suggested by de Gennes [1], it is convenient to 
define the amount of order in terms of a macroscopic property which is 
independent of any assumption about the rigidity of the molecules. Thus, we 
have chosen to represent the amount of order by the diamagnetic susceptibility 
anisotropy Xa, because the relation between Xa and molecular properties is well 
understood. Any other anisotropy could have been chosen as well. Figure 2 
shows for MBBA (p-methoxybenzylidene p-n-butylaniline) the behaviour, with 
varying temperature, of the diamagnetic susceptibility. In the isotropic phase, 
far from the transition, we have a disorganized state, and the diamagnetic 
susceptibility average X is measured. In the nematic phase, the long molecular 
axis remains parallel to the measuring magnetic field direction, and the 
susceptibility parallel to the magnetic field is measured (X~). From these 
measurements we derive the magnetic anisotropy in the nematic phase [9], 

3 ~ 
Xa = 2" (XII - X) , (2) 

and its behaviour with varying temperature as shown in Figure 3. The same 
curves are obtained for different liquid crystals. 

7 

Solid-stote 
~,-+ 

, 
N~matic- Phase I Isotropic-Phase 

i 
, 

6 .5 Quench'lngitol 
~ --;.:-:-- i 
I 

\ I 
6 \ 

• \ . I 
'l._~!.f!A-*2 -l-.-"---~~ -- 0 .1 - 0 .05 - 0.01 0 0 .01 T -TNI 

TN I 

Figure 2. - Temperature behaviour of the diamagnetic susceptibility of MBBA. 
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Figure 3. - Temperature behaviour of the diamagnetic anisotropy for different nematic 
liquid crystals. 

Concerning the dielectric anisotropy, it is determined by a capacity 
measurement. The liquid crystal is sandwiched between two sealed flat ceramic 
plates. The faces in contact with the liquid crystal are coated with chromium 
and gold. The cell is thermostated to an accuracy better than O.OSoC and placed 
in a 10 kOe magnetic field. The measuring electric field can be parallel or 
perpendicular to that of the orienting magnetic field , and it allows to measure 
the dielectric anisotropy !:l€ = €II ~ €.l' where €II is the dielectric constant in a 
direction parallel to the magnetic field , and €.l the dielectric constant in an 
orthogonal direction. Figure 4 shows for different nematic liquid crystals the 
variations of !:l€ with temperature. 

On the other hand, the refractive indices have been measured with a prism 
method. The prism is made of two flat electrodes inclined at a small angle. The 
electrodes are rubbed parallel to the prism ridge, in order to induce a wall 
orientation effect. The incident beam is orthogonal to the entering direction 
and then refracted. It gives two deflected directions connected with the ordinary 
and extraordinary refractive indices. To this configuration, Descartes' laws are 
applied. The prism is in an over regulated to an accuracy better than O.OSoC 
and placed on a goniometer plate. Figure 5 shows the variations, with varying 
temperature, of the refractive indices anisotropy !:In. 

From Figures 2, 3, 5 we can derive a common property: near the nematic 
isotropic transition TN I' all these physical parameters present a discontinuity. 
80, the nematic-isotropic transition is of the first order. Hence, it should be 
worthwhile to analyze the behaviour of the system near such a transition, and 
to study the temperature dependence of the order parameter 8 defined as the 
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Figure 4. - Temperature behaviour of the dielectric anisotropy for different nematic 
liquid crystals. 
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Figure 5. - Temperature behaviour of the refractive indices anisotropy for different 
nematic liquid crystals. 
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ratio [5] of the diamagnetic susceptibility anisotropy in the nematic phase 
Xa and in a mono crystal Xa,o. To determine the behaviour of S = Xa!Xa,o 
close to TNI [18] we have chosen a new class of liquid crystals, the biphenyls, 
having a very good chemical stability, and most of our experiments were 
performed on 7 CB (4'-n~heptyI4-cyanobiphenyI). Figure 6 gives the tempe
rature dependence of the order parameter S near the nematic-isotropic transition 

5 

0.6 

Figure 6. - Temperature behaviour o/the 
order parameter near the nematic-isotropic 
transition. 

The fIrst order character of the nematic-isotropic transition has been 
indicated by various statistical theories [5, 17] which give only a qualitative 
description of the nematic phase. The mean field theory of Maier and Saupe 
[21] also predicts a first-order transition, and leads to a better evaluation of 
S, but the universal function S(T!TN1 ) departs from the experimental results, 
especially in the vicinity of TN I. All the approaches are unable to predict 
the important pretransitional phenomena observed [2, 3, 13] in the isotropic 
phase. This is not surprising, because these statistical theories are very simple, 
with essentially one kind of forces being retained: steric repulsions in 
Onsager's theory [17], and the Van-der-Waals forces in the Maier and Saupe 
approach [21]. A more complete treatment should take into account both 
energetic attractions and steric repulsions, which appear to have comparable 
importance. In the absence of such a theory, the Landau approximation [19] 
(expansion of the free energy in terms of an order parameter) [12] yields 
a phenomenological approach of great interest. Contrary to the magnetic 
case, the presence of a non-vanishing term of order S3 in such an expansion 
implies the phase transition to be of the ftrst order: 

1 1 
F - F 0 = a(T - T*) 52 - - (j 53 + - 'YS4 + ... 

3 4 
(3) 
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where Q, (j, 'Yare temperature independent, and T* is a temperature slightly 
below TN I' representing a second order phase transition temperature if such a 
phenomenon was not shifted by a first order transition occuring at T NI' 

In zero field there is no term linear in S in the previous expansion: 
this ensures the state of minimum F to be a state of zero S, i.e. an isotropic 
one. Thus for TNI , F and aFjaS must be zero. By delating the isotropic 
solution S = Sc' we get the following law of behaviour of the order parameter: 

1 T - T* 

2 TNI - T* 
(4) 

As shown in Ref. [19], our experimental results satisfactorily follow this 
law for T* = 40.2 ± 0.1 °c. The theoretical curve is represented in Figure 6 by 
the solid line. Contrarily to the Marer and Saupe theory, Landau's theory 
accounts very well for the experimental results and describes the behaviour of 
the system in the vicinity of the nematic isotropic transition. Moreover, the 
difference TNI - T* = 0.9 ± 0.1 °c agrees very well with direct measurements 
we have performed in the isotropic phase as we are going to show it in the next 
section. 

3. Pretransitional Phenomena in the isotropic phase. Electric and ma
gnetic birefringences 

Since the nematic-isotropic transition is only weakly of the first order, we 
expect that short range order effects will be prominent at temperatures just 
above the transition point T NI; particularly, the coherence length H t) will 
be rather large, typically a few hundred angstroms, ten times the molecular 
length (a few thousand angstroms in the nematic phase). So, if in the isotropic 
phase liquid crystals look like ordinary liquids, this short-range order influences 
the behaviour of many phYSical properties which are quite different from those 
of ordinary liquids. Two of the various methods of investigating these pretran
sitional phenomena consist in measuring the Cotton-Mouton and Kerr effect 
of the substance. The short range effects near the nematiC-isotropic transition 
have been discussed by de Gennes [1]. For the magnetic birefringence, the 
theory gives 

(5) 

where nn and n1 are the refractive indices measured for polarization respectively 
parallel and normal to the magnetic field H, and 'Y = 1 in a mean field theory. 
For the electric birefringence, one may expect a similar formula expressing the 
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dependence on the electric field. The experimental devices are shown in Figures 
7 and 8. Detailed information is given in references [2] and [3]. In Figures 9 
and 10 we have reported, for 7 CB, the inverse of the Cotton-Mouton and Kerr 
coefficients C and B, respectively, versus temperature. These plots exhibit a 
linear part. By extrapolating it to the temperature axis, one can get the temper
ature T*. Then, C and B are proportional to (T _ T*)-l. 

The temperature difference T NI - T* = 1.1 ± 0.1 0 C is in good agreement 
with that we have calculated from experiments performed in the nematic phase 
and described in Section 2. We notice that in the vicinity of the tranSition, a 
systematic deviation from the mean field theory is observed as in the case of 
the nematic phase. This experiment indicates a cross~ver between a classical 
mean field behaviour sufficiently above TNI and a critical one, in close analogy 
with the cross~ver between the classical mean field dependence of the magnetic 
susceptibility and the critical one, as transition temperature is approached. 

Figure 7. - Kerr effect: experimental del/ice. 

Phot~lastic 
ModuLator 

AnaLyzer 
to diode ,..-.r---_ 

Figure 8. - Cotton·Mouton effect: experimental device. 
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Figure 9. - Temperature behaviour of the inverse of the Cotton·Mouton coefficient. 
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Figure 10. - Temperature behaviour of the inverse of the Kerr coefficient. 

4. Elasticity and orientation fluctuations in nematics: smectic A -
nematic transition 

The subject of this section is the particular elasticity of the mesophases, that 
means the energetic effects associated to a static deformation of a monocrystal. 
Thus, we will describe the continuous or discontinuous defonnations of the 
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ideal structures of mono crystals: deformations which can be producted when 
no particular precautions are taken for the preparation of a mesomorphic 
sample, or when a voluntary distorded state is induced by an external stress, 
i.e. a magnetic or electric field, or some treatment of the walls of the sample. 
Such an elasticity can be described by a continuous mean field theory. Neverthe
less it must be emphazised that in such a theory, the 'direction of the molecules' 
means the average orientation on a coherence length about a few thousand 
angstroms. Keeping this fact in mind, there is no fundamental difference with 
the elastic theory of solids: same phenomenological theory, same expansion 
of the energy for weak deformations. The originality of the elasticity of the 
mesomorphic compounds lies in the fact that the elastic energy is not a function 
of the local motions of the molecules, but of local rotations of the orientation 
of the molecules as it is expected by the Frank theory [6]. For deformations, 
the wave length of which is greater than the intermolecular distances, the elastic 
energy is given by an expansion of Hooke's type. The latter is valid only for 
weak deformations: it is a quadratic form of the local curvatures expressed 
in terms of the director nCr) and its gradient. For an uniaxial system as the 
nematic one, there are only three fundamental distortions: the splay (Fig. lla) 
expressed by div n, the twist (Fig. 11 b) expressed by n. rot n, and the bend 
(Fig. 11 c) expressed by n x rot n. So, the free energy is given by the expression 

K1 , K2 , K3 being the elastic constants related respectively to the previous 
quoted deformations. These elastic deformations have been the subject of 
many studies [10, 11, 16]. The elastic constants are measured using the 
Freedericksz transition [7] which describes the distortion of a nematic film, 
initially aligned by a wall effect, by a magnetic field H. The molecules align 
their long axes parallel to the magnetic field direction, and in Figures 12a, 12b, 
12c, we can see the three geometries allowing the determination of the elastic 
constant (respectively twist, splay, bend). It is experimentally ascertained that 
a rocking motion of the molecules takes place if the magnetic field exceeds 

110 - Splay Kl 11 b- Tw ist K2. llc - 8end K3 

Figure 11. - Fundamental distortions in a nematic liquid crystal. 
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a) 

b) 

H 
c) 

, Figure 12. - Geometries allowing the determination of the elastic constants. 

the critical value He of the applied magnetic field directly related to the elastic 
constant, the thickness d of the sample and the diamagnetic anisotropy Xa , 

and given by 

njKi 
Hc,i = d J Xa' where i = 1,2, 3. (7) 

Thus, if Xa and d are known, the measurements of He in each of the 
three previous geometries leads to the determination of the elastic constants, 
whose dependence on temperature is given in Figures 13, 15. The mean field 
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theory predicted the elastic constants to vary as the square of the order para
meter. Figure 14 shows that such a behaviour takes place only far from the 
transition temperature T NI , but fails if T NI is approached. 

-11 -10 -8 -1 

Figure 13. - Temperature dependence of the elastic constants of 7 CB. 

7CB 

o T-TNI(OC) 

Figure 14. - Departure from the Mai"er and Saupe theory of the temperature dependence 
of the elastic constants. 
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Figure 15. - Temperature dependence of the elastic constants of 8 CB which has a smectic 
A phase. 

These elastic defonnations, strongly dependent on temperature, are 
induced in the nematic medium by fluctuations of the orientation of the 
director n (r). It is interesting to study them, and their quenching by an 
external stress such as a high magnetic field. De Gennes [1] has considered 
the effect of a magnetic field parallel to the optical axis of a uniformly aligned 
nematic film. We generalized the calculation, which was perfonned with only 
one elastic constant K, to include the three elastic constants K1 , K2 , K3 . 

Consequently, in fonnula (6) we must add a tenn of the magnetic energy 
Xa nCr) H2 . The effect of a magnetic field parallel to the optical axis of a 
nematic single crystal is to decrease the effect of the fluctuations and thus 



www.manaraa.com

162 Y. Poggi, J. C. Filippini, B. Malraison 

to increase the birefringence of the sample. The mathematical treatment [15] 
leads to the formula 

_~_n..:....(H.....:,_T..:....) _-_~_n....:.(H_=_O-:....., T~) = _kB_T !x:_Xa (_1_ + _1 ) I HI. 

~no 41T .J ~ K} K2 
(8) 

At this stage, we should make several remarks: 

i) The predicted effect is very small. Using Xa - 10- 7 C.G.S., 
K j - 10-6 C.G.S., one calculates c5(~n)/~no - 10-4 for H = 105 Oe. 
Hence, very sensitive optical techniques as well as unusually large fields are 
required. 

ii) Near a nematic-smectic transition, the twist K2 and bend K3 elastic 
constants diverge; whereas the splay constant remains regular, as shown in 
Figure 15 for 8 CB (0 ctylcyanobiphenyl) , a compound which presents a 
nematic smectic A transition for T = TNA = 32.5 °c. In the smectic phase, 
the presence of incompressive layers prevents the existence of twist and bend 
distorsions. In the pretransitional state, one can understand the singular 
behaviour as coming from the increasing role of fluctuating smectic domains. 
The critical behaviour is reflected in the continuous freezing of c5 (~n) as 
TNA is approached from above. 

iii) On the other hand, the decrease of the elastic constants near the 
isotropic nematic transition (T = TNI ) is faster. So, one expects an increase 
of c5 (~n) as TNI is approached from below. 

-2 

Figure 16. - Relative phase shift versus magnetic field for different values of the angle O! 

between the optical axis of the sample and the direction of the magnetic field. 
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Thus we see in Figure 16 that, in agreement with the theory, a charac
teristic feature is the non-analytic dependence such as that of 1 H I. Indeed, 
we verify that by changing the direction of the Illagnetic field by 1800 we 
get the same value of the birefringence. This result can be easily understood 
as coming from the symetry nCr) """* - nCr) of the nematic phase. Figure 17 
gives the temperature dependence of the increase of the slope of the induced 
excess birefringence (I.E.B.) «5 (An) normalized to kB T H. We see that, for a 
given field, «5 (An) increases drastically near the nematic-isotropic transition 
(T = T NI), whereas it decreases continuously to zero at the smectic A -
nematic transition (T = TNA). We note that experimental results agree with 
the theoretical predictions we have previously made. 

5 

a 

SmecticA 

/ I --High magnetic field measurements / 

I, - -- Deduced from theory and ki's /~ 
measurement 

TNI =40.0'C 

TNA= 32.5'C 

Nematic I sot ropic 

8CB 

---+--·~O~-L--L-~--~~~~~---L--L--1L-T-_T.-A~N(~·C) 

TNI-TAN 

Figure 17. - Temperature dependence of the I.E.B. in the nematic phase of 8 CB. 

S. Conclusion 

The anisotropic nature of liquid crystals and the elastic properties of these 
materials have led to important applications during the last five years. Most 
of them are display devices in which optical effects are induced by an electric 
field: the liquid crystal material is contained between two closely spaced plates, 
both coated on the inside with a transparent conductive layer. Deformation 

7 
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of the initial structure occurs above a critical voltage, due to the competition 
between the orientation action of the electric field, because of the dielectric 
anisotropy, and the elastic forces. Various types of display devices have been 
developed: digital or alphanuperic displays for calculators, electronic clocks 
or watches, multimeters, data output equipment, signal displays in traffic 
and industrial control systems, advertising displays, large-area picture screens, 
TV paQ1lels, image converters, page composers for hologram storage, etc. 

The anisotropic nature of liquid crystals also appears in the isotropic 
phase, in the vicinity of the nematic-isotropic transition temperature where 
large values of the Kerr constants, up to 100 times larger than for nitrobenzene, 
are reached. Recently synthetized nematogenic liquids may be used in Kerr 
cells applications in place of nitrobenzene: they have two important advantages 
over this liquid: (a) the driving voltages are 4 to 5 times lower than for nitro
benzene, (b) the resistivity is high enough for the cell to be sealed in every 
case, whereas a dynamic deionization was necessary for certain applications of 
nitrobenzene. Various electrooptical devices using liquid crystals in the isotropic 
phase, e.g., d.c. biased Kerr cell light modulators, a.C_ transverse light modul
ators, a.c. transverse light modulators, rotating field Kerr cell modulators, 
light deflectors - have been recently developed in the laboratory for Electro
statics of the CNRS in Grenoble [4]. 
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RESUME 

(Anisotropies et elasticite dans les cristaux liquides). 

Apres une courte presentation des differentes phases des cristaux liquides on 
examine l'ordre moleculaire dans la phase nematique : on presente les aniso
tropies de susceptibilite magnetique, de permittivite, d'indice de refraction 
et on etudie l'evolution du parametre d'ordre - represente par l'anisotropie 
de susceptibilite diamagnetique - en fonction de la temperature, plus part i
culierement pres de la transition nematique-isotrope. On examine ensuite les 
phenomenes pretransitionnels au voisinage de la transition nematique-isotrope 
et on montre comment Ie modele de Landau rend compte des resultats expe
rirnentaux. Une grande partie de la communication est consacree a l'elasticite 
dans les nematiques et les smectiques : on presente la theorie de Frank et on 
montre comment il est possible de determiner experirnentalement les trois 
constantes elastiques a partir de la transition de Freedericksz. L'importance 
de l'elasticite dans les cristaux liquides est illustree par la description d'une 
experience recente sur la reduction des fluctuations thermiques d'un mono
cristal nematique par un champ magnetique. La conclusion fait apparaitre 
Ie role de l'anisotropie et de l'elasticite dans les applications des cristaux 
liquides nematiques. 
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1. Introduction 

Le but de cet article est de donner un aperyu general des experiences de pro
pagation des ondes ultrasonores que Ie physicien utilise pour I'etude des milieux 
anisotropes soumis Ii des contraintes et plus specialement Ii une pression hydro
statique. La theorie de la thermoelasticite non lineaire est I'instrument privilegie 
pour de telles etudes, car elle permet. entre autres, par l'interpretation de ces 
experiences, Ie calcul des coefficients elastiques d'ordre deux et trois et la 
determination des equations d'etat d'origine elastique. 

Apres quelques rappels sur les equations de base de la thermoelasticite 
necessaires Ii l'experimentateur pour l'interpretation des experiences de propa
gation d'ondes ultrasonores, on decrit quelques ensembles experimentaux 
classiques (appareillages de pression hydrostatique avec leurs electroniques 
de me sure ). Finalement, comme application, on deduit une equation d'etat 
d'origine mecanique pour les cristaux cubiques que I'on illustre sur Ie silicium 
par comparaison avec I'equation d'etat obtenue experimentalement par dif
fraction de RX jusqu'i 150 kbar. 

2. Rappel sur les equations de la thermoelasticite 

La theorie de la thermoelasticite, appliquee Ii l'etude de la propagation des 
ondes ultrasonores dans les solldes sous contrainte, a fait l'objet de nombreux 
travaux [I, 2,3,10,17) ... , mais Ie point de vue adopte dans cette presen
tation est celui de Wallace [24), car il presente I'avantage d'etre directement 
utilisable par l'experimentateur. 

Quand on etudie les proprietes des ondes ultrasonores dans les solides, 
on decrit les phenomenes en terme de mouvement de particules materielles 
autour de leur configuration d'equilibre, c'est-a-dire en terme de deforma
tions mesurees a partir d'une configuration initiale. Si on considere des ondes 
61astiques de grartde longueur d'onde, la deformation est consideree comme 
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homo gene et infinitesimale. Par cantre, quand Ie solide est soumis a des con
traintes exterieures importantes, la deformation, bien que petite, ne peut 
plus etre consideree comme infmitesimale. 

Ainsi, trois sortes de configurations vont etre definies : 

- une configuration initiale sans deformation (X); 
- une configuration deduite de la precedente par application d'une contrainte, 

(X). Cette configuration peut etre consideree comme initiale quand on 
effectue des experiences d'ondes ultrasonores; 

- une configuration finale deduite des precedentes par une deformation in
fmitesimale (x). 

On designera par X et x la position d'un petit element de masse dans 
les configurations initiale et fmale, par p (X) et p (x) les densites. 

On appellera Dij Ie tenseur symetrique de Green-Lagrange: 

2.1. Fonctions thermodynamiques 

L'energie libre depend seulement des positions relatives des particules ma
terielles : 

F(x, T) = F(X,Dij , T) 

Puisque la deformation est petite, bien que non infmitesimale, il est 
possible d 'utiliser un developpement limite a partir de l'etat initial X. 

1 
p(X) F(X, Dij , T) = p(X) F(X, 0, T) + Clj Dij + "2 Cijk2 Dlj Dk2 

I 
3T Cijk2mn Dij Dk2 Dmn' 

Par definition, les coefficients CijkQ ... sont les derivees d'ordre 2 et 
3 de p(X)F par rapport aux Dij et sont appeles les constantes elastiques 
d'ordre 2,3 ... 

Clj est Ie tenseur des contraintes de Cauchy 

aF 
Cij = Tij = p(X) -- dans la configuration d'origine aDij 

Le nombre des composantes d'un tenseur de rang 6 est egal a 729 et 
se reduit par la symetrie du tenseur Dij . La symetrie du cristal reduira encore 
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Ie nombre des composantes. Ainsi ce nombre tombe-t-il a 8 pour les classes 
m3 et 23 et a 6 pour les classes 43m, 432, m3m des cristaux cubiques et a 3 
pour un corps isotrope. 

2.2. Equations de base 

a) Les principes de la thermodynamique, Ie principe d'Alembert sur les tra
vaux virtuels permettent de calculer les composantes des contraintes, a partir 
de l'energie, dans la configuration fmale. 

aF 
Tij = p(x) O:jk O:j12 an

k12 

b) L'equation de continuite, basee sur la geometrie des deformations donne: 

p(X) = I = det [0: .. ] 
p(x) 1) 

c) La loi fondamentale de la mecanique donne l'equation du mouvement : 

2.3. Propagation des ondes elastiques de faibles amplitudes 

On considere maintenant les petits mouvements a partir de la configuration 
d'origine et on linearise les equations du mouvement en X. 

On montre que: [24] 

a2 x. a2 xk 
p(X) __ 1 = A"k12 

ae 1) aXj aX12 
avec 

~jk12 sont appeles coefficients de propagation d'ondes. 
Il faut rnaintenant construire la matrice de propagation L. La solution 

de l'equation differentielle est de la forme : 

x - X = W exp (kX - wt) 

p(X) V2 Wj = AijkQ KJ KQ Wk 

V= w K=~ 
k Ikl 
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La discussion des modes propres de la rnatrice L est un probIeme clas
sique d 'algebre lineaire. On retrouve les formules habituelles relatives a la 
configuration initiale sans contrainte en faisant Tjj = O. Les coefficients 
de propagation se confondent alors avec les constantes elastiques usuelles. 
La grandeur experimentale a laquelle on a acces est la vitesse V par l'inter
mediaire de la me sure des temps t de propagation des ondes. 

2.4. Calcul des coefficients elastiques du 3e ordre dans une configuration 
initiale sans contrainte 

On a considere, jusqu'a present, une configuration initiale dans laquelle Ie 
solide etait sous contrainte et on a vu que la propagation des ondes de faible 
amplitude se calculait a partir des composantes initiales des contraintes et 
des constantes elastiques du deuxieme ordre. Cependant, pour la plupart 
des experiences. la con trainte initiale est faible. comparee aux constantes 
elastiques et il est alors interessant de formuler les constantes elastiques dans 
la configuration sous contrainte au moyen d'un developpement limite des 
constantes elastiques de la configuration sans contrainte. 

Les donnees surlignees_ representent les parametres specifiant la defor
mation de la configuration X (contrainte nulle) a celle X (sous contrainte). 

On a alors : 

et apres de longs calculs, on trouve l'expression de CjjkQ en fonction des 
parametres de la deformation et des constantes elastiques d'ordre 2 et 3 de 
la configuration X. 

Les constantes elastiques du second ordre dans la configuration sous 
contrainte se calculent a partir des constantes d'ordre superieur de la confi
guration sans contrainte et des parametres de la deformation. Pour interpreter 
les experiences de propagation sous contrainte, il est pratique d'introduire 
[22] la notion de ''vitesse naturelle" W. W = Qo/t, Qo etant Ie chemin acous
tique dans la configuration sans contrainte, t Ie temps de parcours de l'onde 
acoustique dans la configuration sous contrainte. 

Alors que la vitesse de propagation est V: V = Qdt, Ql etant Ie vrai 
chemin acoustique, on a alors : 

On definit de meme les coefficients de la rnatrice de propagation rela
tivement ala "vitesse naturelle". 
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Et en effectuant un developpement limite au premier ordre a partir de 
1a configuration a contrainte nulle, 

aCpOw2) 
on trouve apnls une longue algebre l'expression de aT ,en fonction 

des parametres de 1a propagation et des constantes elastiJ'u~s d'ordre 2 et 3 
de la configuration X. 

Cette formule est a la base des interpetations experimentales, car elle 
permet, par simple me sure de la pente a l'origine de Po W2 , Ie calcul de com
binaison de constantes elastiques. De plus, dans les domaines usuels de con
traintes, l/t2 peut etre considere comme variant lineairement avec T pq' 

ce qui permet une bonne precision dans la me sure de ces constantes. 
Cette formule a ete evaluee dans [24], pour les classes de symetrie les 

plus hautes, pour differents types d'ondes se propageant selon les directions 
cristallographiques paralleles aux axes de symetrie en fonction de contraintes 
uniaxiales ou de la pression hydrostatique appliquee. 

3. Aspects experimentaux de 1a propagation des ondes ultrasonores 
dans les solides soumis a une pression hydrostatique 

3.1. Principe 

A l'aide d'un transducteur piezoelectrique (generalement en quartz), on 
envoie dans l'echantillon a etudier des impulsions repetees de frequence de 
quelques MHz. Les ondes se propagent a l'interieur de l'echantillon, se refle
chissent a son extremite libre et Ie traversent a nouveau. A chaque reflexion 
sur l'interface non libre de l'echantillon, une partie de l'energie est trans
mise vers Ie quartz qui Ie transforme en signal electrique. Ce demier est am
plifie a l'aide d'un dispositif electronique et envoye sur un oscilloscope; on 
observe donc sur ce dernier toute une serie d'echos. L'intervalle de temps e 
entre deux echos successifs est lie a la duree t du parcours aller et retour 2£ 
de l'onde dans l'echantillon. Si Y est la vitesse de propagation du mode pro
pagee,on a: 

2£ r 
C = py2, t = - e = t + -Y , 21Tf 

r etant l'argument du coefficient de reflexion r a l'interface non libre de 
l'echantillon pour la radio frequence f, C 1a constante elastique, P la den-
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site. La mesure experimentale Ii laquelle on a acres est celIe de 8 et doit se 
faire de maniere tres precise. Les methodes ultrasoniques qui permettent ces 
mesures sont classiques ([11, 12, 13, 14, 18]) mais en fait peuvent se reduire 
Ii deux grandes familIes seion l'appareillage haute pression envisage. Dans Ie 
cas oil la pression est purement hydrostatique, Ie transducteur peut etre di
rectement colle sur Ie cristal et il est alors sous pression. Dans Ie cas oil la 
pression est quasi-hydrostatique, il n'est plus possible de travailler avec des 
transducteurs internes, et la generation des ondes elastiques dans Ie cristal 
doit se faire Ii partir d'un transducteur via un piston. 

Dans Ie premier cas, Ie volume de la chambre de travail peut etre suffi
samment important et ron peut travailler avec un cristal de taille normale 
(quelques mm) relativement aux experiences ultrasonores, mais les pressions 
atteintes ne depassent pas alors 30 kbar. nest aussi possible de travailler dans 
ce cas Ii basse temperature, Ie milieu transmetteur de pression etant alors 
l'helium. 

Dans Ie deuxieme cas, cas des generateurs de pression oil Ie milieu trans
metteur est un milieu Ii faible coefficient de cisaillement, les pressions at
teintes sont plus elevees, jusqu'li 100 kbar, mais Ie volume utile de la cellule 
restreint les dimensions de l'echantillon Ii quelques dixiemes de mm. Par 
contre, il est possible de travailler Ii haute temperature. Ce type de manipu
lation est approprie aux mesures ultrasonores des materiaux polycristallins 
(roches, mineraux, ... ). Pour les raisons mentionnees ci-dessus, on utilisera 
generalement dans Ie premier cas la methode de "superposition des echos" 
et dans Ie deuxieme cas ·les methodes qui font appel Ii des comparaisons de 
phase. Ces methodes permettent des mesures tres precises des temps de parcours. 

3.2. Methodes ultrasonores 

3.2.1. Superposition des echos (Fig. 1) 
On choisit deux echos dans Ie train d'onde a l'aide de la ligne Ii retard 

et on module leur brillance sur l'axe Z de l'oscilloscope. La frequence de 
repetition du pulse est ajustee a l'aide du generateur de frequence de fayon 
Ii correspondre a un multiple entier du temps d'aller et retour du pulse acous
tique dans Ie solide. 

Il est ainsi possible de superposer cycle par cycle deux echos et : 8 = liFo 
F 0 : frequence de repetition. 

Les temps de parcours que ron peut me surer sont de l'ordre de quelques 
ps. 

3.2.2. Methode de la "mesure de phase" (Fig. 2) 
Un synthetiseur de frequence est la piece principale du systeme electro

nique. Son signal est module par une porte qui genere des pulses radio-frequence 
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MODULATION DE 

L....-...---...JSRILl ... NCE 

d'irtlpul.ion' EeHOS 

SYNCHItONISATIC"N 

• chanlillon 

Figure 1. - Methode de superposition 
dese.chos . 

de largeurs variables et a des taux de repetition differents. Ces pulses sont 
stables quant a leurs phases, par rapport a la frequence de la porteuse. Le circuit 
de porte permet de synchroniser l'oscilloscope par rapport a cette meme phase. 
Un train d'ondes repete (long si on Ie compare au temps de parcours dans 
l'echantillon, mais plus court que Ie temps de parcours dans Ie piston) est 
principalement reflechi a l'interface echantillon-piston mais partiellement 

PISTON ECHANTILLON PISTON 

it _~2.tc.J 
En : ET. A e. e. 11-,,-

SYNCHItONI SA liON 

Figure 2. - Methode des phases. 

Figure 3. - Echantillon dans une configura
tion quasi hydrostatique. 
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transmis dans l'echantillon pour donner naissance a des reflexions multipes 
(Fig. 3) : 

A des frequences critiques fn' ces ondes sont en phase et donnent nais
sance sur l'oscilloscope a une figure caracteristique. 

2Q wn 
'Y - --- = 2nn 

V 
2Qfn 

V = ----=.=--
n + 'Y/2n 

n etant Ie nombre de longueur d'ondes dans deux fois la longueur de l'echan
tillon et peut etre me sure sans ambiguite . 

f 
n""~ 

M 

.::If mesurant la separation entre des valeurs successives de fn . nest donc 
possible de me surer V connaissant fn, n, 'Y. Les temps de transit sont in
ferieurs it la JlS. 

3.3. Aspects experimentaux 

3.3.1. Influence de 'Y 
Une analyse mathernatique de 'Y est possible et montre que ce para

metre peut devenir important si la frequence de resonance du transducteur 
varie avec la pression (cas des transducteurs internes). 11 n'est toutefois pas 
possible de connaftre Ie comportement de 'Y avec la pression et l'hypothese 
generalement admise est de Ie negliger car dans Ie dornaine des 10 kbar, il a 
ete montre que la frequence de resonance du quartz variait tres peu avec la 
pression [16, 20]. 'Y depend aussi de Ia nature et de l'epaisseur de la colle qui 
assure Ia liaison entre l'echantillon et Ie transducteur, et doit etre Ie plus petit 
possible. 11 n'existe cependant pas de recette universelle pour trouver la colle 
la mieux adaptee au type d'onde transmis et a la nature de l'echantillon. En 
effet, il faut que Ie systeme transducteuHolle.echantillon soit Ie plus homogene 
possible so us pression afm d'eviter les ruptures dues aux differences de com
portement. 

3.3.2. Preparation des echantillons 
Les echantillons doivent posseder des faces polies et paralleles et les 

garder sous pression. Ce besoin peut necessiter un compactage prealable 
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quand on travaille sur des rnateriaux polycristallins. Le polissage et l'usinage 
s'effectuent, alors, apres que l'echantillon ait ete soumis a la pression. 

3.4. Passages electriques - Cellules ultra-son 

De nombreux montages sont possibles [9, 23], mais dans tous les cas, l'echan
tillon est place dans une enceinte contenant un fluide qui comprime transmet 
une pression hydrostatique. 

Sur la figure 4 est donne Ie principe d'une cellule ultra-son. La liaison 
electrique qui amene les ondes radiofrequences s'effectue au moyen d'un 
cable coaxial a impedance iterative adapte afin d'eviter les reflexions para
sites . On utilise generalement des thermocoaxiaux qui sont brases sur l'obtu
rateur de la chambre de pression, afin d'obtenir une bonne etancheite. L'iso
lation electrique, ainsi que la tenue mecanique de l'ime du thermo coaxial 
sont assurees par un petit manchon en teflon rempli de colle isolante. 

~ 
:;///. 

t------
~ 

I 

O"UU,f(UI 

SU""OII 

IEHON 

co~~ I 

""S Ul E 

CO AJlI A ll 

QUAI11 

fCH A,N llllOI'ol 

Figure 4. - Cellule ultra·son. 

3.5. Appareillage haute pression 

Tous les appareillages delivrant de la pression peuvent theoriquement s'adapter 
aux mesures ultrasonores [4, 6, 8, 9, 16, 23] ... Il est hors de question de 
donner une liste exhaustive des experiences decrites dans la litterature spe
cialisee, mais en fait, ces experiences peuven t etre classees en deux familIes : 
celles qui sont effectuees so us pression hydrostatique et celles effectuees 
sous pression quasi hydrostatique. Dans Ie premier cas, Ie domaine des pres
sions est de l'ordre de 20 kbar, alors qu'il est beaucoup plus eleve pour Ie 
deuxieme type d'experience, mais il est alors obligatoire d'utiliser un trans
ducteur externe a cause de la non hydrostaticite de la pression, ce qui impose 
l'emploi de la "methode de comparaison des phases" comme methode de 
mesure . 
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3.5.1. Apparei/lage delivrant une pression hydrostatique 
Sur la figure 5 est donne Ie principe d'un appareillage delivrant une 

pression hydrostatique, Ie milieu transmetteur de pression etant du ¢trole. 

(ORPS Of CHAMBRI:: 

t+---r--H HAr-..TILLON 

'1::?I'+---f-QUARTl 

ARRIVI ~L1::< TRIOll-

Figure 5. - Cellule haute pression (pe. 
trole). 

La chambre de pression est constituee par un corps de chambre et de 
deux obturateurs, generalement en acier maraging. L'etanchtiite de ces obtu· 
rateurs est assuree au moyen de joints. Sur Ie premier est brase un tube capil· 
laire qui amene la pression venant d'un multiplicateur de pression, sur Ie 
deuxieme est brase Ie thermocoaxial qui permet l'arrivee des ondes hautes 
frequences. La mesure de la resistance electrique de jauges de manganine 
permet la me sure des pressions. Ces appareillages peuvent etre utilises a basse 
temperature au moyen d'une cryogenie appropriee et par I'emploi d'htilium 
comme transmetteur de pression. 

3.5 .2. Appareil/age delivrant une pression quasi hydrostatique 

a) Enclumes de Brigman (Fig. 6). 
Schtimatiquement, l'echantillon place dans un anne au de pyrophilitte, 

milieu transmetteur de pression, est presse entre deux enclumes generale
ment en carbure de tungstene, au moyen des pistons et est ainsi soumis a 
une pression quasi-hydrostatique. Les transducteurs sont positionnes dans 
les echancrures des enclumes afin qu'ils ne soient pas ecrases quand I'en
semble est mis sous presse hydraulique. Un manchon exterieur assure I'ali
gnement des differentes parties. 

L'aspect Ie plus critique de ce genre de manipulation consiste dans la 
figure compliquee des echos qui proviennent des reflexions multiples. De 
plus, l'alignement des pieces en presence doit etre de l'ordre de quelques frac
tions de longueur d'onde si l'on veut recevoir un signal exploitable. Par contre, 
il est possible d'etendre les performances de cet appareil en inserant un four 
autour de l'echantillon. 
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Figure 6. - Enclume de Brigdman et pis
ton cylindre. 

b) Piston-<:ylindre (Fig. 6). 

~"="'---
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1 __ =::::J •• :----PYROPHllITlE 
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La configuration piston-<:ylindre est une des methodes les plus simples 
d'obtention de hautes pressions. Tres schematiquement, Ie piston soumet a 
une pression quasi-hydrostatique l'echantillon place dans un cylindre. Un sys
teme de joints, place entre Ie piston et Ie cylindre, minimise l'extrusion de 
l'echantillon au niveau du piston. De la meme maniere que pour les enclumes 
de Bridgman, les ondes haute frequence sont amenees au moyen de transduc
teurs externes, mais l'epaisseur de l'echantillon pouvant etre plus importante, 
la figure d'echos est plus facilement interpretable. 

En conclusion, les appareils du deuxieme type sont difficiles a mettre 
en reuvre quand ils sont couples a des mesures de vitesse du son, d'autant plus 
qu'il faut superposer a l'etat hydrostatique une contrainte uniaxiale de com
pression qui intervient dans Ie calcul des constantes elastiques du troisieme 
ordre. 

Les appareillages qui permettent l'application de contraintes uniaxiales 
ne sont pas presentes; la simplicite du principe ne doit pourtant pas masquer 
a l'experimentateur les difficultes d'obtenir des contraintes homogenes dans 
l'echantillon. 

4. Equation d'etat d'origine mecanique, application au silicium 

4.1. Introduction 

L'equation de base necessaire au calcul des equations d'etat des solides est 
l'energie libre de Helmotz [21] 
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F(V, T) = Uo(V) + F*(V, T) 

Uo(V) energie libre a OOK, d'origine purement mecanique. 

F*(V, T) contribution des phonons a l'energie libre qui tend vers zero 
quand T tend vers zero. 

L'equation d'etat so us sa forme Ie plus generale s'ecrit : 

P(V T) = (_~) = _ (auo) - (~) , av T av T av T 

P(V, T) = Po(V) + p*(V, T). 

Po fait intervenir des effets mecaniques tandis que p* fait intervenir 
des termes d'origines thermiques qui ne dependent pas de la meme maniere 
du volume. 

On se place dans Ie cas ou P » P*, on neglige alors les termes d'ori
gines thermiques et on peut alors determiner une equation d'etat isotherme 
tiree de la thermo·(Hasticite non lineaire. 

4.2. Equation d'etat d'origine mecanique 

L'equation d'etat d'origine mecanique se deduit irnmediatement du tenseur 
des contraintes en faisant Tij = - POij 

avec: 
0jj = 3, a ik a iQ = 0kQ + 2 DkQ 

d'ou: 

On pose Uo = F/V 0; Uo est l'energie de deformation rapportee a l'unite 
de volume de la configuration initiale. 

Cette equation est valable pour tous les types de solldes anisotropes 
[5] . 
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4.3. Application au silicium 

Le silicium cristallise dans une structure cubique du type diamant de classe 
de symetrie m3m. Trois constantes elastiques du deuxieme ordre et six du 
troisieme ordre caracterisent cette classe. 

avec 

Elles s'ecrivent dans la notation a deux indices. 

Clli = C222 = C333 

Cll2 = Cll3 = C233 .... 

L'ellipsoi"de des deformations, associe a la compression hydrostatique, 
est spherique car il doit posseder, d'apres Ie principe de Curie-Newman, au 
moins la symetrie du groupe ponctuel m3m. 

L'energie de deformation s'ecrit alors: 

1 2 2 2 
Uo = "2 Cll (DI + D2 + D3) + CI2 (D I D2 + D2 D3 + D3DI) 

1 3 3 3 + "6 CUI (D l + D2 + D3) 

1 2 2 2 + "2 CU2 (D I D2 + D2 D3 + D3 DI + D; DI + D;D2 + Di D3) 

+ Cl23DID2D3 

avec DI = D2 = D3 et I'equation d'etat prend la forme: 

Vo auo 
p = - - (1 + 2D-) -. 

3V I aD j 

Apres derivation, et en faisant DI = D2 = D3 , on trouve : 

Vo [ p = - V DI(C ll + 2C 12 ) 

+ Di( 2Cll + 4C l2 + C~ll + 3Cll2 + Cl23) 

+ D~(Cl11 + 6C 112 + 2C123)] . 
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L'equation de continuite donne: 

(:) = det [aij] 
o 

L'equation d'etat s'ecrit finalement au troisieme ordre : 

Application numerique. 
Les valeurs experimentales des constantes elastiques du silicium ont 

ete mesurees par Mc Skimin [15] so us pression. 

Cll + 2C 12 = 29,364 1011 dynes/cm2 

2CIl + 4C 12 + C111 + 3C1l2 + C123 = - 310,05410 11 
2 

C11l + 6Cll2 + 2C 123 = - 363,782 1011 

Nous avons trace la courbe de compressibilite tMorique pour les va
leurs de V IV 0 variant de 1 a 0,90 (courbe silicium) que nous avons compares 
a la courbe experimentale tiree des experiences de diffraction de RX [19] 
(Fig. 7). 

Compte-tenu des erreurs experimentales, on peut considerer que l'accord 
entre les deux courbes est satisfaisant, mais semble quand meme meilleur a 
basse pression, ce qui pourrait signifier qu'a haute pression (> 50 kbar) il 
faudrait peut etre tenir compte des constantes elastiques d'ordre superieur 
a trois. 

II est a noter que des mesures de donnees ultrasonores effectuees a 
faible pression « 10 kbar) permettent de deduire de fa90n satisfaisante des 
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Figure 7 
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compressions a tres haute pression qu'il est quelquefois impossible d'atteindre 
experimentalement - ceci montre, entre autre, l'interet de telles experiences 
pour de nombreux lab ora to ires. 
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RESUME 

On decrit les appareillages de pression avec leurs tHectroniques de mesure qui 
permettent la mesure des constantes elastiques d'ordre deux sous pression. 
La theorie de la thermoelasticite non lineaire permet d'en deduire les cons
tantes elastiques d'ordre trois . qui sont necessaires, entre autres, Ii la deriva
tion des equations d'etat d'origine mecanique. On utilise cette equation 
d'etat au troisieme ordre pour calculer la courbe de compressibilite du sili
cium et on la compare Ii la courbe experimentale. 
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1. Introduction 

The mechanical properties of granular soils depend on their grain and aggregate 
structural characteristics which are particles' shape (elongation, flakiness, round
ness/angularity, surface roughness), gradation, porosity, particles' orientation 
and contacts' orientation (measured in terms of the normals to contact planes). 
Anisotropic properties develop due to particles and contact orientations 
[1,3,17,18,19]. In view of the difficulty to obtain undisturbed samples 
from the field for laboratory tests, the mechanical properties can be correlated 
with proper indices measured in situ, which must depend on the above structural 
characteristics. Scalar indices like relative density and penetration resistance 
cannot possibly account for anisotropy which is tensorial in character. 

The formation factor tensor F ij is defined as the ratio Pij/ Pe , where Pij 
is the electric resistivity tensor of an aggregate of non-conductive, non
polarizable particles saturated by a solution with resistivity Pe . It will be shown 
theoretically and experimentally that F ij is independent of P e and depends 
only on the structural characteristics including orientation. Thus, F ij is a proper 
index for correlation with anisotropic properties as will be briefly discussed. 

Historically, the scalar equivalent F of Fij for isotropic aggregates has 
been used primarily for the determination of porosity, beginning with the 
pioneering work of Maxwell [14], and an extensive review can be found in 
[16]. Its tensorial character, however, has not been fully investigated. The 
systematic use of F for soil characterization can be found in a series of papers 
by Arulanandan etal. [2,3,4,5,6,10,11]. 

2. Basic equations 

In the following the summation convention applies over repeated latin indices 
which vary over the range 1, 2, 3 and are associated with the axes of a cartesian 
coordinate system. Electric current is passing through the solution of a saturated 
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unit volume aggregate of non-conductive, non-polarizable particles with porosity 
n. If Ej, J j denote the electric field and current density respectively, the super
scripts + and - indicate the space outside and inside the particles respectively 
and a bar over Ej , Jj denotes their mean value over the corresponding space 
(total, outside, inside), the following average equations can be written 

Ej = Pij Jj 
- ---+ 
Ej = (1 - n) Ej + n Ej 

(1) 

(2) 

(3) 

(4) 

Although the particles and solution are isotroqic, the Pij has different 'normal' 
and 'shear' components due to particles' and contacts' orientation. The form 
of Eq. (1) in terms of the conductivity tensor has been stated in [13]. In ad
dition, one can write 

(5) 

where fjj is the form factor tensor which depends on all structural characte
ristics. Since the Et can vary independently, a combination of Eqs. (1) through 
(5) yields 

(6) 

where Fjj = Pjj/Pe and 8jj is the Kronecker delta. As n ~ 1, F u , F22 , F33 ~ 1 
Fij ~ 0 for i '* j. Observe that Fij is independent of Pe because Pij increases 
proportionally with Pe Jor non-conductive particles. Analytical expressions 
for the dependence of fjj on the structural characteristics will be derived first 
for very dilute dispersions, and subsequently the effect of concentration will 
be investigated. 

3. Dilute dispersions 

For very dilute dispersions (.85 ~ n ~ 1) the form factor fij will be henceforth 
denoted by fij. Expressions for fjj will be obtained based on the assumption 
that the electric fields surrounding each particle do not perturb each other to 
any appreciable extent. Therefore, the fij will not depend on these structural 
characteristics which are pertinent, with respect to their effect on field inter-
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action, only when the particles are close together, such as porosity (measure 
of 'closeness'), gradation and contact orientation (measure of relative particles' 
position). But, the fij will depend on particles' shape and orientation which 
are pertinent for dilute dispersions. Even then, analytical solutions can be 
obtained only for the case of ellipsoidal particles. 

3.1. Ellipsoidal Particles 

Modeling a grain as a non-conductive, non-polarizable ellipsoid of average 
axes a > b > c, its orientation with respect to the cartesian system 1, 2, 3 is 
defined in terms of the direction cosines Qad = cos (0: ,i) where 0: = a, b, c. 

Assume rust that all particles are identically oriented. Without field 
interaction, the effective fieid acting upon a particle is equal to the average 
field E: in the solution [12]. The field Ei- inside the particles can be obtained 
by standard methods requiring the solution of the Laplace equation for the 
electric potential in confocal elliptic coordinates subject to proper continuity 
boundary con~tions [12]. In the process, E~ is projected along 0: and, the 
internal field E~ along 0: is found and projected back along i, by means of 
QO!i' Finally, the following set of equations is obtained 

(7a) 

f~ = L Qai Qaj fa (7b) 
a 

(8a) 

1 1~ 2 -1 2 2 2 -1/2 Sa = - abc (0: + x) «a + x)(b + x)(c + x» dx 
2 0 . 

(8b) 

Sa + Sb + Sc = 1 (8c) 

The values of the Sa depend only on the ratios amo~ a, b, c, hence the Sa 
will be called the shape factors. The superscript 0 of fij indicates the identical 
orientation of the ellipsoids. 

Not all particles, however, are identically oriented. A statistical orientation 
will be introduced by properly defined probability density functions associated 
with the Qai' Since Qai Qaj = cS ij the Qai are note independent but can be 
expressed in terms of three independent random variables OJ, i = 1, 2, 3. 
Letting the axes a, b, c be initially parallel to axes 3,2,1 respectively, Figure 1 
shows clearly how the orientation of an ellipsoid can be fully defined in terms 
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T/2 

P8 =jP(8)COS28d8 

o 
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Figure 1. - Orientation of an ellipsoid defined in terms of three rotations 91> 92, 83-

of three angles of rotation °1, °2, ° 3' such that O:e;;; °1 :e;;; 211", 0 :e;;; °2 :e;;; 11"/2, 
o :e;;; ° 3 :e;;; 211"_ The QO!j are related to ° j according to 

-SOl C02 

e61 c03 -501 5°25°3 

C0 1s03 +5°1 s02 C03 

where sOj, cOj stand for sin OJ, cosOj respectively_ 

COl c02 ] 
SOlC03+C01s02S03 (9) 

50 1 583 -COl 5°2 c03 

Let PjCO i) now denote the probability density function of the random 
27r 7r/2 

variable ° i' where f PidO i = 1 for i = 1,3 and f P2 cos ° 2 dO 2 = 1. 
o 0 

Since ° i are independent, the joint probability density of the Ot.sis given by 
P(Ol' °2 , ( 3 ) = P1P2P3 cos02· Knowledge of Pi(Oi) determines statistically 
the particles' orientation. In order to abbreviate the following expressions, the 
operator P on X(Ol' 82, ( 3) is defined as 

27r n/2 27r 
P[X] = f l' f PtC(1)P2(02)P3(03)cos02Xd01d02d03 (10) 

o 0 0 

with P[I] = 1. The expected value of Fij for a given P(Ol' °2 , ( 3 ) is P[F~] 
which in combination with Eqs. (6), (7b) and (10) yields the expected value 
of fij 
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fjj = P[ft] = L P[£",j £",j] f", (l I) 

'" 
For a fIxed Q the £",j £",j is a second order symmetric tensor. Eq. (I I) is the 
sought closed form expression of the form factor tensor fij in terms of the shape 
factors S'" (through f", and Eq. (8a)) and the tensorial quantities P[£",j £",j] 
which will be called the orientation factors. 

Of particular interest are the normal components F 11' F 22' F 33 and 
f11' f22' f33 which are obtained in terms of P[Q~d when i = j in Eqs. (6) 
and (11). Using the notations 

8' 
P of = £ Jpj (0 j) cos2 0 j dO j 

8' 
PO,3 = Jlpj(Oj) COS30j dO j 

I 0 

OJ 

P20j = 1 Pj (OJ)sin20 j dO j 
o 

(l2a) 

(l2b) 

(l2c) 

where 8 j denotes the proper limit of integration for OJ, application of the 
operator P on Q~j obtained from Eq. (9) yields the following explicit 
expressions for the three columns of the matrix P[Q~j] : 

(13a) 

P03 (1 - P( 2) 
2 1 

P02 P02 + (l - P(2 ) (l - P(3 ) (l- P(2 ) - (l/8) P201 P202 P20 
1 3 1 2 3 3 
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3.2. Invariant Properties 

Of particular interest are the first invariants fjj and F jj' Recalling that 

L Q~i = 1 and P[1] = 1, from Eq. (11) follows 
i 

fjj = ~ L P[Q~i] fa = L fa P [1:. Q~i] = L fa 
1 a a i a 

(14) 

which shows that fjj is independent of particles' orientation and depends only 
on particles' shape, a property not shared by the other two invariants fijfji 
and fijfjkfki . Defining now the average values F = (1/3)Fjj and 
f = (1/3) fjj = (fa + fb + fc)/3, from Eqs. (6) and (14) follows 

I-n 
F=I+--f 

n 
(15) 

Therefore, F depends only on porosity and particles' shape through f, but not 
orientation. This can provide a unique correlation of F with the n of dilute 
dispersions for a given shape, independent of anisotropy, if electrical measur
ements are performed along 3 perpendicular but otherwise arbitrary directions 
since particles' orientation leaves F invariant. 

3.3. Isotropy 

A dilute dispersion is isotropic if the particles are randomly oriented. 
According to the definition of the Pi(Oi) isotropy implies PI = P3 = 1/2 1r 

and P2 = 1. A substitution of these values and use of Eqs. (6), (9), (10), (11), 
(12) and (13), yields fij = 0, Fij = 0, for i =1= j, and Eq. (15) with Fll = 
F22 = F33 = F and fll = f22 = f33 = f. In other words, the average form 
and formation factors of an anisotropic dilute aggregate are related in exactly 
the same way (Eq. (15» as the form and formation factors of the corresponding 
isotropic aggregate consisting of the same particles and having the same porosity 
as the anisotropic one. 

3.4 Transverse Isotropy 

In most natural deposits or laboratory prepared samples, the soil particles' 
orientation (and contact orientation for dense aggregates) is rotationally 
symmetric with respect to a vertical axis called the axis of transverse isotropy. 
Mechanical properties exhibit transversely isotropic symmetries as a direct 
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reflection of the structural arrangement. In terms of the present formulation 
s.trllctural transverse isotropy is characterized by the values PI = P3 = 1/21r 
while e2 has a variable probability density P2(e2) measuring the degree of 
transverse isotropy. If e = (1r/2) - e2 is the azimuthal angle of the particles 
long axis with the vertical axis, Figure 1, its probability density p(O) can be 
defined from pee) = P2 [(11'/2) - e]. For further reference, the frequency 
function pee) = pee) sin e is introduced and the orientation factor P e is 
defined as 

'fI/2 11/2 

Pe = J pee) sinO cos2 e de = f p(O) cos2 e de 
o 0 

(16) 

where it follows from Eq. (12b) that Pe = 1 - Pe3. The pee) measures the 
number of particles at an angle e over a variation de, and P e' which 
varies from 0 to 1, can be interpreted in terms of 

(17) 

"8 being the average azimuthal angle of particles' orientation. Using the above 
values of the p;s from Eqs. (9), (10), and (11) follows that fij = 0 for 
i =1= j (because P[Qcxi Qcxj] = 0), and Eqs. (12), (13), and (16) yield 

1 1 
Pe -(1-P) 2 e -(1-P) 2 e 

P[Q;d = 
1 1 1 
-(1 - P ) -(1 + Pe) -(1 +Pe) (18) 2 e 4 4 

1 1 1 
-(1-P) -(1+Pe) -(1 +Pe) 2 (J 4 4 

which in conjunction with Eq. (11) gives the principal values of the vertical 
fv = f11 and horizontal fh = f22 = f33 form factors as fpllows 

(l9a) 

(l9b) 
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3.5. Spheroidal Particles 

For the case of prolate spheroids b = c < a or oblate spheroids 
b = c > a, Sb = Sc = S and Sa = 1 - 2S from Eq. (8c). In addition, Scan 
be found in terms of the axial ratio R = b/a since it is possible to integrate now 
the elliptic integrals of (8b). Carrying out these computations, a combined use 
of Eqs. (6), (8a), and (19) yields 

where 

I-n 
Fy = 1 + -- fy, 

n 

1-n 
Fh = 1 + -- fh' 

n 

f = 2S - (3S - 1) P 8 

y 2S(1 - S) 
(20a) 

f, _ S + 1 + (3S - 1) P8 
h - 4S{l - S) 

(20b) 

(21a) 

(21b) 

As R changes from a (need~s) to 00 (laminae) and P8 from a (0 = rr/2, all 
particles horizontal) to 1 (9 = 0, all particles vertical), the variation of fy 
and fh from Eqs. (20), (21) is eloquently shown in Figure 2, [11], where also 
some experimentally calculated values of fy are presented. It follows imme
diately from Eqs. (I9), (20) that 

1 1 3S + 1 
f = -3 (f + 2f ) = - (f + 2f ) = ---y h 3 a b 6S{l _ S) (22) 

which is independent of P8 as expected according to Eq. (14), and F is now 
obtained from Eqs. (IS) and (22). For isotropy p(9) = 1, Eq. (16) yields 
P8 = 1/3 and Eq. (15) is resumed from Eqs. (19) or (20). 

4. The effect of concentration 

As the field interaction increases with concentration, the fjj will depend on 
porosity, gradation, and contacts' orientation in addition to particles' shape 
and orientation. An exact solution to the problem does not exist even for 
the simple case of spherical particles, and different approximate methods for 
isotropic aggregates are summarized in [16]. The most Widely accepted is 
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Figure 2. - Variation of the vertical and horizontal form factors with axial ratio and 
orientation factor for transversely isotropic aggregates ofrpheroids. 

Bruggeman's integration technique [9], which was applied to transversely 
-f -fh 

isotropic sand aggregates [10, 11] yielding F v = n v, F h = n . It was 
found that while the previously derived relations for dilute dispersions under
estimate the measured values of the formation factor in spherical aggregates 
and sand samples, Bruggeman's equations overestimate it and, in addition, 
do not preserve the tensorial character of F ij . 

4.l. The Concentration Tensor 

A novel approach is presented here. For any dense dispersion charac
terized by fjj' a corresponding fictitious dilute dispersion with a statistically 
identical particles' orientation and a form factor fjj can by uniquely defined 
(but not vice-versa). The concept of a fourth order concentration tensor 
Cjjk12 is introduced, function of porosity, gradation, shape, contacts' and 
particles' orientation, such that 

(23) 
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with the properties 

As n - 1 it must fij --+ fij thus 

1 
CijkQ - "2 (l)ikl)jQ + l)iQl)jk) 

(24a) 

(24b) 

The concentration tensor can be interpreted as describing an electrical resistivity 
hardening process as porosity decreases. 

Of particular interest will be a so-called -.!lncoupled process with respect 
to a coordinate system i, j, k, such that each fij is obtained by a different (in 
general) scalar multiplication of the corresponding fij . Analytically this requires 

CijkQ = 0 if i = j, k = 2, i =1= k (2Sa) 

CijkQ = 0 if any index appears an odd number of times (2Sb) 

The cause of such a process can be attributed to the effect of a proper combi
nation of the orientation of particles and contacts on the field interaction. For 
the same reason, a process may be characterized by special symmetries. It 
follows that for isotropic concentration symmetries 

(26) 

and for transversely isotropic concentration symmetries [20], with 1 being the 
axis of transverse isotropy, 

CijkQ = AijkQ = pI) ij I) kQ + q (I) ik I) jQ + 6 iQ I) jk) 

+ r(I)ijl)k1 c5 Q1 + I)kQ6 u l)j1) + s1)U 6j1l)k1 6Q1 

+ t(l)ik 6j1 1)Q1 + 6jk I)UI)Q1 + I)jQ I)u 6k1 + 6 iQ 6j1l)k1) (27) 

The p, q, f, s, t are scalar functions of porosity, gradation, shape and proper 
invariants of the particles' and contacts' orientation. According to Eq. (24b) 
as n - 1, p, r, s, t - 0 and q - 1/2. For uncoupled processes Eq. (2Sa) 
requires p = r = 0 [8] while Eq. (2Sb) is identically satisfied. 

4.2. Particular Cases 

In the following the effect of Eq. (23), with CijkQ given by Eqs. (26) 
and (27), on initially isotropic and transversely isotropic dilute dispersions 
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will be considered. The axes of transverse isotropy (when applicable) for 
both the dilute dispersion and the process will be identical. The abbreviations 
a = p + 2r + 2q + s + 4t, ~ = P + rand r = p + q will be ~sed, and in 
order to avoid repetitions, it can be proved for all cases that fij = 0 when 
i :;!: j . 

A. Isotropic dilute dispersion (f11 = f22 = f33 = fy = fh = f) 

a) Isotropic process (Eq. (26» 

Iy = Ih = (3p + 2q) f 

Uncoupled (p = 0) 

fy = fh = 2qf 

b) Transversely isotroqic process (Eq. (27» 

Iy = (a + 2~) f , Ih = (~ + 2r) f 

Uncoupled (p = r = 0 -- ~ = 0) 

fy = af , fh = 2r f 

B. Transversely isotropic dilute dispersion (f11 = fy, f22 = f33 = fh) 

a) Isotropic process (Eq. (26» 

Iy = (p + 2q) fy + 2pfh , fh = pfy + 2(p + q) fh 

Observe that fy + 2 fh = (3p + 2q) (fy + 2fh) = 3(3p + 2q) f 

Uncoupled (p = 0) 

fy = 2qfy , fh = 2qfh 

b) Transversely isotropic process (Eq. (27» 

fy = afy + 2~fh' Ih = {3fy + 2rfh 

Uncoupled (p = r = 0 - ~ = 0) 

fy = afy , fh = 2rfh 

(28a) 

(28b) 

(29a) 

(29b) 

(30a) 

(30b) 

(31a) 

(3Ib) 

The invariants of particles' or contacts' orientation, associated with 
transversely isotropic symmetries of the dilute dispersion and/or the process, 
can be expressed by means of average azimuthal angles on which the scalar 
quantities of the above equations depend. Of particular interest are Eqs. (29) 
if viewed in relation to the aggregates of spherical particles which, being iso
tropic in the dilute state, develop transversely isotropic symmetries (observe 
~ :;!:~) due to a transversely isotroqic contacts' orientation distribution 
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(orientation of particles has no meaning). This is corroborated by electrical 
measurements which yield Fy i= Fh for packing procedures causing anisotropy 
(plunging, tapping, etc.). 

5. Comparison with experiments 

Measured values of Fy and Fh for saturated sand aggregates prepared by dif
ferent methods at different porosities are shown in Figure 3 (Fy only) and 
Table 1 [13]. Values of F h along perpendicular horizontal directions were 
found equal within 1 % difference, confirming the transversely isotropic 
character of the aggregates. The different values of F y' Figure 3, for the same 
porosity and sand according to the method of preparation, indicate different 
orientation. 

To study this in detail, the expression q = (1/2) n-c is proposed for 
Eq. (30b) in accordance with the general requirements, which together with 
Eqs. (15) and (20) yields 

(32) 

where g stands for v, h or nothing and c is an exponential concentration factor 
function of shape, gradation, and orientation. If R is known, Sand f can be 
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o Pluyiated Ottawa C 109 

0.42 0.44 0.46 

Figure 3. - Change of the vertical formation factor with porosity for various sands and 
methods of placement. 
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computed from Eqs. (21) and (22), and c can be determined from Eq. (32) 
and measured values of F = (Fy + 2Fh)/3. Subsequently fy, Pe and 7f can 
be calculated from Eqs. (32), (20a), and {l7). This is shown in Table 1 for 
Monterey 0 (R = .650, S = .386, f= 1.517) and Sierra Diamond (R_= .562, 
S = .402, f = 1.529) sands. The increasing 'horizontality' shown by 0 in the 
order moist vibrated, moist tamped, pluviated agrees with thin sections studies 
[17, 18, 19]. In [11] histograms of such studies on similar samples (17] were 
used to obtain independently an estimate of Po by the discretized version of 
Eq. (I 6) 

O=l!SO 

Pe = L (Po + P1T-e) cos2 0 (33) 
0== S° 

where PIL is the percent frequency of the long axis orientation. The corres
ponding 0 agree qualitatively with the calculations in Table 1. 

TABLE_I. Measured values of Fy, Fh and calculation of the average azimuthal 
angle 0 for transversely isotropic Pluviated (PI), Moist Tamped (MT) and 
Moist Vibrated (MV) samples of Monterey O(f = 1.517) and Sierra Diamond 
(f = 1.529) sands. 

Sandi Measured Calculated 
Method of Eq.(32) Eq.(32) Eq.(20a) Eq,D7) 
preparation n Fy Fh F c fy Pe 0 

Monterey 0 
PI .380 4.28 4.04 4.12 .240 1.594 .105 71.1 

MT .397 3.87 3.95 3.92 .258 1.489 .419 49.6 
MV .419 3.50 3.74 3.66 .270 1.426 .608 38.7 

Sierra 
Diamond .439 3.48 3.61 3.57 .331 1.478 .453 47.7 

MT 

Finally, Eq. (32) is used to calculate F for isotropic aggregates (Eq. (28b» 
of spherical particles (R = 1, S = 1/3, f = 3/2) using an average c = .128 
(independent of orientation) obtained by curve fitting measured values of F 
[21]. The small error, as shown in Table 2, shows the pertinence of the 
assumption q = (I/2) n-c in relation to concentration effects due to porosity 
decrease. The corresponding formulas of Maxwell F = (3 - n)/2n [14] and 
Bruggeman F = n-1.S [9] give a percent error as high as - 28 and 58 respec
tively. 

. 8 
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TABLE 2. Comparison of measured and calculated values of F for aggregates 
of spherical particles using c = .128 in Eq. (32) 

Porosity Measured Calculated Error 
n F F % 

.40 3.55 3.53 - 0.5 
.35 4.16 4.19 0.6 
.30 5.00 5.08 1.6 
.20 8.30 8.37 0.9 
.10 20.00 19.13 -4.3 

6. Discussion on correlation with mechanical anisotropy 

For any correlation of Fij with mechanical properties, the tacit assumption 
is made that the initial structural characteristics on which F ij depends, deter
mine, to a large extent, the mechanical property of interest. 

There are two ways to use F ij for considering anisotropy. The first is to 
achieve a correlation with a mechanical property that involves a definite direc
tion in the anisotropic granular mass. For example, the cyclic stress ratio re
quired to cause initial liquefaction in 10 cycles involves cycling of the vertical 
principal stress and has been found to be affected by as much as 250 % from 
the particles' and contacts' orientation with respect to the vertical for the same 
sand at the same initial porosity [17]. In [3] a definite correlation was found 
between this ratio and the structural index I = Dr A -7 where Dr is the initial 
relative density, and A = (Fy/Fh)1/2 is the anisotropy index. 

The second way requires first a rigorous mathematical determination of 
all the necessary anisotropic parameters and their variations. For example, 
in [7] it is shown that a generalized Coulomb criterion for transversely isotropic 
sands can be characterized by 3 parameters. For a proper correlation between 
electrical measurements and anisotropic Coulomb failure, F y' F h , or any func
tion of them must be correlated with each one of these parameters. 
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RESUME 

(Le tenseur du facteur de formation en relation avec les caracteristiques de 
structure des sols granulaires anisotropes) 

Le facteur de formation est defini comme la resistance electrique d'une dis
persion de particules non conductrices et non polarisables, normalisee par la 
resistance de la solution. On montre que ce facteur est une quantite tensorielle 
reliee a la porosite et Ie tenseur du facteur de forme, lui-meme fonction de la 
porosite, de Ia grosseur et de la forme des particules, ainsi que de l'orientation 
statistique des particules et de leurs contacts. Cette dependance vis-a-vis de 
l'orientation peut etre utilisee pour caracteriser I'anisotropie de structure des 
sols granUlaires par des mesures electriques. Les tenseurs du facteur de forme 
pour une dispersion dense et Ia dispersion diluee correspondante sont relies par 
un tenseur de concentration. Des comparaisons avec des resultats experimentaux 
sont presentes et les correlations avec les proprietes mecaniques anisotropes 
sont discutees brievement. 
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1. Introduction 

The mechanical behavior of metals has been investigated by many researchers 
since long ago. A large number of experimental works on the plastic behavior 
of metals are found from earlier times. In the initial stage of those studies 
[1], uniaxial behavior of various metals is examined, as related to yield points 
and the Bauschinger effect. From the beginning of the twentieth century 
[10], systematic experiments are conducted on the mechanical behavior of 
metals under combined stress state. These studies have started by the deter
mination of the initial yielding of metals and were followed by the verification 
of the validity of the flow theory and the deformation theory [15, 68] for 
the case of non-proportional loading. A detailed chronological table of research 
on experimental plasticity is given in the article [11] . 

In 1928, Mises [181] generalized the flow theory by the use of a plastic 
potential. After that, the thermodynamic concept of the plastic potential and 
the associated flow rule was proposed by Drucker [185]. These results open 
up a possibility for the completion of the theory of plasticity including the 
anisotropy or the strain history. Many assumptions on the behavior of yield 
surfaces caused by preloadings are proposed [182, 194]. The necessity of the 
verification of those assumptions gives an impetus to experimental works on 
the subsequent yield surfaces after various preloadings. Experimental plasticity 
is strongly affected by the slip theory [193]. The slip theory suggests the 
existence of a corner in the preloading direction of the subsequent yield 
surface. Various experimental confrrming methods have been proposed and 
tried out [157, 166]. From these historical facts, it is found that the expe
rimental plasticity has two objectives. The first objective is to elaborate the 
explicit form of the plastic stress-strain relations or the yield surfaces including 
the anisotropy or the strain history. The second one is to verify the assumption 
of the law of plasticity. 

The purpose of this article is to synthesize the phenomenological research 
results on the plastic behavior of metals under combined stress state. The em
phasis is especially placed on the behavior of yield surfaces caused by preloading 
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or textures anisotropy. The effect of pressure and creep on plastic deformations 
is not treated. Some other articles [2, 14] are reported on the recent research 
progress in the field of the theory of plasticity. 

2. Experimental methods 

There are many experimental methods to obtain a combined stress state. The 
specimens used in combined stress tests are classified into three groups according 
to their shapes: thin-wall specimens, plate specimens, and block specimens. 
The method of subjecting thin-wall specimens to combined axial load, torsion 
and internal pressure (or external pressure) is most favourable as regards the 
uniformity of a combined stress state. In this method, however, it is difficult 
to test plates under combined stress state. Furthermore the thin-wall specimen 
is not easy to produce to a clear tolerance and the cost is high. For these reasons, 
the plate specimens and the block specimens are used for practical combined 
stress testing methods. Figure 1 shows the method of obtaining the combined 
stress state by using plate and block specimens. Figure lea), [69, 75], indicates 
the method of applying tension to a notched or grooved strip. The various 
combined stress states are produced in the groove according to their orienta
tions. Figure l(b), [76, 78], shows the method of loading rhomboidal plates 
of different shapes transversely at the corners of the plate. The combined 
stress state is produced in the central part of the plate by bending. Figure l(c), 
[86, 98], illustrates the method of using strips cut from a prestressed plate 
or a plate haVing an anisotropic texture. Uniaxial tensile tests are conducted 
with those strips. The tensile stress component of a strip specimen is inter
preted as a plane stress state by conSidering the uniaxial tensile component 
as related to the initial direction of prestrain. Figure led), [85], gives an 
example of the method of obtaining a combined stress state from biaxial 
tensions in a cross-shaped specimen. The block type specimens are used 
because of the difficulty of the compression test on plate specimens. Figures 
lee) and (f), [79, 84], indicate the methods of using a block of thick plate 
and a block of cemented thin plates, respectively. The combined stress state 
is obtained by subjecting those blocks to compression and tension. Figure 
leg), [99, 103], is the method of determining the yield surfaces by using the 
Knoop hardness. The Knoop hardness numbers, representing six orientations 
of the indentor (the marks a to f in the figure) with respect to the principal 
directions in Figure leg), are proportional to the stress deviator necessary 
to cause plastic flow in metals. The yield surface in the deviatoric plane can 
be constructed from the Knoop numbers. 
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Figure 1. - Testing methods for combined stress state by using plates and blocks (a)-(g). 
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3. Definition of the yield-point 

The definition of the yield-point affects the experimental results on the 
subsequent yield surfaces. For materials such as mild steel the lower yield 
stress is clearly defmed. For a work-hardening material, however, the yield
point is not clear. Figure 2 shows various definitions of the yield-point used 
for such materials. These are: 

(1) Deviation from linearity, A (proportional limit , LP) ; 
(2) Extrapolation of a tangent to the stress-strain curve to the elastic slope, 

B1, or to the ordinate of stress, B2 (extrapolation method, EP) ; 
(3) Stress point by a small permanent set, C (proof strain or stress) ; 
(4) Contact point of a tangent to the stress-strain curve with a multiple elastic 

slope,D; 
(5) Deviation from proportionality by introducing a backward linear extra-

polation, E. 

The value of the yield point by method (1) decreases when the precision of 
measurement or the size of the coordinate scale are increased. The value is 
greatly influenced by personal subjectivity. On the other hand, to determine 
the yield-point by methods (2) and (4), the specimen has to be deformed by 
a considerable amount of plastic strain. The preloading condition of specimens 
is changed by the process of defining the yield-point. Therefore only one point 
on the yield surface is determined by one specimen. Many specimens of the same 
dimensions and material are necessary. In many experimental works on the 
subsequent yield surfaces, method (3) is adopted. 

The determination of the yield-point in a state of combined stresses is 
carried out on the effective stress-strain curve or the stress-strain curve exhibiting 
the maximum strain component. Strictly speaking, this is a wrong method, 
because an anisotropic effective stress-strain relation should be used to 
determine a yield point of anisotropic materials. But nobody knows the 

r 

Figure 2. - Definition of yield points. 
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anisotropic condition of a materials before the experiment. Therefore one is 
forced to adopt such approximate methods. 

Two cases have to be distinguished in the determination of the yield-point 
at the opposite side from the preloading direction. Referring to Figure 2, one 
method is that in which the yield-point is determined from the completely 
unloaded state to zero stress (the point R in Fig. 2) after preloading. In the 
other method, the yield-point (the point SI in Fig. 2) is determined by the 
deviation from the linearity of the stress-strain curve in subsequent unloading 
after preloading. The yield points in the opposite direction are determined by 
reloading from the partially unloaded state, such as at the point T in Figure 2. 

The yield surfaces in Figure 3 [146] have been determined for the same 
material by using two different definitions of yield points at the opposite side 
to preloading. The results shown in Figure 3(a) were obtained aftet complete 
unloading always contains the origin of the stress space. But for the yield surface 
determined after partially unloading, the origin of the stress space is outside the 
yield surfaces. Only these yield surfaces which after preloading contain the 
complete unloading process, are obtained by the methods in Figures l(a), (c), 
(e), (f) and (g). The difficulty of precise determination of yield points is 
discussed in other articles [10, 37]. In Tables 1-3 are summarized the test 
materials, the shape of specimens, the loading type and the definition of yield 
point used in the experiments on the subsequent yield surfaces. 

CT:lkg/mm2 

Prestrain 
.0% 
o 2 
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o 12 
., 20 

• 30 

(. ) 

40 
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Figure 3. - Subsequent yield surfaces determined from complete unloading state and 
from partial unloading state. 
(a) after complete unloading. (b) after partial unloading. 
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TABLE 1. Experiments on the effect of preloading and anisotropy on yield 
surfaces (for complete unloading) 

Authors Ref. Material Specimen Load Def. yield 

Yoshimura, 114 mild steel OD= 15, AL.TR. x 10-6 

Takenaka, Abe 10= 12 AL.TR. EP 

Iagn, Shishmarev 115 nickel AL. TR. 180 

Naghdi, Essenberg, 116 alumi. alloy ID=0.75" AL.TR. PL 
Koff (24S-T4) WT= 0.075" 

Hu, Bratt 117 alumi. alloy OD=15/8" AL.IP. 
(2S-F) ID= 1" 

McComb 118 alumi. alloy OD=4.5" AL.TR. PL 
(2014-T61) WT=O.l56" 

Mair, Pugh 119 copper ID= 1" AL.TR. EP 103 

WT=0.04" 

Parker, Bassett 120 brass OD = 1.125" IP.TR. EP,PL 
WT=0.0625" 

0.0530" 

Duong 121 alumi., steel AL.TR. 20 

Jenkins 122 zinc alloy OD=0.778" AL.TR. PL 
10=0.6875" IP. 

Miastkowski, 123 brass 10=30 AL.IP. PL,IOO 
Szczepinski WT=1 200x 103 , 

5 X 103 

Miastkowski 125 

Turski 128 brass 10=30 AL.IP. PL,100 
WT=1 200 x 103 , 

5 X 103 

MaIjanovic, 134 brass 10=30 AL.IP. PL,100 
Szczepinski 135 WT=1 200 x 103 , 

5 X 103 

Theocaris, Hazell 77 alumi. plate Bending proof 
(6061-T651) strain 

Duong 124 alumi., coppe AL. TR. 20 

Shiratori, Ikegami 85 brass plate Ten. Ten 200 

Rogan, Shelton 126 steel alloy 10=0.7564" AL.TR. EP 
(En 25) WT=0.027" 

Hayashi, 124 mild steel 10= 30 IP.AL. 500,103 

Kawaguchi, WT= 1.5 1.5 x 103 , 

Fukuda 2 x 103 
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Frederking, 
Sidebottom 

Tozawa, 
Nakamura 

Hecker 

Hecker 

Azuma, Sugimoto 
Saito 

Michino, Findley 

Mehan 

Lee, Backofen 

Lee, Backofen 

Kelly, Hosford 

Oillamore, Hazel, 
Watson, Hadden 

Althoff, Wincierz 

Sawada, Saito 

Shih, Lee 

Zieb, Kuhn, 
Ledworuski 

00: outer diameter 
10: inner diameter 
WT: wall thickness 

129 steel, 10= 1.790" AL.TR. 
copper alloy WT=0.050" IP. 
alumi. alloy 

83 alumi. alloy block Ten. Cop 
brass, steel 

130 alumi., 10=0.9853" AL.IP. 
copper WT=0.04" 

131 alumi., 10 = 0.9853" AL.IP. 
copper WT=0.04" 

132 brass 00=22 AL.IP. 
10= 19 TR. 

133 steel 00=1" AL.IP. 
(SAEI017) WT=0.060" 

153 Zircaloy 00=0.630 AL.IP. 
10=0.550 

79 Ti., Ti. alloy block Ten. 
Cop. 

80 Ti., Ti. alloy block Ten. 
Cop. 

82 Mg alloy, Mg. block Ten. 
Cop. 

154 mild steel, 00=0.75" AL.IP. 
stainless WT=0.04" 
steel 00=0.5" 
magnesium WT=0.015" 

155 copper. 00= 19 AL.IP. 
alumi. WT=0.5±0.0 

156 Zn-22Al 00=33 AL.IP. 
10=30 

82 Zircaroy block Ten. 
Cop. 

75 Ti, brass grooved Ten. 
alumi. alloy plate 

AL: axial load 
TR: torsion 
IP, EP: internal (external) pressure 

207 

25 

20,100, 
500,103 

100,200, 
500,103 

2 x 103 

5,2 x 103 

750 

10- 50 

PL,250, 
500,750 
103 

2x 1'03 ,106 

20 

20 

1%5% 
10% 0.5% 

Plastic 
work 

500,10, 
2 x 103 

2 x 103 

2 x 103 

2 x 103 
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TABLE 2. Experiments on the effect of preloading on yield surfaces (for 
partial unloading). 

Authors 

Ivey 

Bertsch, Findley 

Shishmarev 

William, Svensson 

Smith, Almroth 

William, Svensson 

Shira tori, Ikegami, 
Kaneko 

Michino, Findley 

Shira tori, Ikegami, 
Kaneko, Yoshida, 
Koike 

Shira tori, Ikegami, 
Kaneko 

Shiratori, Ikegami, 
Kaneko, 
Sugibayashi 

Shiratori, Ikegami, 
Kaneko, Takada 

Phillips, Moon 

Moreton, Moffat, 
Hornby 

OD: outer diameter 
10: inner diameter 
WT: wall thickness 

Ref. Material Specimen Load 

136 alumi. alloy OD= 1.080" AL.TR. 
(198) 10= 1.060" 

137 alumi. alloy OD= 1.000" AL.TR. 
(6061-T6) WT=0.03" 

138 mild steel OD= 12 AL.TR. 
WT=O.S 

139 alumi. OD= 1.100" AL.TR. 
( 1l00-F) 10= 1.000" 

140 alumi. alloy OD= 1.06" AL.TR. 
(6061-T6) 10= 1.005" 

141 alumi OD= 1.100" AL.TR. 
(l100-F) 10= 1.000" 

142 brass 10=20 AL.TR. 
WT= 1.5 IP.EP. 

143 stainless st. OD= 1" AL.TR. 
(AISI304L) WT=0.06" 

144 alumi. alloy OD=23 AL.TR. 
(17S) WT= 1.5 

145 brass 10=20 AL. TR. 
WT= 1.5 IP. 

146 brass 10=23 AL. TR. 
WT= 1.5 

148 brass 10=20 Al.TR. 
WT= 1.5 

149 alumi. 10=21/16" AL.TR. 
(1100-0) WT=O.OSO" 

ISO alloy steel ID = 1.3" AL.IP. 
WT=0.040" EP 

AL: axial load 
TR: torsion 
IP. EP: internal (external) pressure 

Def. yield 

PL. x 10-6 

10 

100,200, 
103,7Sx10 
104 

0, 10,20, 
40, SO, 60. 
80,100, 
200,300 

5 

0, 10,20, 
40, SO, 60, 
80,100, 
200,300 

200,500, 
103,2xl03 
3xl03,104 

10 

200 

200 

200 

200 

PL 

PL 
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TABLE 3. Experiments on the effects of temperature, time and neutron irra
diation on yield surfaces 

Authors Ref. Material Specimen Load Oef. yield 

Phillips 157 
Phillips, Tang 158 
Phillips, Liu, 159 alumi 10= 21/16" AL.TR. PL 
Justusson (1100-0) WT=0.050" «3xl0-6) 

Phillips, Kasper 160 
Phillips, Ricciuti 171 

Brown 162 alumi. 00= 1.000" AL.TR. 102 ,103 

(2024-T81) 10=0.880" (strain rate) 

Tanaka, Ishizaki, 163 alumi. alloy 00=21 AL.TR. 30 
Inoue 10= 19 

Ishizaki, Okabe, 164 steel 00=20 AL. TR. 200 
Tanaka, Inoue (STB 35) 10= 19 

Lebedyev 165 steel, iron AL.IP. 
Novikov alumi. alloy 

Oaneshi, Hawkyard 166 alumi. 00=0.725" AL. TR. 100 
copper 10= 0.625" 

Talypov 167 steel 00=40 AL.IP. 2000 
10= 38.5 

Kumakura, Takeda, 168 steel 00=10 500, 1000 
Konuki 10=8 EP 

Michino, Findley 133 stainless st. 00=1" AL.TR. 10 
(AI SI 304L) WT= 0.06" 

Lindholm,. Yeakley 169 mild steel 10=0.750" AL.TR. upper yield 
WT= 0.025" stress 

Oudderar, Oufty 170 copper 10 = 1.000" AL.TR. 7.5,15 
WT= 0.035" 

0.050" 

4. Factors which influence the yield surface 

On the assumption that the plastic deformation is independent of hydro
static pressure and that the material is incompressible, the behaviour of the 
subsequent yield surface is experimentally investigated as concerns the following 
factors, 

(1) Magnitude and direction of preloading - proportional preloading, 
pre loading along the path with a corner and cyclic pre loading. 
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(2) Anisotropy of textures. 
(3) Temperature effect. 
(4) Time effects: strain ageing, creep strain and strain rate. 
(5) Irradiation by neutrons. 

K. Ikegami 

As to the above factors, the discussions are directed to the following 
points. 

(1) Behavior of yield surfaces: change of the shapes, translation and rotation. 
(2) Features of the shapes of yield surfaces: Bauschinger effect, cross effect, 

existence of the corner and congruency among yield surfaces. 
(3) Normality of the plastic strain incremental vectors to the yield surfaces. 

This is an experimental method to verify the flow rule of plastic strain 
incremental vectors. 

S. Stress spaces used to represent yield surfaces 

These are three stress spaces used to represent yield surfaces. 

(1) Coordinates representing the two or three variable stresses are used in the 
test. 

(2) The deviatoric stress space [104]. 
(3) The deviatoric plane, called the 1f plane, in the principal stress space 

[105,106,110]. 

In the stress space (1), the subsequent yield surfaces show a complicated 
change in their shapes depending on their preloading direction and magnitude. 
It is impossible to establish an exact formula relating the preloading and the 
subsequent yield surface by using such complicated results. The stress space for 
which the change of the subsequent yield surfaces is Simplified would by more 
convenient for formulating the subsequent yield surfaces. In the case of a 
material for which an equivalent stress-strain relation in various proportional 
loadings can be uniquely represented by the stress-strain relation of Mises type 
there are available for this purpose the deviatoric stress space and the deviatoric 
plane, the so called 1f plane. In such stress space, the subsequent yield surfaces 
after proportional loading the materials of Mises type are symmetrical with 
respect to the preloading direction, and the various subsequent yield surfaces 
are congruent after the same amount of preloading in different directions. An 
example is shown in Figure 4, [142]. Several subsequent yield surfaces after 
different proportional loadings are represented in a deviatoric plane. In this 
figure, the various different preloading directions which are given by combined 
stress are adjusted to the direction ~ = O. The symmetry and congruency 
properties of those yield surfaces are observed. The stress space in which such 
symmetry and congruency occur is called an "isotropic stress space". In an 
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Figure 4. - Subsequent yield surfaces re
presented in the deviatoric plane. 
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isotropic stress space, the shapes of subsequent yield surfaces after proprtional 
preloading depend only on the magnitude of preloading, though they depend 
on both the magnitude and direction of preloading in the ordinary stress space . 

When metals are loaded along a path with a corner, for example, along 
the strain path of the inserted Figure in Figure 5, [145], transient phenomena 
arise in their deformations, [104,109,111,112]. This means that the stress 
increment vector does not follow the change of the strain increment vector. 
The lag of coincidence between them occurs. With the increase of plastic 
deformation past a corner, this lag is recovered and stationary plastic hardening 
takes place. During the transient period, just after the corner of a strain path, the 
subsequent yield surface shows complicated changes in its shape. Figure 5 shows 
are example of the change of the subsequent yield surface for the preloading 
along a strain path with a corner of 90 degrees. The subsequent yield surfaces 
which are represented in the deviatoric stress plane indicate complicated changes 
including rotations and translations. The symmetry is difficult to detect. But, 
after some duration of the transient period, the subsequent yield surface, for 
example indicated by circle points, recovers its symmetry. The congruency 

Figure 5. - Subsequent yield surfaces after 
preloading along a path with a corner. 
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between subsequent yield surfaces is also observed, as shown in Figure 6, [145]. 
In this figure, the subsequent yield surface represented by triangular, square 
and circular contours is determined for the preloading along a strain path 
without a corner. On the other hand, the yield surfaces marhed by black 
signs are determined after the transient period for the path with a corner. 
These results are represented in the deviatoric stress plane and their final 
preloading direction coincides with the vertical axis of the stress plane. Such 
recovery of the symmetry and congruency among subsequent yield surfaces is 
considered to be the fading phenomenon of strain history [94, 135]. 

o 6.8S 

b i;;1 \ "2.5% 
90" 

• 4.0A 3.0 90' 

::710~' 
,,~ ~." \0 0.5 

,,:--.,--~ ."" " 
I T' ! 

0.5 0 0.5 
Figure 6. - Congruency among subsequent 
yield surfaces. 

In the case of matherials for which plastic behavior is affected by both 
the second and third invariant of stress, the deviatoric stress plane, or the 
1r plane, is not available to observe such Simplified plastic behavior as the 
symmetry or congruency of subsequent yield surfaces. Some modifications 
are necessary for the deviatoric stress space or the deviatoric plane. Methods 
of such modifications are proposed in other articles, [107,108,111,113]. 

6. Experimentally determined subsequent yield surfaces 

6.1. Effect of preloading by the path of a constant stress ratio 

6.1.1. Subsequent yield surfaces by complete unloading to zero stress state 
after preloading 

Figures 7(a) and (b), [119, 121], show the results under combined axial 
stress and shear stress. The preloadings are given by torsion in Figure 7(a) and 
tension in Figure 7(b). The negative cross l effect is observed in Figure 7(a), 

1 The negative cross effect is the effect of increasing yield stress perpendicular to 
the preloading direction. The positive cross effect is the opposite one. 
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Figure 7. - Subsequent yield surfaces after proportional preloading (a)-(f) (the case of 
complete unloading after preloading). 
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but the cross effect is not clear in Figure 7(b). The distortion of the subsequent 
yield surfaces is prominent in the pre loading direction, but not prominent in 
the opposite direction. 

Figures 7(c), (t), [85,83, 123], show the results under combined biaxial 
stress state. The preloading of Figures 7(c) and (d) is tension and, in Figures 
7(e) and (t), the constant stress paths are used as the pre loading paths. The 
cross effect is observed in Figures 7(c) and (e), and the negative cross effect is 
found in Figures 7(d) and (t). 

The translation of the subsequent yield surfaces is observed in Figures 
7(a) , (t). The normality of the plastic strain incremental vector to the 
subsequent yield surfaces holds good as shown in Figure 7( e). 

6.1.2. Subsequent yield surfaces by partially unloading after preloading 
Figures 8(a) and (b), [139, 142], depict the subsequent yield surfaces 

under combined axial stress and shear stress, i.e., Figure 8(a) for shear 
preloading and Figure 8(b) for tensile preloading. Figure 8(c), [142], is 
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Figure 8. - Subsequent yield surfaces after proportional preloading (aNd) (the case of 
partial unloading after preloading). 
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the subsequent yield surface after tensile preloading, which is determined by 
the biaxial stress state. The subsequent yield surface in Figure 8(d), [142], 
shows the result determined by combined biaxial stresses and shear stress after 
tensile preloading. 

The subsequent yield surfaces bulge in the preloading direction and are 
flattened opposite to the preloading direction. After tensile or shear preloading, 
the subsequent yield surfaces contract with a small amount of preloading and 
then they expand with increase of preloading. The cross effect varies depending 
on the magnitude of preloading. The translations of the subsequent yield 
surfaces are observed in the preloading direction. 

6.2. Subsequent yield surfaces after preloading by the path of variable stress 
ratios 

Figure 9(a), [124], shows the subsequent yield surfaces after preloading by 
increasing the shear stress under constant axial stress from a point in the 
initial yield surface. The results are determined in the stress plane of combined 
axial stress and shear stress. Figure 9(b), [85], shows the result in the biaxial 
stress state. The preloading is given by increasing one stress component of the 
biaxial stresses while keeping the other stress component constant. Those 
results were obtained after complete unloading preceding preloading. The 
subsequent yield surface translates with rotation by preloadings. 
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Figure 9. - Subsequent yield surfaces after preloading along a path of variable stress ratios 
(the case of complete unloading after preloading) (aJ-(b). 

6.3. Subsequent yield surfaces after cyclic preloadings 

Figures IO(a) and (b), [148], show the effect of the amplitude of cyclic plastic 
strain and of the cycle numbers on the subsequent yield surfaces. The cyclic 
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Figure 10. - Subsequent yield surfaces after cyclic preloading (a)-(b) . 

preloading is given after tensile prestrain of magnitude 2.0 %. For large plastic 
strain amplitudes, the negative cross effect and translation of the yield surfaces 
are observed as shown in Figure 10(a). With the increase of cycle numbers, 
the subsequent yield surface expands to the side opposite of the preloading and 
saturates into one shape. The correlated effect of plastic strain amplitude, cyclic 
numbers and magnitude of prestrain on the subsequent yield surfaces is 
complicated, [148]. The fading phenomena during cyclic loading are investigated 
experimentally in other articles [94,134,135,147]. 

6.4. Effectofthe anisotropy of textures 

The yield surfaces are determined for various initially anisotropic materials, 
i.e., zircaloy, [82, 153], titanium and its alloy, [79, 80], ~wm and its 
alloy, [81, 154], cold rolled brass, [85], copper and its alloy, [129, ISS], 
aluminium and its alloy, [83, 129], steel alloy, [154], stainless steel, [154], 
and zinc alloy, [124, 158]. The experimental procedures for determining the 
yield surfaces for those materials are summarized in Table 1. Figures II(a), Cd), 
[153, 78, 82, 83] show some examples of the yield surface for those anisotropic 
materials. 

6.5 . Effectofproofstrains 

Figures 12(a) and (b), [141, 142], show the subsequent yield surfaces after 
tensile and shear preloadings, respectively. Those results are determined from the 
state unloaded partially after preloading. The examples determined from the 
completely unloaded state are shown in Figure 7(a) and (e). The effect of proof 
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Figure 11. ~ Yield surfaces of initially anisotropic materials (a)- (d). 
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strain is more pronounced at the side opposite to the preloading direction than 
in the preloading direction. 

6.6. Temperature effect 

Examples of the initial yield surface for high temperature conditions are shown 
in Figures 13(a) and (b), [158,163], and in Figures 4(g) and (h), [166], the 
corresponding examples are shown for low temperature conditions. The shapes 
are altered isotropically by change of temperature. Figures 13(c) to (h), [158, 
163, 166], exhibit the effects of both preloading and temperature. When the 
temperature rises, the subsequent yield surfaces after preloading are contracted 
isotropica1ly in comparison with those at room temperature. As shown in 
Figures 13(c) to (h), the yield surfaces are translated in the preloading direction 



www.manaraa.com

218 

2 .• 

I , 

I , 

( a ) 

10 
Proof 

!)tram 

x 
c 

== 

K. Ikegami 

8 

10 

2 

( b ) 

Figure 12. - Effect of proof strains on subsequent yield surfaces (0)- (b). 
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Figure 13. - Effect of temperature on subsequent yield surfaces (0)- (h). 
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with the shrinkage of their shapes. The cross effect is not clear, as shown in 
Figures 13(c), (d), (g) and (h). 

6.7. Time effect 

Figure 14(a), [167], and Figures 14(b) and (c), [168], show the effect of strain 
aging over long and short periods, respectively. In Figure 14(a), the yield 
surface after strain aging shows the isotropic expansion of the subsequent 
yield surface after preloading, but, in Figures 14(b) and (c), this expansion is 
not observed. The change of shape is more pronounced in the pre loading 
direction than in the direction perpendicular to the preloading. In a long 
period of strain aging, the recovery of the shape of the yield surface is 
found to be as shown in Figure 14(a). 

Besides these results, there are the reports on the effect of the creep 
strain, [162, 164], and strain rate, [169], on the yield surface. 
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Figure 14. - Effect of aging on subsequent yield surfaces (a)-(c) . 

6.8. Effect of neutron i"adiation 

Figures IS(a) and (b), [170], show the effect of irradiation on the initial yield 
surface and the subsequent yield surface after preloading, respectively. In 
Figure IS(a), the yield surfaces before and after neutron irradiation are 
denoted by CU 1 and CU 2. Figure lS(b) exhibits the subsequent yield surface 
after neutron irradiation and tensile preloading. The subsequent yield surface 
contracts and translates in the preloading direction. 
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Figure 15. - Effect of neutron i"adiation on subsequent yield surfaces (a)-(b). 

7. Experimental methods for the verification of the comer 1 

221 

The slip theory has suggested the existence of the comer of the subsequent 
yield surface in the preloading direction. The comer is experimentally verified 
by the following methods. 

(1) Determination of yield surfaces 
The existence of the comer is examined by determining the subsequent 

yield surface in some quadrants of the stress space, e.g. [116J, or by determining 
the yield surface in the vicinity of a preloading point with a large number of 
yield points, e.g. [137J. 

(2) Neutral loading 
The elastic or plastic change in strains is examined by carrying out a 

neutral loading test [60J in which the stress state lies in the yield surface 
predicted by the slip theory. 

(3) Measurement of the initial shear coefficients 
In this test, a specimen is deformed to a certain degree by axial load as 

shown in Figure 16. Then the specimen is subjected by combined axial load 
and shear to proportional loading. The initial shear coefficients for such 
loading paths are compared with the values predicted by the slip theory [179J. 

(4) Zig-zag loading (wiggle loading) 
Let us consider the zig-zag loading path A-B-C as shown in Figure 17(a). 

If the yield surface is smooth, the plastic strain increment vector is normal to 
it and the plastic strain increments AB and BC do not oscillate appreciably. 

1 The 'corner' means the convexly distorted part of a yield surface. In this report it 
is used in a wider sense than in the slip theory . . 
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Figure 16. - Investigation of corners by 
initial shear coefficients: 
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Figure 17. - Investigation of corners by zig-zag loadings (a)-(b). 

On the other hand, if the yield surface has a corner, the plastic strain increment 
vector is not necessarily fixed in direction and it lies between the normals on 
each side of the point, [171]. The methods (1) to (3) prove that the yield surface 
mayor may not have a protruded part. It is found by method (4) that the corner 
may be rounded or sharp. Table 4 shows the summary of the experimental 
observations of the corner by both methods (3) and (4). 

8. Hardening rule for yield surfaces 

As to the behavior of yield surfaces by preloading, the following assumptions 
are proposed. 

(1) Perfect plasticity 
The yield surface does not change at all by preloading. 
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TABLE 4. Experiments on the existence of corners in yield surfaces. 

(a) 

Authors Ref. Material Specimen Loading Loading 
type type 

Naghdi, Rowley, 171 alumi. alloy 10=0,75" AL ZG 
Beadle (24S-T4) WT= 0,075" TR 

Orucker, Stockton 172 alumi. alloy 00= 2,200" AL ZG 
(24S-T4) WT=0.100" IP 

Phillips 173 alumi. 00 = 0,850" AL ZG 
175 (2S-O) WT= 0,05" TR 

Bertsch, Findley 137 alumi. alloy 00= 1.000" AL ZG 
(6061-T6) WT= 0.03" TR 

Paul, Chen, Lee 175 alumi. alloy 00= 0.90" AL ZG 
(24S-T4) 10=0.75" TR 

Mair 176 copper 00= 1.00" AL ZG 
alumi. alloy WT=0.04" TR 
alumi. IP 

Shiratori, Ikegami 85 brass plate Ten ZG 
Ten 

Hecker 177 alumi. 10 = 0.9853" ZG 
copper WT=0.040" 

Michno, Findley 133 stainless st. 00= I" AL ZG 
(AISL 304L) WT= 0.06" TR 

ZG: zig-zag loading path 
(b) 

Authors Ref. Material Specimen Loading Loading 
type type 

Peters, Oow, 178 alumi. alloy 00=3.75" AL VS 
Batdorf (l4S-T4) 10=3.50 TR 

Budiansky, Oow, 179 alumi. alloy 00=4.5" AL VS 
Peters, Shepherd (l4S-T4) WT=0.156" TR 

Naghdi, Rowley 180 alumi. alloy 10=0.75" AL VS 
(24S-T4) WT=0.076" TR 

Naghdi, Essenberg, 116 alumi. alloy 10= 0.75 AL VS 
Koff (24S-T4) WT=0.075" TR 

VS: torsion after axial loading 

Existence of corner 

positive 00: outer diameter AL: axial loading 
TR: torsion negative 10: inner diameter 

occasionally positive WT: wall thickness IP: internal pressure 

223 

Corner 

Corner 
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(2) Isotropic hardening, [182, 184] 
The yield surface expands isotropically by preloading. This assumption 

is used in the flow theory and the deformation theory. 

(3) Kinematic hardening, [211,218] 
The yield surface is translated in the preloading direction. Many kinematic 

hardening rules are proposed. 

(4) Formation of corners (piecewise linear hardening), (193, 210] 
The yield surface is assumed to consist of several straight lines, such as 

in the Tresca condition, and in the yield condition predicted by the slip theory. 
The composite model valid for the combination of the assumptions 

(1)-(4) are described in [119, 126]. On the plastic potential surface, in cyclic 
loading or in unstable behavior, concepts of the loading surface are proposed 
in [186,192]. 

Figure 18, [263], shows the comparison of stress-strain relations in loading 
along stress paths with a corner. The stress paths are indicated in Figure 18(a). 
Those experiments were conducted under combined axial stress and shear stress 
by using thin-wall specimens of brass. Figures 18(b) and (c) show the equivalent 
stress-strain relations and the strain trajectories, respectively. The solid lines in 
those figures indicate the experimental results. The calculated results, by using 
a kinematic model of the Prager-Ziegler type, are shown by dotted lines. This 
model gives good results in the case of a smaller corner angle. But, for a large 
corner angle, the discrepancy between experimental results and calculated results 
becomes pronounced. This fact suggests that this kinematic model is suitable 
only for the case of the loading paths whose directions do not greatly change. 

9. Anisotrop'ic yield conditions 

To obtain the explicit form of subsequent yield surfaces, one needs to take 
into consideration many yield conditions including the anisotropy, [243, 251], 
or the strain history, [227, 242]. The following difficulties arise in adapting 
those tranditional yield conditions to the calculation of stress-strain relations in 
the plastic range. 
(1) The shape of the subsequent yield surfaces 

Most of the traditional yield conditions are derived from the quadratic 
equation of stress components. However, as shown in Figure 7, the subsequent 
yield surfaces experimentally determined after proportional preloading have the 
convex part in the preloading direction and the flat part in the opposite 
direction. Their shapes are similar to an egg-shape, when they are represented in 
the stress space. Such characteristic shape of subsequent yield surfaces cannot be 
represented by the yield conditions derived from the quadratic equations of 
stress components. 
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Figure 18. - Comparison of stress-strain relations between calculated results by Prager
Ziegler's model and experimental results. 
(a) Stress paths with a comer 
(b) Equivalent stress-strain relations 
(c) Strain trajectories. 

(2) Dependency of anisotropic parameters on preloading 
In the ordinary stress space, the subsequent yield surfaces show a 

complicated change in their shape depending on both the magnitude and 
direction of preloading. When the anisotropic parameters contained in aniso
tropic yield conditions are determined by using such complicated changed 
results of the subsequent yield surfaces, the values of anisotropic parameters 
depend also in a complex manner on both the magnitude and direction of the 
preloading. It is impossible to establish a general relation between the values 
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of the anisotropic parameters and the preloadings. The set of anisotropic 
parameters have to be determined for each preloading case. 

(3) Calculation of the values of anisotropic parameters 
In several anisotropic yield conditions, the anisotropic parameters are 

contained in their quadratic forms. It is difficult to fit such yield conditions to 
experimental results and to calculate the values of anisotropic parameters. 
Some trial and error methods are necessary to settle the values of anisotropic 
parameters. 

(4) Initial yielding 
Most of the traditional anisotropic yield conditions are reduced to the 

Mises condition by substituting certain specific values for the anisotropic 
parameters or by putting the values of prestrain equal to zero. This means that 
the Mises condition is used as the initial yielding in most traditional anisotropic 
yield conditions. Therefore such anisotropic yield conditions cannot apply to 
the yielding behavior of materials whose initial yielding obeys, for example, the 
Tresca condition. 

(5) Application to complex loading 
The subsequent yield surfaces sh.ow complicated changes in their shapes 

in the case of such complex loading as cyclic loading or loading along the path 
with a comer. Examples can be seen in Figures 5 and 10. Those results imply 
that the yield condition and its hardening rules vary in a complicated manner for 
such complex loadings [252, 257]. It is difficult to correlate the change of 
yield conditions with the complex loading process. 

10. Multi-loading surfaces 

To reduce the difficulties in applying the traditional yield conditions, as 
mentioned in the previous section, the method of using multi-loading surfaces 
has been proposed for the calculation of the stress-strain relation, [258, 265]. 
The multi-loading surfaces are defmed by the stress locus in which materials 
have the same work-hardening variables. The magnitude of the plastic strain 
values or the tangent modulus of the stress-strain curves are used as the work
hardening variables. One method, by using the multi-loading surfaces, [263, 
265], is briefly explained as follows. 

(1) Derivation of the isotropic stress and strain spaces 
In the ordinary stress space, the shapes of loading surfaces show also 

complicated changes in a similar manner as subsequent yield surfaces. To 
simplify such complicated behavior, one needs an isotropic stress space with 
symmetry and congruency among the loading surfaces. 
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(2) Formulation of the multi-loading surfaces 
An equation in the fourth powers of the stress components is used to 

represent the loading surfaces. The loading surfaces of Mises type materials 
are represented by a set of surfaces whose shapes vary from egg-shape to 
circle with the increase of subsequent preloading. 

(3) Calculation of the plastic strain increment vector or the stress vector 
The plastic strain increment vector for a given stress path can be cal

culated by applying the flow rule to the loading surface at each intersection 
between a given stress path and a loading surface. The stress increment vector 
for a given strain path can be obtained by finding the stress point of each 
loading surface at which the plastic strain increment vector has a given direction. 

Though a loading path changes its direction during the deformation 
process, if the change does not contain an unloading process, only a slight 
change will occurr in the shape of the loading surface. On the other hand, 
the subsequent yield surfaces are sensitive to changes of the loading path. 
(see e.g. Figure 7 in the article [264]). This simple property of the multi
loading surfaces reduces the complicated procedure to the calculation of the 
stress-strain relations. 

Figure 19, [265], shows an example of the multi-loading surfaces, 
denoted by f, in mechanical ratcheting tests of a thin-wall tube. This expe-

CT d = 6. SSkg mm 2 
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Figure 19. - Multi-loading surfaces during ratcheting loading. 
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riment is conducted under combined steady internal pressure and cyclic axial 
load. The results are represented in the isotropic stress space. The chain line 
in Figure 19, [265], indicates the stress path during a half cycle of ratcheting. 
The arrow points in the direction of the strain increment vectors which arise 
at the intersections between the multi-loading surfaces and the stress path. 

Figure 20, [265], shows an example of ratcheting strain behavior. In 
this ftgure, two different experimental results are represented in an isotropic 
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by the multi-loading surfaces and 
experimental results. 
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strain plane. One is the result of combined steady axial load and cyclic torsion. 
The other is the result of combined steady torsion and cyclic axial load. The 
vertical and horizontal lines of Figure 20 correspond to the ratcheting and 
steady strain, respectively. The solid line indicates the results calculated by 
using the multi-loading surfaces. The calculated results predict correctly the 
ratcheting behavior. Moreover, two different ratcheting behaviors can be 
uniquely represented in the isotropic strain plane. 

11. Conclusions 

The experimental and theoretical investigations of plastic behavior under 
combined stress state are reviewed from the phenomenological point of view. 
The emphasis is placed on the research results on yield surfaces. Much research 
has been done in this field, but, to complete the theory of plasticity, more 
extensive and systematic studies are needed as concerns cyclic plasticity, and 
viscoplasticity including time and temperature effects. 

Recently, some theories of plasticity without yield surfaces were pro
posed, using the tensor theory, [104], the functional theory, [266], the hypo
elasticity theory, [267], and the endochronic theory, [268]. One of the most 
interesting research projects in experimental plasticity is to examine the validity 
of those new theories. 
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RESUME 

(Sur l'anisotropie des metaux en plasticite experimentale). 

Les etudes phenomenologiques sur la plasticite des metaux sont passees en 
revue. L'accent est mis sur Ie comportement plastique sous des etats de 
contraintes combinees. Differentes methodes d'essais permettant d'obtenir 
des conditions de contraintes combinees sont presentees. La definition des 
points d'ecoulement est discutee en relation avec la determination des sur
faces d'ecoulement. On donne quelques resultats experimentaux pour la de
termination des surfaces d'ecoulement, en liaison avec les effets dus a la pre
charge, l'anisotropie de texture, la temperature, Ie temps et l'irradiation par 
neutrons. Les differentes methodes experimentales pour la verification de 
l'existence d'un coin sur les surfaces d'ecoulement sont examinees. Les dif
ficultes qui apparaissent pour l'ajustage des conditions d'ecoulement tradi
tionnels aux resultats experimentaux sur les surfaces d'ecoulement successives 
sont soulignees. Pour reduire ces difficultes, une methode utilisant un ensemble 
de surfaces de charges multiples est introduite. En conclusion, les objectifs 
futurs de la plasticite experimentale sont evoques. 
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1. Statement of the problem 

The aim of this paper is to propose an extension of the Baltov-Sawczuk ani
sotropic hardening rule [2] to the case of nonlinear hardening and strain rate 
sensitivity. Strain rates of the order 10-5 S-1 to 10-1 s-1 are considered. 
The processes are quasi~ynamic at such strain rates and the wave and inertia 
effects may be neglected. The considered metals change their plastic behaviour 
according to the strain rate but their visco-plastic properties bring negligible 
effects. The proposed hardening rule may have application in the cases when 
elements which had undergone metal forming plastic processes are subjected 
during their exploatation to loadings with different strain rates. 

The preliminary plastic fOrming process causes internal structural 
changes which are rate dependent. During the actual deformation process, 
the internal structure changes again, depending on the actual strain rate and 
plastic deformation as well as on the preliminary plastic deformation and 
strain rate. These structural changes manifest in two effects: in the volume 
average change and in appearance of micrononhomogeneous stresses and 
strains. On the macrolevel the first effect leads to isotropic hardening, the 
second one to the deformational anisotropy of the plastic properties. Residual 
plastic and elastic microstrains are obtained after unloading and the crystals 
tend to reach their origin state. This causes a rapid microstress relaxation. On 
the macrolevel the same effect leads to a difference in the mechanical behaviour 
of the material at instantaneous and durable processes (see sec. 3). Similar 
problems are considered in different aspects in [1,3,5,8,9,12,14, etc.]. 

2. Basic assumptions 

The model of a rate sensitive quasidynamicaUy deformable plastic material 
is based on the following assumptions: 
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a) The strain tensor and its rate consist of an elastic and a plastic part, 

- e + p . _·e +.p (.. - 1 2 3) 
€ij - €ij €ij' € ij - €ij €ij , 1, J - , , 

where a dot denotes differentiation with respect to time. 

b) The Hooke law is valid for the elastic part of the strain tensor, 

aij = Eijkl2 €~l2' (i, j , k , £ = 1,2,3) 

where Eijkl2 is the elastic moduli tensor and aij is the stress tensor. 

c) The material is plastically incompressible, 

p 0 .p - 0 
€kk = , €kk - . 

(1) 

(2) 

(3) 

d) A yield condition F = 0 exists, and it depends on the stress tensor aij' 

the microstress tensor atj, the average intensity of the preliminary strain rate 
~h' the intensity of the preliminary plastic deformation 1h' the intensity of the 
actual strain rate 13 and the intensity of the actual plastic deformation 'Y, 

(4) 

where 

(5) 

r= 

Oij is the Kroneker delta and (to' tf ) is the time interval in which the pre
liminary deformation process took place. 

The yield condition (4) is specified in the form 

(6) 

where 

(7) 
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Mijkl2 may describe initial anisotropic plastic properties of the material, 
according to Olszak and Urbanowski [11]. In the case of initially plastically 
isotropic material one has 

I 
Mijkll = I ijkll = "2 (Oill 0jk + 0jll 0ik)· (8) 

In (7), r* is the isotropic yield point which is to be determined in two
dimension~l experiments (see sec. 4). aU is the active stress tensor [4]. 

The separate consideration of the influence of ~,'Yh and i3, 'Y enables 
one to take into account the influence of the history of plastic deformation 
and strain rate, as well as the effect of this influence on the actual deforma
tion process. In the particular case when A = const, r* = const and 
s~ = C e~, C = const, the condition (6) yields the Baltov-§awczuk aniso-

IJ IJ 
tropic hardening rule [2]. 

e) The microstress deviator s~ is treated as an internal state variable, connected 
with the micrononhomogeneous stresses and strains, caused by the plastic 
deformation. The following equation of evolution is assumed: 

(9) 

Here L, Bijkll : Rijkl2 ' Q, TUkl2 depend on i3h , 'Yh , i3 and 'Y. If the strain rate 
is constant, i3 = o. As indicated by experimental results, it may be often 
assumed that Bijkll , ~jkll and Tijkll are isotropic tensors, i.e. Bijkll = BIijkll , 
Rijkll = RIijkll , Tijkll = Tlijkll . In the case of an instanteneous deformation, 
viscous behaviour cannot take place because of short duration. Hence the 
terms in (9) containing Land Tijkll may be neglected. Then 

(0) 

If no realoading takes place after unloading, Eq. (9) assumes the form: 

·1l+L Il-T P Sjj 'Y Sij - ijkll ekll . 01 ) 

f) The plastic strain rate is given by the flow law associated with the yield 
condition (6): 

\ 
.f aF . < 0, I F < 0 or F = 0, -- a kll = 0, 

. aF . aakll 

e~ = A aa .. ' A= I. aF. (2) 
IJ > 0 , If F = 0, -- 0kll > 0 . aOkll 

X > 0 results from the condition that F = O. 
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g) The plastic strain causes on the micro level a nonhomogeneous stress and 
strain state. Consider a small characteristic volume V in the neighbourhood 
of the body point x. At each point x'EV there exist a stress a;j(x,x',t) 
and a strain €;j(x,x ' , t). We define the tensors of average stress and strain 
a;j(x,t) and €Jj(x,t), as well as the deviations from them aij(x, x', t) 
and €ij(x, x', t), by 

aij = ~ f a;j dV, J aij dV = 0, 
V v V 

€ij = ~ ~ €;j dV, Iv €ij dV = 0 . 

(13) 

We consider the metal as a composite consisting of two components, namely 
a phase (a), the crystal grains, and the phase (b), the boundaries [4]. The 
average phase tensors Gtj(a)(x, t) and €Jj(a)(x, t), as well as their deviations 
aij(a) (x , t) and €ij(a) (x , t), (0:::1 a, b) are 

where Va is the volume of the phase 0:(0: = a,b). Then {}a = ~a, 
{}a + {}b = 1. 

Moreover we defme the second order deviation tensors aij(a)(x, x' , t) 
and €ij(a) (x , x' ,t) as follows: 

aij = aij(a) + aij(a) , ja aij(a) dV = 0, 

€ij = €ij(a) + €ij(a)' 1, €ij(a) dV = O. 
va 

(15) 

We introduce further the microstress tensor a~ on the macrolevel and 
the phase microstress tensor af;(a) on the microlevel, using the following 
interpretation resulting from energy considerations: 

w = ~ £ a;j e;j dV = Ojj ifj + W* 
. * -.Q. • .Q. • • ** W - Va aij(a) €ij(a) + vb aij(b) €ij(b) + W (16) 

W· * - j.I":" W· ** -.Q. j.I • +.Q. j.I • - aij €ij , - va aij(a) €ij(a) vb aij(b) €ij(b)' 
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We assume that 

(17) 

w** in (16) may be often neglected. 
We assume that during a preliminary loading process without plastic 

df .. h P-O IJ-O e ha e ormation, I.e. w en €ij - ,Sij - '€ij = €ij' we ve 

(18) 

If both components have equal elastic properties, then €ij(Ol) = O. If not, 
the Reuss model is assumed: 

1 ~a ~b 
Sij = JLe~j' - = - + -, JL = const, 

JL JLa JLb 

1 ~a ~b 
akk = 3K€:k' - = - + -, K = const, 

K Ka Kb 

- _ -(e)O _ (e)O (_ ) 
€ij(Ol) - €ij(Ol)' €ij(Ol) - €ij(Ol) , 0: - a, b (19) 

-(e)O _ e + (e)O 
€ij(Ol) - €ij €ij(Ol) , 

K 
e(e)O - (JL 1) ee €(e)o = ( __ 1) €e 

ij(Ol) - -;;;; - ij' . kk(Ol) K kk 
Ol 

In the case of unloading taking place after a preliminary loading process 
with plastic deformation i.e. when €~j = 0, aij = 0, €~ = €ij -:/= 0, sf; -:/= 0, 
we have 

- _ -r _ -(e)r + -P ~a 
€ij(Ol) - €ij(Ol) - €ij(Ol) €ij(o<) , 'TIa = ~ 

b 
_ J _ (e)r + P 

€ij(Ol) - cij(Ol) - €ij(o<) €ij(o<) , 

e~ = ~a ~~(a) + ~b ~~(b)' (o:=a,b) 
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During a preliminary loading process with plastic deformation when 
IJij =1= 0, €~ =1= 0, €f; =1= 0, s~ =1= 0, we have 

- _ -(e)O -r _ (e)O ..r 
€ij(O!) - €ij(O!) + €ij(O!)' €ij(O!) - €ij(O!) + Cij(O!) , 
- _ -0 -r - _ -0 -r 
IJij - IJij + IJij , IJij(O!) - IJ ij(O!) + IJij(O!) , 

o .J e {} a -0 {}b -0 
IJij(O!) = IJij(O!) + uij(O!)' eij = -;:: Sij(a) + -;;; sij(b)' 

(21) 

-(e)r _ 1 -r -(e)O 1-0 
eij(O!) - Jl.0! Sij(O!)' eij(O!) = Jl.0! s ij(O!) , 

c{e)r __ 1 -r -(e)O __ 1_ -0 
€kk - 3K IJkk(ClI)' €kk(O!) - IJkk(O!)· 

O! 3KO! 

The relation between the volumes of both phases generally changes 
during the plastic deformation, i.e. 71a = 71a (€f;) . 

Considering a preliminary loading process with plastic deformation and 
unloading taking place in the time interval (to' t f ), we integrate the expression 
for W* in (16) and obtain: 

I t[ It! IJ. 'Pd _. ('(e)o +'r )d 
t Sij eij t - t 71a IJjj(a) €jj(a) €jj(a) t . 
o 0 

(22) 

Using this expression one can devise experiments giving a relation between the 
micro and macro effects [4,6]. 

3. One-dimensional stress state 

In order to discuss the proposed model on the basis of some experimental 
results, the one-dimensional stress state will be considered. 

In the case of uniaxial tension, when 
1 

IJll > 0, IJ22 = IJ33 = 0, €~l = e~l > 0, €~2 = €~3 = -"2 €fl 

the yield condition (6) takes the form 

~ (~ _ IJ.) 2 [ ~ (1J.)2 ] _ *)2 4 3 IJ ll s11 1 + 2 A Sl1 - (Tp . (23) 

In the case of isotropic tensors Bijkil , ~jkQ and Tijkil , the evolution equa
tion (9) becomes: 

(24) 
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Figure 1. - Several stages deformation 
process. 

249 

We shall consider a deformation process consisting of several stages, 
Fig. 1: 

a) Preliminary instanteneous deformation with plastic deformation and 
constant strain rate. Then {3h = 0, 'Yh = 0, {3 = {3c = const, ~ = 0, 
e~l(tO)=O, si/to) = 0 in the time interval (to ,t1). Eq.(10)yields 

'J.I- ).p _V3 P 
SI1 - (R'Y + Q ell' 'Y - 2 ell' 

where R = R(J3c ' 'Y), Q = Q(J3c ' 'Y). 

After integrating (25) over the interval (to' t 1) we obtain 

Sil (t1) = sih = C1 (0,0, (3c' 'Ylh) eih ' 

where 'Y Ih = 'Y(t1) , e~h = e~ 1 (t1)· 

b) Elastic unloading in the time interval (t 1 , t 2 ). In that case 

e~1 (t2 ) = e~h' Sil (t2) = sih' 'Y(t2 ) = 'Y lh . 

(25) 

(26) 

c) No realoading exists in the time interval (t2 , t3)' Then all = 0, 
e~l = e~h = const, e~l = 0, 'Y = 'Yh = 'Ylh = const, 'Y = 0, (3h = f3c = const, 
~ = 0, and Eq. (11) takes the form: 

(27) 
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where 
n = f(~e' 1 Ih) e~h = const, m = L(~e' 1 Ih) 11h = const. 

The solution of this equation is 

(28) 

If the time interval (t2' t 3) is large enough, we might assume that the rela
xation process has attenuated and then 

(29) 

d) Secondary instanteneous deformation process with additional plastic 
deformation and constant actual strain rate ~ = ~a = const, ~ = 0, takes 
place in the time interval (t3' ta). In this case Eq. (25) is valid but 

R = R(~e ,1 Ih' ~a' 1) and Q = Q(~e' 11h' ~a' 1). 

Integration of Eq. (25) over the interval (t3 , ta) yields 

where 

If the additional plastiC strain is small as compared with the preliminary one, 
i.e. ere ~ e~h ' then Eq. (30) takes the form 

(31) 

A comparison of the results· obtained for the process under consideration 
and the yield condition (23) leads to the following conclusions: 

If ~h = ~a' the yield point up(t1) is higher than the yield point u; = v'3 r;(t1), associated with an isotropic hardening. This is due to 
sth =1= o. The yield point of the secondary process a!,I (Fig. 1) is lower 
than up(t1), because after the relaxation one has st(3) < Sih. The harden
ing curve from ~I to up(ta) has a different shape as compared to the harden
ing curve belonging to the preliminary process. This is due to the fact that 
sta depends on ~,1 Ih '~Ii and 1 a. Figure 2 shows same experimental 
results. It is seen that the behaviour of the investigated metals is well described 
by the proposed model. 
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Figure 2. - Stress-strain curves before 
and after material prestraining 

1. preliminary process, alluminium 
alloy 

2. secondary process, e~h = 1,92 %, 
alluminium alloy 

3. preliminary process, electrolytic 
copper 

2 3 ulN/cm .10 

20 

15 

10 

5 
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4. secondary process, e~h = 2,5 %, 
electrolytic copper 

oL-~--~--L-+---~----_ 

0,5 1,5 2,5 3,5 E1'/. 

If Ph < Pa , the stress-strain curve of the secondary process is higher 
than the curve mentioned above (the dotted line in Fig. 1). This curve tends 
to the curve corresponding to a preliminary process with Ph = Pa • A similar 
effect occurs in the case of torsion or compression. The experimental results 
confirm the theoretical conclusions [10, 15]. 

4. Two-dimensional stress state 

Let us consider the two-dimensional stress state 

all =1= 0, a22 =1= 0, a l2 =1= 0, a33 = a23 = au = 0 

in order to discuss the developed theoretical model on the basis of experi
mental results. We shall apply the method with plates, according to Szczepinski's 
procedure, developed in the quasidynamical case in [3, 5]. If a preliminary 
plastic deformation efh is realized in the plate in the direction Ox l , at a 
constant strain rate Ph = const, the yield condition (6) takes the form: 

F == R I (a l1 - ail)2 + i (1 + RI) a~2 - Rl a22 (al1 - ail) 

where 
+ a~2 - (7;)2 = 0 (32) 
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Since, according to the experimental method, a one-dimensional stress state 
is realized in different directions of the plate, the Sil is determined by the 
relations given in Sec. 3. 

A number of experiments, following Szczepinski's procedure [13J, 
show that the yield surface is successfully approximated by the yield condi
tion (32) of the proposed model. 

8 

6 

4 

2 

efa% 

O~----~------~------~------~------~~ 
0,1 0,2 0,3 0,4 0,5 

Figure 3. - Material [unction A versus plastic strain. 

efaO/ o 
OL-----~------~------~----~------~~ 

0,1 q2 0,3 Of. 0,5 

Figure 4. - Material [unction S versus plastic strain. 
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The functions A, Sand r; are plotted in Figures 3, 4 and 5, as obtained 
by experiments with aluminium alloy at f3h = f3a and e~h = 1,92 %. An 
approximation of the experimental curves by the method of least square, using 

10 

8 

6 

4 

2 

efa·l • 

0,1 0,3 0,4 0,5 

Figure 5. - Material function r~ versus plastic strain. 

a computer leads to the following expressions for the functions mentioned 
above [7]: 

A = eP [- 0208 106(eP )2.5 + 0 268(eP )1.25 - 0 180 104]-1 la ' . la 'la ,. , 
[cm4/kg2] 

S = 1025(e~)-O.507, [kg/cm2]. 

r; = 760(e~)O.342, [kg/cm2]. 

These approximations describe satisfactorily the experimentally obtained 
fact that at low values of the actual plastic strain, the kinematic hardening 
effect dominates. When e~a increases, the anisotropic hardening effect becomes 
dominating. A further increase of e~a leads to isotropic hardening. 

Figure 6 shows the influence of the parameters f3h and f3a on the 
function r; at era = 0,2 % and at different values of e~ . The experiments 
were made on electrolytic copper. The figure shows the inliuence of the strain 
rate history. 

Figure 7 shows the function S for f3a = f3h = 1,0.10-5 S-1 and 
e~a = 0,02 % in the case of electrolytic copper. It is seen from the figure 
that with increasing e~h' S tends to a constant value. 



www.manaraa.com

254 A. Baltov, N Bontcheva 

10 

8 

-----------2 

4 

2 

eP 0/0 

0 1 
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Figure 6. - Influence of rate of straining on the yield stress 
1. secondary process, ~h = ~a = 1,62.10-2 8-1 

2. secondary process, ~h = 0,83.10-5 8-1 and ~a = 1,62.10-2 8-1: 

SN/mm~02 
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2,5 5,0 10,0 

Figure 7. - Material function S versus preliminary plastic strain for electrolytic copper. 

The experimental method mentioned here may be successfully combined 
with X-ray measurements of the residual elastic microstrains [4, 6]. On the 
basis of Eq. (22), using an X-ray defractometer, we may obtain the residual 
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I t · . t' (e)r d (e)r f t' f (3 d P e as IC rrucros rams ell(a) an e22 (a) as unc IOns 0 h' I'h an e lh · 

This enables to get information about 71a as a function of the plastic defor
mation. 
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RESUME 

(Vne loi d'ecrouissage anisotrope, prenant en compte les deformations plas
tiques et les vitesses de deformation initiales et actuelles) 

Un mod~le pour les materiaux plastiques ecrouissables a comportement non 
lineaire et dependant de la vitesse de deformation est propose. Le critere 
d'ecoulement de Baltov-Sawczuk est developpe de fayon a pouvoir decrire 
Ie comportement de tels materiaux. L'influence de la deformation plastique 
et de la vitesse de deformation initiales et celIe de la deformation plastique 
et de la vitesse de deformation actuelles sont considerees separement. Le 
modele est applicable pour la description des processus technologiques de 
formage plastique des elements structuraux, suivis de processus d'exploita
tion secondaire. Les possibilites du modele dans les cas particuliers des etats 
de contrainte mono- et bi- dimensionnels sont discutees. Les resultats d'une 
serie d 'essais sont analyses. 
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1. Introduction 

Commercially obtained industrial metallic materials are generally subjected 
to many processes of workings and heat treatments, and they show various 
initial anisotropies. The anisotroqic theories [1, 2, 4, 5,7] for initially isotropic 
materials which have succeeded, in some degree, in describing the subsequent 
plastic behaviours of the materials after various prestrainings cannot easily be 
applied to those initially anisotropic materials, as the required information 
on the type and amount of the prestrain previously given to the materials 
during their manufacturing processes is generally not given to the users. 
Hence, the authors try to derive an anisotropic theory of plasticity for an 
initially anisotroqic material by experimentally studying stress-strain relations 
of commercially obtained metals in the reloading stages after various pre
loadings. The reloading stage is assumed to be divided into three regions, 
namely, elastic region, transitional hardening region and steady hardening 
region. Strain hardening characteristic is formulated for each of these regions. 

2. Experiment 

Three kinds of material as received are used without any additional heat 
treatment. 

(1) Steel tube JIS 1 G3454 STPG 42 
(2) Brass rod JIS H3422 BsBM 2 
(3) AI-alloy rod JIS H4163 A2B2 H(5056). 

1 Japanese Industrial Standard. 
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Tubular specimens are made by machining. Dimensions of the specimens 
are as follows: 

(1) for mild steel, 

di = inner diameter of the tube = 27.0 ± 0.02 mm, 
t = thickness of the tube = 1.5 ± 0.02 mm, 
Qp = length of the parallel part of tube = 50 mm. 

(2) for brass and AI-alloy, 

d i = 18.0 ± 0.02 mm, 
t = 1.2 mm (for internal pressure), 

= 2.0 mm (for axial load and torsion), 
Qp = 50mm. 

A multi axial combined stress testing machine [6] is used for the experi
ment. Stress-strain relations were measured for various prestraining and reloading 
paths. They are represented by means of the effective stress and effective strain 
of Mises type which are given by the equations 

(1) 

where 0x(= 0 1 ), Oy, OXy(= 0 3 ) and €x(= €1)' €y, €Xy(= €3) are longitudinal, 
circumferential and torsional components of true stress and true (logarithmic) 
plastic strain, respectively. Some stress-strain curves in proportional loadings 
of combined axial load (tension or compression), internal pressure and torsion 
are shown in Figure 1 and Figure 2, respectively, for brass, Al-alloy, and steel 
as received. It is found from these figures that the materials have some initial 
anisotropies. Initial stress-strain curves before prestraining can be represented 
well by the equation 

n· 
0eq,i = ai(~i + €eq) 1 (i = 1,3,8) (2) 

where the subscript i designates the loading direction. Values of material cons
tants a, ~, n are shown in Table 1. The values for an arbitrary 8 can be related 
to those for tension and torsion by the following equation: 

(3) 

Stress-strain curves calculated by means of Eq. (2) are shown in Figures 1 and 2. 
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Figure 2. - Stress-strain curves of mild steel in loading along the stress path illustrated 
in the figure. 

TABLE 1. Coefficients in the approximate equation of the initial stress-strain 
curve. 

Mild Sleel Brass Al alloy 

Tensioo Tors,on Int.pres. Te-ns;on Tor Sion Int,pres. Tension Tor SIon Int. pres 

r:f, 7~.4 65.9 51,3 1 21,6 73.3 103.9 592 40.3 

f3 - 0.0131 -0,010 3 -0,0212 0,0753 0,0469 0.0524 00063 -0.0300 

n 0,184 OJ ~5 0.1 21 0.720 0.520 0.623 0.205 0.090 

10 
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A typical loading process used in the experiment is composed of the 
following five stages: 

(1) First prestrain the specimen to eI (= 0.04,0.08,0.16,0.24) by tension. 
(2) Then completely unload the specimen and leave it in this unloaded state 

for about twenty hours at room temperature. 
(3) Apply to the specimen the second prestrain ell (= 0.005,0.02,0.04,0.08, 

0.16) by torsion. 
(4) Completely unload and leave the specimen in the same way as in stage (2). 
(5) Finally reload the specimen in four directions in the stress space by tension, 

compression and torsion (in positive or negative direction). 

Stress-strain relations during these stages were measured. The yield surface 
which defmes the fully elastic region at reloading stage was determined as a locus 
of the 0.02 % effective proo(stress points. 

Some of the experimental results are shown in Figures 2 and 3. Figure 2 
shows effective stress-effective strain curves of mild steel in loading along the 
stress path illustrated in the figure. The abscissa is the total length er of the 
prestrain path. Thin lines are initial stress-strain curves. It is found from this 
figure that the stress-strain curve during reloading in a certain loading direction 
after various prestrainings lies beneath the initial stress-strain curve in the same 
loading direction, and that the former becomes parallel to the latter with the 
increase of plastic deformation. Figure 3 shows some yield loci after prestraining 
along prestress paths illustrated in the figure. It is found from this figure that 
the yield locus after prestraining of a complex loading path moves along the 
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Figure 3. - Subsequent yield loci after prestraining along prestress paths illustrated in 
the figure. 
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latest preloading direction and has no nose, unlike in the case of simple pres
training of the initially isotropic material. 

3. Formulation of the strain hardening characteristic 

3.1. Division of the reloading stage 

The reloading stage after a complex prestraining can be divided into 
three regions, namely, elastic region, transitional hardening region and steady 
hardening region. Figure 4 illustrates this division in the case where the specimen 
is reloaded in the direction f) in the stress-plane (aJ ,an) after it was first 
prestrained in the direction aJ. The curves a~ (ell) and ae(e) in Figure 4(a) 
represent the stress-strain curve in .this case and the transitional hardening part 
of the stress-strain curve in the case where the first prest raining direction 
coincides with the reloading direction, respectively. The yield point a~ 0 in 
Figure 4(a) corresponds to the intersection of the reloading path and the 
actual yield locus F, after prestraining in the direction aJ' as shown in Figure 
4(b). Point ST, the point of contact of reloading stress-strain curve af (ell) with 
a parallel line to the stress-strain curve ae(e), corresponds to the intersection of 
the reloading path and the boundary curve H between transitional and steady 
hardening regions. Point a~ 1 ' the intersection of the ordinate and the tangent 
line to a~ (ell) which is parallel to ae(e), corresponds to the intersection of the 
reloading path and the rigid-plastic yield locus G after prestraining. Assuming 
that the reloading stress-strain curve is parallel to ao (e) in the steady hardening 
region, the reloading stress-strain relation for any f) is completely determined by 
three closed curves F, G, H and the characteristic of the transional hardening 

a.(£) 

a;.u:)., 
a~ t -- -- 0:(£') Steady hardening region 

TranSitional hardening region 

a~ Yield point 

o c' 

(a> (b> 

Figure 4. - Division of the reloading stage. 
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part o~ (~I). As the boundary curve H can be determined by the magnitude 
of the transitional strain Pd' Pd is formulated instead of H. 

3.2. Elastic limit curve (yield locus F) 

Figure 5 shows some yield loci after multi-prestraining to nearly equal 
effective strain value, which are obtained by rotating them so that their latest 
prestraining directions coincide with the direction of 0 1 in the figure. The 
observed values of the elastic limit can approximately be shown by a single 
closed curve, namely, the full line or dotted line in the figure, independently of 
the prestraining path. The full line is an elliptic approximation, and the dotted 
line is a modified elliptic approximation [3]. The former is sufficient for the 
usual applications. 
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Figure 5. - Elastic region for AI·alloy. 

3.3. Transitional strain Pd 

Our experimental results show that the magnitude of the transitional strain 
Pd of a given material depends mainly on the angle () d between the latest 
preloading and reloading directions, and is nearly independent of the pres
training path. Figure 6 shows the relation between Pd and () d for mild-steel 
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Figure 6. - Magnitude of transitional strain. 

specimens. Table 2 shows the prest raining paths used. The relation can be 
approximately expressed by the equation 

where 

m = 2, ~ = 3.4 for mild steel, 

m = 1, ~ = 4.4 for brass and AI-alloy. 

0 
[!] 

[.;jJ 

0 
0 
A 
'fl 
0 
8 
() 

6-
\l 

TABLE 2. Preloading path in Figures 6 and 7. 

Loailing Pattern 

CO after TE 

do. 

do. 

RE after W 

TE after co 
RE after TE - W(Ol/03= 1/1) 

RE after CO - W(Ol/03=-1/-1) 

CO after 'TO 

and TE after CO 

and 'TO after TE 

ill after TE 

do. 

TE ; Tensile Loailing 

CO Compressive Loailing 

- ; Conbined Loailing 

E 8 d Pd 

0.04 1800 0.045 

0.08 1800 0.040 

0.12 1800 0.030 

0.04 1800 0.025 

0.04 1800 0.040 

0.08 1800 0.030 

0.06 1800 0.025 

0.04 900 0.012 

0.04 1800 0.040 

0.06 900 0.012 

0.04 90 0 0.008 

0.08 90 0 0.010 

'TO ; Torsional Loailing 

RE ; Reverse Loailing 

1 For 0d = 0, Eq. (4) gives Pd = 0 which is different from the observed value 
Pd = 0.1 x 10-2. The difference may be neglected. 
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3.4. Transitional hardening part 

A transitional hardening part of the reloading stress-strain curve starts at 
the yield point a~o and ends at the point ST. Let X and Y denote the quantities 
representing strain and stress, respectively, on the transitional hardening part, 
and let the values (X, Y) at the start and end points be (0, 0) and (1, 1), 
respectively. 

We have 

(5) 

(6) 

where ~+ 1 denotes the strain occurred during reloading after the j-th 
prestraining. 

The experimental X-V relation for a given material can be approximately 
represented by a single curve, as shown in Figure 7, irrespective of the 
prestraining path (Table 2). The curve is given by the following equation: 
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Figure 7. - Transitional hardening curve 
1.0 for mild steel. 

3.5. Rigid-plastic yield locus after pres training (Cwve G) 

The curve G can be determined experimentally by extrapolating steady 
hardening parts of the reloading stress-strain curves to the ordinate axis, as 
shown in Figure 4(a). The shape of the curve G is found to be approximately 
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represented by an ellipse whose axes in the axial and torsional loading 
directions are denoted by 2A and 2B, respectively, and the distance between 
the centre of the ellipse and the origin of the co-ordinates is indicated as C. 

Observed values of A and B are plotted for the magnitude of total 
prestrain f T , as shown in Figure 8. Thick full and chain lines in the figure are 
the relations for initial tensile and torsional loadings (without prestraining), 
respectively. 

The experimental relations for a simple (mono) prestraining path are very 
similar in shape to the relation for initial loadings. This implies that the 
following equations of a similar type to Eq. (2) can be derived for the values A 
and B in the case of simple prestraining : 

(8) 

(9) 

Here 
S = A, B, i = 1,3,9, M = OI,J3,n. 

Table 3 gives the values of 01, 13 and n for tensile and torsional preloadings. 
Relations calculated from Eqs. (8) and (9) are shown in Figure 8 by thin lines 
with small marks inserted. 

Experimental relations between C and fT are given in Figure 9. The 
following equations are approximately assumed: 

(10) 

(11) 

TABLE 3. Coefficients in the approximate equation (8). 

Mild Steel Brass Al alloy 
Tensior Torsion Tension Torsion Tension Torsion 

c;( 70.6 71.1 112.0 94.9 59.2 50.6 

A /3 -0.0116 -0.0118 0.0702 0.0606 0.0063 -0.0097 
n 0.190 0.189 0.684 0.616 0.205 0.154 
Q( 65.9 61.3 93.0 67.1 52.B 40.3 

B !3 -0.0103 -0.00B9 0.0595 0.0426 -0.0053 -0.030 
n 0.195 0200 0608 0490 0168 0090 
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Figure 9. - Center of the G-ellipse. 

where Sj = A for i = 1, and Sj = B for i = 3. Full and dotted lines in Figure 9 
show the relations calculated by means of Eq. (10) for tensile and torsional 
preloadings, respectively. 

Now examine the changing of A and B during the progress of the second 
prestrain in the case of double-prestraining. Blackened triangular marks in 
Figure 8 correspond to the case, where the second prestrain by torsion is 
applied after tensile prestraining. The values of A and B are found to gradually 
approach, as the torsional strain increases, the chain line which corresponds 
to the torsional simple prestraining. 

Assume that S81 (E) and S82 (E) in Figure 10 are the relations between 
S( = A, B) and ET for simple prestrainings in direction () 1 and () 2' respectively. 
Then the S - ET relation for the second prestrain eII in the direction () 2 after 



www.manaraa.com

Plastic Behaviours of Initially Anisotropic Metals 

Figure 10. - Values of S (=A,B) after 
multi-prestraining. 

267 

5e,(£) 

the first prestrain ~ in the direction (J 1 will schematically be represented by 
the dotted line in the Figure. The equation of this dotted line is assumed to be 
of the form 

(12) 

with variable material constants (l2, (3S2 and nS2 , depending on the value ell . 

In order to satisfy the conditions 

SII(e)=eo 1 (e) at e=eI 

and 
SII(e) = e02 (e) at e = eI + ell, 

these material constants were assumed to be given by the relation 

II 
MS2 = MS(} 11 + e (MS 1 S 1 ) ( (3) elI (}2 - MOl' M = ex, ,n, (3) 

(14) 

(1S) 

S· 
and M/ denotes the coefficients a, {3, n in the equation for S after j-th pre-
straining in the direction (J j. Hence simple prestraining corresponds to 
the case j = 1. eII denotes the strain increment in the second prestraining 
beyond which plastic anisotropy due to the ftrst prestraining vanishes. The 
dependence of ell on the value of ~ was derived from Eqs. (12) and (13) 
with the experimental data of the B value, and the result is shown in Figure 11. 
The result is approximately expressed by the equation 

(16) 
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where the value of [j is 0.21 for mild steel, 0.41 for brass, and 0.54 for Al
Alloy. Results calculated from Eqs. (12) to (16) are shown in Figure 8, by 
the thin lines marked with small black marks. A pretty good agreement is 
observed between the calculation and the experiment. 

The center of the G-ellipse lies approximately in the latest preloading 
direction for a range of not too small prestrain. Hence, the value of C 
for double.prestraining may be assumed to be equal to the value of C for 
simple prestraining in the same direction as that of the latest preloading and 
of the same total prestrain as that in the double-prestraining. Applicability of 
this assumption is confirmed, in Figure 9, by comparing the values of C 
(black mark) for double prestraining with those for simple prestraining. 

Finally, the G-ellipse determined by the above-mentioned method 
must be magnified or reduced, so that the latest prestress point will lie on the 
ellipse. 

This method of determining the G-ellipse can be extended easily beyond 
the double-prestraining. The thick line in Figure 2 shows the calculated stress
strain relation for the multi-preloading path represented in the insert, which 
gives a good approximation to the actual relation. 

4. Determination of the material constants necessary for the calculation 

The material constants necessary for calculating the stress-strain relation 
of an initially anisotropic material in reloading after a certain multi-preloading 
are as follows: 
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(1) Constants ai' {3i and ~ in Eq. (2) for tensile and torsional stress-strain 
relations; 

(2) Constants Ae , Be and Ce in the following equation of an F-curve: 

(3) Constants ~ and m in Eq. (4) for the transitional strain Pd ; 
(4) Constants ~,f3T and n~ in Eq. (8) for the major and minor axes of the 

G-ellipse for tensile and torsional prestrainings ; 
(5) Constant 6 in Eq. (l6) for eII . 

At least the follOWing six tests on tubular specimens are necessary for 
detemination of these constants: 

(1) Tensile loading test (to strain as large as possible) ; 
(2) Torsional loading test (to strain as large as possible); 
(3) Tensile loading to the strain of practical concern. After completely un

loading, torsional and tensile loadings (to €3 ~ €l ~ 2.0 x 10-4 ). Then, 
compressive loading (to €l < - 5 x 10-2). 

(4) Torsional loading (to €3 ~ €l in test (3». After completely unloading, ten
sile and torsional loadings (to €l ~ €3 ~ 2.0 x 10-4). Then, torsional 
loading in the opposite direction (to €3 < - 5 x 10-2 ). 

(5) Tensile loading (to nearly the same strain €l as in test (3». Atter 
completely unloading, torsional loading (to €3 ~ €1/2). Then, torsional 
loading in the opposite direction (to E3 < - 5 x 10-2 ). 

(6) Torsional loading (to €3 ~ El in test (3». After completely unloading, 
tensile loading (to El ~ E3/2). Then, compressive loading (to 
El < - 5 x 10-2 ). 

5. Conclusion 

Stress-strain curves for initially anisotropic metals in reloading after multi
prestrainings under combined axial load and torsion were investigated on the 
basis of a hardening model composed of elastic, transitional hardening and 
steady hardening regions. The following results were obtained: 

(1) The elastic limit curve can be approximately represented by a single 
ellipse, idependently of the prestraining path. 

(2) The magnitude of the transitional strain Pd is mainly dependent on the 
angle e d between the latest preloading and reloading directions, and 
approximately independent of the prestraining path. 
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(3) The dimensionless stress-strain curve of the transitional hardening 
region can be approximately represented by a single curve irrespective 
of pre straining path. 

(4) The boundary between the transitional hardening and steady hardening 
regions can be approximately given by an ellipse. Equations of the 
major and minor axes and the central position of this ellipse are 
experimentally derived. 

(5) It becomes possible to estimate approximately the plastic behaviour of an 
initially anisotropic metal after multi-prestrainings under combined tension 
and torsion, by the use of the six specimens' data. 
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RESUME 

(Comportements plastiques des metaux initialement anisotropes aptes prede
formations multiples) 

Les comportements plastiques de trois types de metaux initialement anisotropes, 
a savoir de l'acier doux et des alliages de cuivre et d'aluminium, apres avoir ete 
soumis a des predeformations mUltiples sous des charges axiales et des torsions 
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combinees, ont fait l'objet d'une etude experimentale. Les courbes contraintes -
deformations en recharge apres differentes predeformations ont ete calcuIees 
sur 1a base d'un modele d'ecrouissage comportant des regions elastiques, a 
ecrouissage transitoire et a ecrouissage constant. Les courbes calcuIees sont 
en assez bon accord avec les courbes experimentales. 

DISCUSSION 

QUESTIONS BY J.J. ENGEL: 1) Which definition of the elastic limit did you 
use for experimental determination of elastic domain (proportional 
limit, residual plastic strain ileP , .•. ) and with which precision? 
2) The influence of the precision of the detennination is very important 
for concluding on the existence of corners of the frontier. Did you try 
to verify the reproductivity of your determination? 

REPLY BY E. SHiRATORI: 1) The yield point is defined by the stress point 
corresponding to the plastic strain 200 x 10-6 • We mesured the strain 
by strain-gauges, so the precision is expected within ± 10 x 10-6 . 

2) The effect of determining a sequence of yield points is discussed 
in the authors' article. [1]. The effect is noticeable at the opposite side 
to preloading. Therefore, when we obtain several yield points by using 
one specimen, we must determine the yield points in the direction 
opposite to the preloading. 
For verifying the existence of corners, the determining method of yield 
surface is not preferable. The zig-zag loading method or initial shear 
measuring method should be used instead. 

III E. SHIRATORI, K. IKEGAMI and K. KANEKO. - "Subsequent yield surface 
in consideration of the Bauschinger Effect", in A. Sawczuk ed., Foundations of Plas
ticity (Alphen aan den Rijn: Sijthoff and Noordhoff, 1972). 
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Anisotropic Behaviour 
at Cyclic Plastic Deformation 
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1. Introduction 

Proceeding from a previously proposed constitutive equation for plastic ma
terials the anisotropy produced by permanent deformation is considered. Then 
the case of cyclic deformation is studied. Experimental results show that the 
superposition of equal strain amplitudes and a constant plastic strain produces 
a mean stress relaxing very slowly to zero with increasing number of cycles. 
An analytical representation employing a relaxation function dependent on 
the history of cyclic deformation is developed and yields good agreement 
with experimental data. 

Starting from the Huber-Mises yield condition and neglecting shape 
changes of the yield surface, the following constitutive equation for plastic 
materials of any deformation history with continuous change of the deform
ation direction det/dev is presented by the author, among others in [1, 2]: 

2 de!'. 
Sij = 3" kf(ev) _IJ (ev ) 

dev 

2 j,eV (-)k (-) ( -) d2e~ (-)d--- '3 z €v f ev 'P ev - ev --2- ev ev o dev 

where (see Fig. 1) 
+ + -UF UF 

2z is the Bauschinger characteristic = -=--+-=-
uF 

kf(ev) represents the flow curve at monotonic loading, 

ev = j'dev = J ../2/3 de~ det is the equivalent plastic strain, 

(1) 

'P (€v - €v) takes into account the strain-induced relaxation of the internal 
stress states causing the Bauschinger effect. 

According to test results, 'P may be written in the form 

(2) 
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l:.v~ 

Figure 1. - Flow stress at loading reversal. 

d€~· 
For any sudden direction change ~ _IJ at €y = €ys Eq. 0) becomes 

d€y 

2 [ d€~. d€~· ] 
SijF = 3.kf(€ys) _IJ (€ys) + ~ _IJ 

d€y d€y 

21€vs (-)k (-) ( -) d2 €f; (-)d-- -3 Z €y f €y r.p €y - €y --2- €y €y 
o d€y 

2 d€~ - '3 z(€ys) kf(€ys) r.p(O) ~ _IJ . 
d€y 

(3) 

In the deviatoric stress space tij represents a hypersphere with the radius 
Ro = v'2T3 kf corresponding to isotropic strain hardening (dot-dash circle) 
(Fig. 2). ~SijB representing the Bauschinger effect yields a hypersphere with 
the radius RE = RoO - z) (dashed circle), whereas ~tij taking into account 
the influence of the preceding deformation history determines the position 
of the yield surface SijF and the degree of anisotropy. 
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Figure 2. - Yield surface F (SijF) = 0 in the deviatoric stress space. 
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For a deformation process with consecutive sudden direction changes 
.1d€ij/d€y at €y = €yS Eq. (1) is obtained in the form 

2 de!'· 
sij(€y) = "3 kf(€w) _IJ (€y) 

d€y 

2 n -- ~ . 
3 ..:.... 

S=1 

de!'· 
zkf(€ws)lPs(€y - €ys) .1_IJ (€ys), 

d€y 
(4) 

where kf(€y) is replaced by kf(€w) due to a softening effect appearing in the 
case of a sudden direction change . In [2] the softening effect is described by 
a reduction of the equivalent strain €y by .1€; (see Fig. 1) : 

(5) 

The value Z in (4) can be assumed to be a constant. 
The present paper demonstrates that the Bauschinger relaxation function 

1P(€y - €y) in the considered case, in general, no longer possesses the above 
presented simple form (2). As a result of consecutive sudden direction changes 
the influence of preceding plastic deformations on the stresses can be strongly 
prolonged . Thus, the function IPs in Eq. (4) will be dependent on the history 
of direction changes. 



www.manaraa.com

276 G. Backhaus 

2. Cyclic deformation 

In the case of cyclic defonnation, the following relations exist: 

(6) 

Taking these relations into account and introducing the equivalent stress 

(7) 

Eq. (4) is obtained as follows: 

n 

av(€v> €vn) = kf(€w) - (-It L (-It 2zkf(€ws) IPs(€v - €vs)' (8) 
s=1 

Cyclic deformation tests with equal strain amplitudes after relatively 
large plastic prestraining, besides the above-mentioned cyclic softening, show 
decreasing differences of consecutive stress amplitudes, i.e., a relaxation of 
the mean stress. In Figure 3 and 4 test results are given for a mild steel and 
for brass [4]. Here, ~€vl means the width of the ftrst cycle, ~€v that of the 
following cycles. For comparison, the results of symmetrical deformation 
cycles are also plotted in the ftgures. The measured decrease of the stress 
amplitude differences can be used for checking the applicability of Eq. (8). 

Considering the case of equal strain amplitudes and introducing 

€vn+l - €vs = (n + 1- s)~€v 

(9) 

from Eq. (8) we obtain the differences of consecutive stress amplitudes as 
follows 

~aA(n) = av(€vn+l) - av(€vn) 

= kwn+l - kwn + (_I)n 2zkwIIP(n~€V) 

n 
- (_1)n L (-It 2z(kws - kws _lho«n + I - s) ~€v) . (10) 

s=2 
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Figure 3. - Stress amplitudes from tests with cyclic plastic deformation (steel). 
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Figure 4. - Stress amplitudes from tests with cyclic plastic deformation (brass). 
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The terms within the sum expression possess alternating signs. Therefore and 
with respect to the fact that for large prestraining the differences kws - kWS - 1 

are very small the sum expression can be neglected: 

(11) 

Neglecting also the small differences kwn+l - kwn and using Eq. (2) we 
obtain with regard to kWl = kC(ey1 ) 

(12) 

For instance, Figure 5 shows the result of a calculation 1 corresponding 
to Test 20 in Table 1 and using the values" 1 ,p from Table 2. For comparison, 
the experimentally obtained values l!:la A (n) I of Test 20 are presented also 
in Figure 5. It is seen that there is a large difference regarding the decrease 
of l!:laA(n)l. 
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Figure 5. - Stress amplitude differences against number of loading reversals 
aj calculated for /( = const 
bj experimental. 

1 With regard to AEYI '" AEya modified equation (12) is employed for calculation. 
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The considerable delay of the measured decrease compared to the calcul
ated decrease can be interpreted in such a way that the function "'s{€y - €ys) 

attached to the loading reversal at €y = €YS is influenced by the following 
reversals, i.e. "'s is dependent on the cyclic deformation history. 

3. History dependence of the function "'s 

The behaviour discussed above regarding the relaxation of the mean stress 
can be described analytically by introducing a variable exponent" dependent 
on the number of passed loading reversals. Thus, the function "'(€y - €Yl) 

associated with the first loading reversal at €y = €Yl takes the following forms 
valid in the intervals: 

€Yl < €y 0;;;;; €v2: ~1 = exp [-"1 (€y - €Yl)P], 

(13) 

and so on, where "1 >"2 >"3' "i >"i+l· 
From the above relations it follows for the interval 

€v > €vn :~n = exp [- :~1 ("i ~ "Hl)(€vi+l -€Yl)P -"n(€Y -€Yl)P] (14) 

The functions "'n are shown in Figure 6 for 

and using the relation (18) given below for Kj and the values" l' "<» ,p forsteel 
from Table 2. It is seen that the relaxation is retarded due to the occurence of 
loading reversal. 

For the relaxation function attached to the loading reversal with the 
number s < n and effective in the interval €y > €vn from Eq. (14) we obtain 
when employing the notation from Eq. (4): 

¢s (e, > em) ~ exp [ - ~: ('1 - .",)(e,,+. - ",)' 

- "n-s+l (€y - €ys)p]. (15) 
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Figure 6. - Functions <in" 

For s = n, I{Jn must be identical to the relaxation caused by a single reversal : 

(16) 

4. Relation for "i 

The application of the relation developed above for the function I{Js to Eq. (12) 
yields: 

lilaA(n)1 ~ 2zkrC€vl)1{J1 (nil€v) 

where 

(17) 

Eq. (I7) can serve in the successive determination of the exponents "i from 
experimental values lila A (n)l. 

Tests are carried out [4] by subjecting thin -walled tubular specimens to 
torsion. The specimens are of mild steel (St38u-2) and brass (Ms58), Table 1 
gives the test data. 
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TABLE 1 

Material Test €vl [%] ~€Vl [%] ~€v [%] n to failure 

V18 13,62 2,05 4,03 152 
St 38u-2 V19 13,80 0,92 1,72 700 

V20 13,85 0,32 0,56 > 1250 

Vll 13,40 3.16 6,26 49 
Ms 58 V12 13,25 1,35 2,50 604 

V13 12,86 0,79 1,42 1252 

In Figures 7 and 8 the experimental values of I~a A (n)1 are plotted. For 
determining the exponents "i from these results, a more general relation instead 
of Eq. (17) is required because of the difference between ~€Vl (first cycle) 
and ~€v (for the following cycles). The evaluation yields 

(18) 

Table 2 gives the values" l' "00 together with 2z and pl. 

TABLE 2 

Material "1 "00 2z p 

St 38 u-2 10,4 1 1 0,45 
Ms58 19 0,3 1 0,59 

The dashed curves in Figures 7 and 8 represent the calculated results 
employing Eq. (18) and using the values of Table 2. The zig-zag-course of the 
experimental points (Figure 7) is caused by the strong decrease of the stress 
amplitudes (Figure 3). The calculation yields the mean values. 

To illustrate the influence of different Bauschinger relaxation functions 
I{) according to Eq. (2) or (15), rsp., on the course of the stress amplitudes, the 
results of calculation employing Eq. (8) are plotted in Figure 9 in the form of 
relative stresses av(n + 1)/av(1). It is supposed for simplification that, in Eq. (8), 
kf(€w) = kf (€Vl)' 

The analysis of the test results shows that the history dependence of the 
function I{)s disappears for symmetrical deformation cycles: "00 = "1' From 

1 The values 2z and p are determined from the difference between the flow cunre 
and the curve with loading reversal taking into account the softening effect [4) and neglect
ing the small reversible plastic strain at load zero. 
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Figure 9. - Stress amplitudes for strain-controlled cyclic loading calculated using 
a) Eq. (2) b) Eq. (15). 

this an influence of the mean strain eym to 1<00 follows. Furthermore, it can be 
presumed that there is a dependence on the amount of the direction change 

def 
ll_J. Thus, a dependence of 1<00 may be supposed in the following manner: 

dey 

( def. def.) I< =1< e . ll ___ J ll_J 
00 00 vrn' d d ey ey 

(19) 

so that 1<00 (0; 0) = 1<1' 

The latter ("00 = I< 1) also holds for deformation processes having 
continuous direction changes [3]. 
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RESUME 

(Comportement anisotrope sous deformation plastique cyclique) 

A partir d'une loi constitutive precedemment proposee pour les materiaux 
plastiques, l'anisotropie induite par des deformations permanentes est examinee. 
Le cas des deformations cycliques est ensuite etudie. Des resultats experi
mentaux montrent que la superposition de deformations a amplitudes egales et 
d'une deformation plastique constante produit une contrainte moyenne se 
relaxant tres lentement vers zero lorsque Ie nombre de cycles augmente. Une 
representation analytique utilisant une fonction de relaxation dependant de 
l'histoire des deformations cycliques est developpee; elle presente une bonne 
concordance avec les donnees experimentales. 
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1. Introduction 

Many materials, such as polycrystalline metals, can be considered as classical 
continua. In many cases we may assume that the material is isotropic in the 
initial state of a thermo-mechanical process. During inelastic deformations, 
however, the material, generally, becomes anisotropic. In other cases the ma
terial is already anisotropic in the initial state, but the shape of the anisotropy 
changes during the thermo-mechanical process. 

The aim of this paper is to give a frame for the deSCription of such pro
cesses (particularly in polycrystalline materials) based on the foundations 
of classical continuUlll mechanics and thermodynamics. The frame shall 
embrace large non-isothermic deformations as well as solid phase transfor
mations, recrystallization, recovery, and aging phenomena. Processes at the 
microscale, i.e. inside the crystall lattice, are not considered in detail; they 
may be regarded as the physical background of the phenomenological consi
derations. In a brief supplement the possible extension to non-classical continua 
is discussed. 

2. Kinematics of large deformations in classical continua 

The kinematics of large deformations of classical continuum are treated exten
sively in some recent papers [11, 16, 20]. For our purpose it is most conve
nient to base the description of the deformations on the metric changes of 
a body-fixed coordinate system ~i. This leads to the defmition of the Almansi 
strain tensor 

(1) 
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where the superscript 0 denotes the initial state. €~k as well as all other quan
tities introduced in the following are related to the base of the body- fixed 
coordinate system in the deformed state. The strain rate is given by 

d i = ! gir g = gir eo = (ei qr (with qlkO = gir 17 k), k 2 rk Ik or k or (2) 

The dot denotes the substantial derivation with respect to time, which coin
cides with the partial derivation while ~i is held constant. Introducing an 
imaginary intermediate configuration [9, 11, 16,20] marked by a superscript 
* we can decompose the total strain into its elastic and inelastic parts accord
ing to 

qi = °gim g* g*rs g = qi qr 
k mr sk .r k 

(i) (e) 

(q-l)~ = gim gmr grs gsk = (q-l)! (q-l)\. 
(e) (i) 

The corresponding splitting of the strain rate yields [9] 

d~ = d~ + d~ . 
(e) (i) 

(3) 

(4) 

In some cases it may be useful to decompose the strain into volume 
changes and distortions. This can be done by introducing the Hencky strain 
tensor [11] 

....,0 1 0 1 . ....,0 
e l = - (Qnq)1 = - eol + 11 
k 2 k 3 k k' (5) 

where e = €~ denotes the volume changes and -;y~ the distortions. The cova
riant derivation with respect to time (Zaremba-Jaumann derivation [11]) leads 
to 

(6) 

In general, however, is 

(7) 

Therefore some difficulties arise in the use of the Hencky strain tensor unless 
the elastic behaviour (including total volume changes) remains isotropic under 
all inelastic deformations. F or small volume changes we can put 

(8) 
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and decompose 

o 1 0 0 1 0 1 0 0 

el = - er 01 + (el - - er 01 ) ~ -3 eo kl + 'Ykl . k 3rk k 3rk (9) 

3. Thermodynamics of thermo-mechanical processes in classical continua 

The rate of specific mechanical work is given by 

,_~ 0 k_~ i k_~ i r'k 
w- cT.kdo - 0 sk d. - 0 skq·(e)r, pIp I pl. 

(10) 

where dk means the Cauchy stress tensor and 
o 

o p 0 

Sl = - (JI 
k P k 

(11) 

denotes the weighted Cauchy stress tensor. The total work can be decomposed 
again according to the splitting of the strain rate. This leads to 

,1 0 k 1 0 k " 
W = -0 s~ di + 0 s~ di = W + W . 

P (e) P (i) (e) (i) 
(12) 

The inelastic part of work rate must be split once more into one part 
w which is dissipated immediately and into another part w which is connected 
~ W 
with the changes of the internal structure of the material. Therefore we have 
to write 

w=w+w, (13) 
(i) (h) (d) 

and we obtain fmally 

w=w+w+w (14) 
(e) (h) (d) 

The first law of thermodynamics (energy balance) states 

, , 1 0 0 

u = w - - (ql + hl)li + r. 
P 

(15) 

In this formula mean: u the specific internal energy, qi the heat flux, hi the 
other energy fluxes (e.g. due to the migration of lattice defects without macro
scopic deformations), r the energy sources. 
Adopting the usual assumption of classical thermodynamics that each ma
terial element has the properties of a local thermodynamic system whose 
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state is uniquely defined by a set of state variables, u must be expressible 
as a function of the state variables,Le. 

u = u {e~, s, p(v) , b, (3~ ,B~, ... }. (I 6) 
(e) 

Herein s denotes the specific entropY, ~(v) the mass fractions of the n 
solid phases (v = I to n -1), b, (3~, B~ further internal state variables. 

In contradiction to many other authors (e.g. [4, 6, 7,15,17,22,23]) 
the total strain e~ cannot be used as a thermodynamic state variable. This 
can be shown by consideration of the processes at the microscale. The state 
of a material element depends on the average of the elastic deformation of 
the crystall lattice, the temperature, and the distribution of the lattice defects 
(e.g. dislocations and disclinations), but not on macroscopic inelastic defor
mations produced by slip processes which have passed through the crystall 
grains. 

Introducing the specific free energy '.{J by a Legendre transformation 
we obtain 

and 

. . ir 
'.{J = U - Ts = '.{J { e~ , T , p(v) , b , (3~ , 1\8 ... } 

(e) 

(I7) 

J; = u - Ts - s1' = w + W + w _l (qi + hi)l. + r - Ts - sT (I8a) 
(e) (h) (d) P 1 

a'.{J •. a'.{J· ~1 a'.{J. a'.{J. a'.{J i 
= -a j (eXk+-ar T + ~ ap P(II) +-ab b + aRi (3k'O 

ek (e) 11= 1 (II) "'k 
(e) 

a'.{J . 
+ -.- B1kr 10 + ... aBtr 8 

ks 

(I8b) 

From the Legendre transformation and the comparison of the Eqs. (18a) and 
(I8b) we can conclude 

and 

a'.{J 
s=--

aT 
1 . _ sr ql 
o k r 
P (e) 

a'.{J 

ae~ 
1 

(e) 

(caloric state eq.), 

(thermic state eq.), 

• • • 1 n -1 a'.{J. o'.{J • 
Ts = w + w - -P (qi + hi)l j + r - ~ a P(II) - ab b 

(h) (d) v= 1 p(v) 

(I9a) 

(19b) 
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\ 
a2r.p. a2r.p.. n-l 

=-T -T+-.-(e)1 + L. a2 ,f) a2 ,f). • 

Y • +-."'-b 
aT2 ae~aT (e)·k 1'=1 ap aT p(v) abaT 

(v) 
(e) 

a2,f) a2r.p \ 
+ --Y- {3i I + Bir I + ( a{3i aT k 0 aBir aT ks 0 ..• ( . 

k ks J 

(20b) 

;, characterizes the dissipated energy connected with internal irreversible 
processes. It also covers that part of the energy applied by the sources r 
and the divergence of hi which is dissipated immediately. 

Eqs. (19), (20) and (21) give the general frame and the restrictions for 
the formulation of the constitutive law. In order to fill this frame we have 
to determine 

a) the free energy r.p as a function of the state variables, 
b) the evolution laws for the dependent external process variables, 
c) the evolution laws for the internal state variables. 
d) the evolution laws for the dissipated energy w and 1/, and 

. . (d) 
e) the laws for the energy fluxes ql and hi. 

The balance equations for the free energy and the entropy are field 
equations. Therefore it is suggested that the evolution laws of the internal 
variables p(v) , b • {3~ ,B~s etc. are of the same kind. This means we should 
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expect that the evolution of the internal variables is governed by partial diffe
rential equations representing sources and the divergence of respective fluxes. 
In solid bodies, however, the fluxes are certainly small under normal condi
tions' since the migration of lattice defects etc. is hampered by grain boun
deries and other obstacles. Therefore the source terms prevail in most cases. 
In long time processes or in other particular cases, however, this may change. 

4. Elementary thermo-mechanical processes in classical continua 

For the sake of simplicity we focus our considerations in the following to 
elementary thermo-mechanical processes which can be assumed to be homo
geneous throughout the body. In such cases all fluxes vanish. No field equa
tions enter the description of the processes. The (reversible) applied heat can 
be summarized to <i. Eqs. (20a) and (20b) can be condensed to 

• •• a2.p • a2.p. i 
w + w + q = - T - T - T -.- (eh 
(h) (d) aT2 a e~ aT (e)' (22) --c;- (e) 

n-1 I a.p a2.p I. ! a.p a2.p ) • + ~ --T P + --T--(b 
v=l ap(v) ap(v)aT (v) ab abaT J 

! a.p a 2 T l' I a.p a 2.p l . 
+ ARi-TaRiar {3~lo+ aBir -TaBiraT B~slo+'" 

VfJk tJk ks ks 

where Cv means the heat capacity at constant strain. The second law reduces 
to 

w + ~ ~ O. 
(d) 

(23) 

The stresses s~ and the temperature T, or their conjugated process variables, 
the total strain e~ and the applied heat q, can act as independent (external) 
process variables of a thermo-mechanical process. e~ and q are not thermo
dynamical state variables. therefore we prefer, in the following, s~ and T 
as independent process variables, for simplicity. But no difficulties arise when 
e~ (or a combination of e~ and sD and q must be choosen as independent 
process variables in accordance with the given process. The introduction of 
s~ instead of e1 as state variable into the free energy may be achieved by 

(e) 
a corresponding Legendre transformation. Details of this procedure are omitted 
here. 

Dependent process variables are in our case: the conjugated external 
process variables €~, q ; the internal process variables (at the same time state 
variables) p(v) , b ,(j~ , B~s' ... ; the dissipated energy w, 7'/, and others, if 
interesting. (d) 
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The initial state of the material elements is determined by the initial 
configuration gik' the initial values of the exterl\al §tat~ .variables s~, T, 
and the initial values of the internal variables p(v) , b ,Ilk, B;:S, .... The next 
step consists in the formulation of the constitutive law. It contains 

a) the expression for the free energy 

'-P = '-P {€~ T , p(v) , b , Il! ' B~ , ... } , 
(e) 

b) the evolution laws for the conjugated external process variables 

d~ = d~ { ...... } + d~ { ...... } 
(e) (e) 

q=q{ ...... }, 

c) the evolution laws for the internal variables 

................. , 

d) the evolution laws for the dissipated energy 

w = w { ....... } 
(d) (d) 

~=~{ ....... }. 

The evolution laws must be compatible with Eq. (22) and the condition (23). 
They form a set of ordinary first order differential equations, which may be 
supplemented by auxiliary conditions, such as a yield condition. With respect 
to the structure of the evolution laws we can distinguish three different types: 

A) The equilibrium type (incremental type, rate insensitive), which corres
ponds to a quasi static sequence of thermodynamic equilibrium states. It 
is characterized by the fact, that the evolution of the considered quan
tity is correlated to the increments of the independent process variables 
(examples: elastic and elastic-plastic deformations without solid phase 
transformations or recrystallization etc.) 

B) The non-equilibrium type (flow type, rate sensitive), which corresponds 
essentially to thermodynamic non-equilibrium states. This means that 
the evolution of the considered quantity is governed only by the actual 
state (examples: viscoplastic deformations, recrystallization). The non
equilibrium type may also depend explicitely on time. This is, for instance, 
the case in aging processes [21]. 

11 
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C) The mixed type (examples: elastic-viscoplastic deformations without solid 
phase transformations, elastic-plastic deformations with recrystallization 
lind recovery). 

In the following we shall restrict ourselves to a more particular but nevertheless 
fairly general approach for a constitutive law representing an elastic-viscoplastic 
body. 

S. An approach to the constitutive law for elementary processes of 
a classical elastic-viscoplastic body 

We assume that the free energy of a classical elastic-visco plastic body can be 
written in the form 

It' = It' {eL T, p(v)' b, {jL B~, ... } = It' {eL T, p(v)} 
(e) (e) (e) 

+ It' {T , p(v) , b , {j~ , Bk
ir }. (24) 

(h) S 

This approach implies that the relations between the elastic deformations 
of the crystall lattice and the stresses are not influenced by the internal va
riables b, {j~ and B~, which represent the distribution of the lattice de
fects and determine the hardening state of the material (together with p(v) 
and T). It may be emphasized, however, that this assumption is not essen
tial for the following considerations. It only simplifies the discussion on 
plastic anisotropy which, for poly crystalline materials, is usually the dominant 
phenomenon. 

Concerning the reversible volume changes inherent in solid phase trans
formatjons, we have two possibilities of treatment: a) we may consider these 
volume changes as pseudo-elastic (as usually done in the theory of so-called 
memory-alloys, see e.g. [3]): in this case the reversible work done during solid 
phase transformations belongs to w. b) we may also consider these volume 

(e) 
changes as reversible inelastic deformations, the respective work forming a 
part of w. The first interpretation is sometimes more convenient, since the 

(h) . 
reference configuration for the determination of €i remains unchanged by 
solid phase transformations. (e) 

1 riait' 
"Skqr =--k 
P (e) a€i 

(e) 

(25) 

holds true and represents the thermic state equation which correlates s~, €~ 
(e) 

T and p(v)' We may assume in our case that this relation is an isotropic 
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function; otherwise we cannot expect the thermic state equation to be inde
pendent of the inelastic deformations. We therefore focus our considerations 
on the evolution of anisotropy to the second term of the expression for the 
free energy. Once more we emphasize that this is not an essential assumption 
of our considerations. 

For simplification we restrict ourselves in the next step to processes 
without phase transformations and assume that the free energy can be spe
cified as 

I{) = I{) {eLT}+ 1{)'{T,b,{3LB~}= I{) {eLT}+ 
(e) (e) (h) (e) (e) (26) 

+ f(T) + g(b) + h(B) with B = B~s {3t (3: and B~s = B~~ . 

This approach implies that the free energy stored in the lattice defects does 
not depend on the temperature T. This assumption may be justified as a first 
approximation, remembering that also in thermoelasticity the coupling term 
between e~ and T has no important relevance for many problems. Substi-

(e) 
tuting (26) into (22) we obtain 

a2 1{) 
Vi + Vi + '= T - T ~e) (€ ik 

(h) (d) q Cy ae~aT 
(e) 

(27) 

+ g/(b)b + h/(B) {2B~s{3~{3:lo + {3~{3:Btlo}' -------------, 
B 

Assuming that b, {3~lo and B1ks'r 10 do not depend on T and (e)ik' this 
(e) . 

equation can be split into 

(28a) 

a 21{) 

(e) ( ')i 
a i aT e.k· ek (e) 
(e) 

(28b) 

The next step concerns the defmition of the evolution laws. Taking, as proposed, 
s~ and T as independent process variables, the increments of the conjugated 
external process variables (d~ ,it), of the internal variables cb, (3~lo' W~lo)' 
and of the dissipated energy (Vi,~) must be expressible as functions of the 

. td) . 
actual state (where e~ can be replaced by s~) and (for evolution laws of 

(e) 
the rate insensitive equilibrium type) of the increments of the independent 
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process variables (sk I 0 ~ T). The evolution law for the elastic deformation 
can be derived from Eq. (26) using the relation (25). Differentiation with 
respect to time leads to an evolution law of the equilibrium type 

dk= dk{s~,T,d~;s~lo,T}. 
(e) (e) 

(29) 

For elastic isotropic materials this can be replaced in many cases by an hypo
elastic linear approximation [8] 

· t loot· 1. d~= -(s:)+aT o~+-t~lo' 
(e) 9K 2G 

(30) 

where 
· . 1 . 

t 1 = SI - - Sr 01 
k k 3 r k 

(31) 

denotes the deviator of sk. 
Concerning the inelastic deformations we assume that the stress can 

be decomposed according to the different internal mechanisms into a plastic 
stress s~ (sometimes called: a-thermal stress) which operates independently 
of strain rate. and a viscous stress (vanishing for elastic-plastic materials) [13, 
14,18] putting 

(32) 

Furthermore we adopt the assumption that inelastic deformations oCcure 
only if a certain yield condition is fulfilled. In accordance with the expression 
(26) for the free energy it may be assumed that this yield condition takes 
the form 

F{si T b ~i Bir) = Bir (tk - c~k) (tS - c~S) - k2 (b T) 
k' , , k' ks ks i i r r ' 

= f2 - 1(2 > 0 (33a) 

F"tsi T b ai Bir) = Bir (? - ca~) (t3 - cas) - PCb T) \. ~k' , ''''k 'ks ks I "', r "'r ' 

= .[2 - 1(2 = 0 (33b) 

This form of the yield condition represents a rather wide frame for the des
cription of inelastic anisotropy [2, 8]. Following the usual assumptions, we 
may finally derive the evolution law for the inelastic deformations from the 
general approach 

· ° 3F 
d1 = A. --
(if 3st (34a) 

i ( f2 ) 3F 
= . ;po <I> -k~ - 1 -

V 1 '" 3s~ , 
1 

(34b) 
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where <I> denotes a suitable function of the given argument. The plastic stress 
s~ occuring in (33b) and (34b) does not represent an internal state variable; 
it has only the meaning of a dependent auxiliary process variable and can be 
eliminated by equating the expressions (34a) and (34b) [10]. With (29) or 
(30), respectively and (34a) the evolution law for the total strain is defmed. 
The evolution law for the applied heat, the other conjugated external process 
variable, follows from (28b) as soon as the evolution law for the dissipated 
energy is formulated. Together with the defmition of the evolution laws for 
the internal variables, this is the remaining task. 

It can be verified that a complete compatible set of evolution laws 
for the internal variables and the dissipated energy can be formulated by 
the approaches 

• ~ -' k 
b = -- s~ di - {}(l)(T - TR , ... )b, 

p g'(b) (iJ 
(35a) 

ir {3s ~(l - ~) di .<1 ( ) I ir (3s B I = 0, k - v(2) T - T R , ... -2 Bks r' ks r 0 2p h (B) (i) 
(35b) 

(35c) 

. 1-~ . . k 1 
w = -- (8;1 - c(31) d· + - (sik - Ski) d~, 

(d) P k k (d p (i) 
(35d) 

~ = g'(b)b{}(l)(T-TR , ... ) (35e) 

+ h'(B) B {(}(2)(T - TR , ... ) + {}(3)(T - TR ,.·.)}· 

I = 0 for T';;;; TR 
with (}(r/T-TR"") 

> 0 for T> TR . 

When the material is isotropic in the Original state then the initial con
ditions for the evolution of the internal parameters are 

o 0 
bet) = b 
. 0 o· 

(3~(t) = {3~ = 0 

(can be choosen equal to zero) (36a) 

(36b) 

(36c) 

But we can also take into account a given anisotropy in the initial state using 
initial conditions derivating from (36b) and (36c). When B~ remains cons-
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tant (equal to B~ according to (36c)) during the whole process, we obtain 
the known superposition of isotropic and kinematic hardening, but now in 
an extended sense, taking the coupling of different thermo-mechanical pro
cesses into account as well. 

The approach (35a, e) characterizes the interaction between isotropic 
and anisotropic hardening due to inelastic deformations, on the one hand, 
and annealing by recrystallization and recovery at temperature above T R , 

on the other hand. In this approach the parameters ~,~, and the functions 
rI (v) (T - T R ' •.• ) can still depend on the whole set of internal variables. 
Therefore it remains a wide frame for fitting this approach to the real material 
behaviour. But of course, the approach (35a, e) does not represent the only 
possibility for the formulation of the evolution laws. Even when we keep 
fixed the expressions (26) for the free energy and (33) for the yield condi
tion, other formulations of the evolution laws are possible. Therefore the 
above approach (35a, e) serves rather as an example in order to show how 
a consistent formulation of the evolution laws can be found. It demonstrates 
at the same time that thermodynamics represents only a frame for the defi
nition of the constitutive law; the constitutive law itself cannot be derived 
only from thermodynamic considerations. 

From the equations (35a, e) we derive the evolution law for the work 
used for the change of internal structure. 

. _ I -i k .!..-=..l i k 
W - 0 Sk d, + 0 cl3k di ' 

(h) P (i) P (i) 
(37) 

and the evolution law for the applied heat 

02\{J • • • 
- T -.- (e)\ - w-~. oekoT (e)' (d) 

(38) 

(e) 

The transition to elastic-plastic bodies involves no difficulties. In identifying 
s~ with sL we must, on the one hand, cancel the equations (33a) and (34a) 
and on the other hand, supplement the yield condition (33b) by a loading 
condition, which can be derived from (33b) and the evolution laws (35a, c) 
for the internal parameters. 

The extention of our considerations to material in which the elastic 
behaviour is influenced by the inelastic deformations leads to no essential 
difficulties as already stated. In such cases it becomes, however, impossible 
to decompose the free energy into separated terms as assumed in Eqs. (24) 
and (26). The consequence is that the evolution laws become more compli
cated, but the general scheme of the considerations remains unaltered. 
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Larger difficulties arise when we want to take into account solid phase 
transformations. In this case we have to assume that the different solid phases 
have different states. Therefore we have to treat the intermediate states during 
solid phase transformations as a mixture of differently structured media. The 
situation becomes simplier only when all phases behave isotropically. 

6. Some remarks on general thermo-mechanical processes in classical 
continua 

General thermo-mechanical processes in classical solid bodies are governed 
by (for more details see [11]) 

(A) the general field equations, i.e. the balance equation for mass (implicitely 
fulfilled by the introduction of a body-fixed coordinate system), the 
balance equations for linear and angular momentum, the balance equa
tions for internal energy and entropy; 

(B) the constitutive law of the material consisting of the state function for 
free energy, the evolution laws for the internal state variables and the 
evolution laws for inelastic strain (in both cases including statements about 
the initial state), the laws for the flux of heat and other internal energy, 
the laws for entropy production; 

(C) the history of the independent process variables, namely of the thermo
mechanical boundary conditions, the body forces and the energy sources 
(which both in some cases can also belong to the dependent process va
riables). 

When we disregard the energy fluxes different from heat and corresponding 
the flux terms in the evolution laws for the internal variables, the evolution 
laws for the internal variables may be taken from the elementary processes. 
But even in this case, additional interaction phenomena occur concerning 
the evolution of anisotropy during inelastic deformations. This is due to 
the heat flux, which requires going back from Eqs. (22) to (21). Therefore 
the evolution of anisotropy becomes inhomogeneous, even when the mecha
nical boundary conditions would allow for homogeneous processes. 

7. Some remarks on possible generalizations to non-classical continua 

Until now we have assumed that the evolution of the anisotropy during ine
lastic deformations depends besides thermic influences uniquely on these 
deformations. But this cannot be true in every case; when, for instance, an 
anisotropic ally structured medium is deformed by pure slip processes, the 
orientation of the anisotropy remains unchanged although the body undergoes 
macroscopic inelastic shear strains. In such cases we have to introduce gene
ralized (oriented) continua. 
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A first step in this direction consists in the introduction of a Cosserat
continuum [5, 12, 19]. The generalized strains and stresses in a Cosserat
continuum remain second order tensors. Therefore we can extend our therm
dynamical considerations to a Cosserat-continuum without essential difficulties. 
We have only to observe that the number of variables which determine the 
state of stress and strain increases correspondingly. 

It may happen, however, that the freedom given by the introduction of 
a Cosserat-continuum is not sufficient to describe the evolution of anisotropy 
during inelastic deformation. We must then proceed to a generalized continuum 
as, for instance, used in (1]. The theory of such a continuum is characterized 
by the fact that, besides second order tensors, also third order tensors enter 
the description of strains and stresses. This complicates the theory of such 
a continuum seriously. Nevertheless we must face the fact that the descrip
tion of the evolution of anisotropy in a continuum may require the introduc
tion of such generalized continua. 
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RESUME 

(Sur l'evolution de l'anisotropie au cours des processus therrnodynamiques) 

Base sur la mecanique des milieux continus et la thermodynamique classiques, 
un cadre general est developpe pour la description de revolution de l'aniso
tropie au cours des processus thermodynamiques associes aux grandes defor
mations inelastiques. Les considerations sont centrees sur l'interaction entre 
l'ecrouissage dll aux deformations plastiques ou viscoplastiques d'une part, 
et Ie recuit par recristallisation et les phenomenes de recouvrance, etc. d'autre 
part. Quelques remarques sur des generalisations possibles sont inc1uses. 
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1. Introduction 

De par certains procedes de transformation utilises lors de leur fabrication 
(laminage, etirage, ... [2, 19]) la plupart des materiaux metalliques ont une 
structure anisotrope. Cette anisotropie structurale a, entre autres, comme 
consequence une anisotropie des proprietes et caracteristiques mecaniques. 
II peut done etre necessaire d'en tenir compte dans les modeles rheologiques 
et en particulier dans les modeles elasto-plastiques utilises pour en decrire 
Ie comportement. 

De plus parallelement a cette anisotropie initiale (ou "anisotropie de 
formation" [9] la mise en ceuvre du materiau et en particulier les deformations 
lors d'operations de mise en forme (emboutissage, filage, ... ) entrafnent des 
modifications de structure et la creation d'une anisotropie de deformation. 
II peut aussi etre necessaire d'introduire cette evolution anisotrope dans les 
modeles de comportement des metaux. 

Dans ce texte nous presentons, illustres de nombreux exemples, quelques 
aspects de nos connaissances sur les anisotropies structurales et leurs relations 
avec Ie comportement anisotrope des metaux. 

2. Divers types d'anisotropie structurale dans les metaux. Description 

Dans les materiaux metalliques les causes d'anisotropie sont tres 
nombreuses. Suivant l'echelle a laquelle on se place on peut distinguer entre: 

a) les anisotropies morphologiques : 

- anisotropie de la repartition des diverses phases constituant Ie metal. Un 
exemple en est la structure en bandes des aciers au carbone (Fig. 1). 
anisotropie de la forme des constituants des diverses phases, par exemple 
grains allonges dans les tOles minces (Fig. 2) ou inclusions de sulfure de 
manganese dans les aciers (Fig. 3). 
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Figure 1. - Structure en i~I~~~~~:~~~=~~~~;~;~~~1 bande dans un acier 
18 M 5 Nb brut de lami- _ • .AilIC&..--... J-f--rl 

nage a chaud. Photo prise 
dans la direction tranSlierse ~~J(~~~~~-~ 
DT (la ferrite est en blanc ~~~~~~~~"~~~~!~~~~~k~~~ 
et la perlite en noir). 

Figure 3. - Sulfures de man· 
ganese MnS dans une tole 
d'acier A 52 brut de laminage 
a chaud. 

Figure 2. - Grains allonges dans une tole 
mince d'acier extra doux calme Ii l'alu
minium laminee a froid et recuite (photo 
prise dans la direction transverse DT). 

-----

-
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b) les anisotropies cristallographiques : 
- presence d'orientations cristallographiques preferentielles (ou texture 

cristallographique) des grains (Fig. 4). 
- presence de colonies de grains ayant des orientations cristallographiques 

voisines, par exemple bandes d'orientations dans des toles d'acier inoxydable 
ferritique a 17 % de chrome (Fig. 5). 

Figure 4. - Figure de poles {200} 
montrant fa texture cristal/ogra
phique d'une tole d 'acier ex tra 
doux contenant du niobium. Orien
tation pre[erentie//e {554} (225 )*. 

* Dans une tole mince les orien
tations des grains son! generalement 
reperees par les indices de Miller 
{hkQ} du plan crista//in paralIe/e au 
plan de lam in age et par les indices 
(u v w ) de 10 direction cristalline 
paralIe/e Ii 10 direction de laml~ 

nage [43] . Vf!.nR [LS!DI1URS 0·5 
1·0 
1·5 
2·0 
2·5 
3·0 
4·0 

OU4J~2111 

. CW lll lt u l 

Figure 5. - Bandes de grains ayant ap
proximativement la meme orientation 
crista/lographique dans une tole d'acier 
inoxydable [e"itique d 1 7 % Cr. (Do
cument communique par MM. Baroux 
et Kraemer - Centre de Recherches 
Metallurgiques d 'Ugine-Aciers) . 
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2.1. Description des anisotropies morphofogiques. 

Ces anisotropies peuvent etre decrites 

soit par l'evolution en fonction de l'orientation d'un ou des parametres 
morphologiques caracteristiques de la structure, 
soit par un parametre specifique faisant plus ou moins reference a une forme 
geomHrique simple (rectangle, ellipse, ... ). 

La definition de ces parametres releve de la morphologie mathematique 
[54, 55,26], leur determination experimentale de la metallographie quantitative 
[26]. Ces dernieres annees sous l'impulsion du Centre de Morphologie Mathe
matique de l'Ecole Nationale Superieure des Mines de Paris! et de l'IRSID les 
progres de ces methodes et techniques ont ete tres importants. 

2.1.1. Description de f'anisotropie de fa repartition des phases 
La grandeur essentielle pour decrire la rep~tition des phases Xi d'un 

solide est l'ensemble des fonctions covariances Cij(h) [54,55,26,22,16,29]. 
Ces fonctions sont definies aar la probabilite pour que l'element structurant 
h (deux points distants de h) soit tel que son premier point 1 appartienne 
a la phase Xi et son second (1 + li) appartienne a la phase Xj : 

(1) 

~ 

Elies dependent de l'orientation de l'eiement structurant h dans Ie 
solide, et permettent donc de decrire l'anisotropie de la repartition des di
verses phases Ie constituant. Par exemple sur la Figure 6 sont representees 
les fonctions covariance de l'acier dont la structure micrographique est montree 
sur la Figure 1 (structure en bandes) mesurees dans la direction de laminage 
DL et dans la direction normale DN. L'anisotropie de la structure est claire
ment mise en evidence par les differences entre les deux courbes : oscillations 
amorties dans la direction normale, croissance monotone dans la direction 
de laminage. Dans la direction de laminage les oscillations sont caracteristiques 
de la periodicite de bandes paralleles de ferrite et de perlite, et l'amortissement 
de ces oscillations est caracteristique d' ecarts a cette periodicite [14]. Dans 
la direction de laminage la croissance monotone et lente vers l'asymptote 
montre toute absence de macrostructure (dans la limite des distances etudiees 
h :::; 140 J.IIll). 

Vne "quantification" de l'anisotropie peut etre obtenue en determinant 
l'evolution en fonction de l'orientation de divers parametres morphologiques 
deduits de ces courbes : pente a l'origine, portee, ... [22, 16]. Representee 

1 35, rue Saint Honore - 77 305 Fontainebleau (France). 
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C 12 (h) ':perLite 
2:ferrite 

direction norma/e DN 

0.2 

0.05 

10 50 100 hII'm) 

Figure 6. - Graphes des fonctions covariances perlite-fe"ite d'une tole d'acier au carbone 
dans les directions normales et de laminage. Mise en evidence de la structure en bandes. 
D'apres T. Hersant (24). 

en coordonnees polaires cette evolution peut etre dans certains cas approximee 
par une courbe simple comme une ellipse dont l'excentricite e peut etre prise 
comme parametre quantifiant l'anisotropie [56]. Par exemple en utilisant 
comme parametre morphologique la pente Ii l'origine des covariances, Chermant 
et coli. ont, pour des fontes blanches lamellaires (Fig. 7) ainsi determine une 
relation quantitative entre la vitesse de solidification, l'anisotropie de la struc
ture (Fig. 8) [14] et les proprietes mecaniques [15]. 

2.1.2. Description de l'anisotropie de forme des divers constituants d'une phase 
L'anisotropie des constituants individualisables est dans de nombreux 

cas decrite par un ''facteur de forme" faisant reference explicitement ou im
plicitement it une forme geometrique anisotrope bien defmie (ellipse, rec
tangle, ... ) [59, 41, 37]. Ces facteurs de forme sont des combinaisons des 
grandeurs specifiques de base: surface A, perimchre L, courbure M, ... [26]. 
Par exemple pour analyser l'influence d'additions de cerium sur la forme des 
inclusions de sulfures dans l'acier Mathy et coli. ont utilise des facteurs de 

A 
forme tels que '"2 en faisant reference explicitement Ii une ellipse et ont ainsi 

L 
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Figure 7. ~ Structure d 'une fonte blanche lamellaire dans la direction perpendiculaire 
au front de solidification. D 'apres Chermant et coil. [14). 

e 

0,95 

0,90 

Vilene de solidificQlion (mm/mn 

Figure 8. ~ Relation entre la vitesse de solidification et l'anisotropie e de la structure 
d'une fonte blanche lamellaire. D 'apres [14). 

montre que l'addition de cerium "globulise" bien les sulfures [37] (Fig. 9). 
Mais il est important de noter que si pour une forme geometrique donnee 
(par exemple une ellipse), il existe bien une relation biunivoque entre Ie facteur 
de forme et l'anisotropie (Fig. 10), un meme facteur de forme peut corres
pondre a des formes tn!s differentes, certaines isotropes, d'autres anisotropes 
(Fig. 11). II est done preferable d'utiliser des parametres d'anisotropie inde
pendants de la forme. Par exemple dans Ie cas des grains ferritiques tels que 
ceux representes sur la figure 2 l'anisotropie de forme des grains (elongation 
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-' ---.-.....------------ f 
MnS 

CeS ~ . .. . 
Figure 9. - Inclusions de MnS et CeS dans un acier A 52 lamine. D'apres Bernard et colI. 
(4). 

e 
1.0 ~-___ ~ 

0,9 

0,8 -

0,7 0~-----:-':-:----+-~-:------1..----0..J.OL...8--A-+ 

l' 

Figure 10. - Relation entre Ie facteur de forme A/L 2 et l'excentricite e pour les ellipses. 
D'apres C. Lafond (33). 

Figure 11 . - Exemples de formes dif
ferentes ayant Ie meme facteur de 
formeA/L 2. 
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dans la direction de laminage DL) peut etre decrite par Ie rapport 1'/ des tra
versees moyennes dans la direction de laminage et dans la direction normale 

L(DL) 
1'/ = L(DN) 

avec pour cette tole 1'/ = 2. 

(2) 

Dans de nombreux rnateriaux metalliques l'anisotropie de forme des 
constituants s'accompagne d'une anisotropie de leur repartition. C'est Ie cas 
par exemple des inclusions de MnS dans les aciers lamines a chaud (Fig. 3). 
Les inclusions sont tres allongees et peuvent etre alignees. Les fonctions cova
riance sont encore dans ce cas l'outil essentiel pour decrire l'anisotropie. Sur 
la figure 12 sont representees les fonctions covariance des inclusions de MnS 
mesurees dans la direction de laminage DL et dans la direction normale DN. 
On constate que dans la direction normale la portee de l'ordre de 7 J.lm cor
respond bien a l'epaisseur moyenne des inclusions de MnS. Par contre dans 
la direction de laminage la portee serait nes grande, bien superieure a la lon
gueur moyenne des inclusions dans cette direction, ce qui traduit l'existence 
d'alignements d'inclusions. Hersant a montre que la longueur moyenne de 
ces alignements est la caracteristique morphologique principale de la struc
ture inclusionnaire dans cette direction [23,27]. 

C(h) 

covariance dans la direction, 
• de laminage 0 L 
o normale ON 

10"4 

10-54------'",,-O-~--~--~--~--~---..... 
7,4 14,8 22,2 29,6 37 h (}1m) 

Figure 12. - Graphes des [onctions covariances des inclusions de MnS d'une tole d'acier 
A 52 mesurees dans les directions normale et de laminage. D 'apres T. Hersant [25) (me
sures [aites sur l'analyseur de texture TAS). 

Notons que Ie developpement et la generalisation de l'utilisation de ces 
fonctions pour decrire les anisotropies morphologiques [36, 57, 30] est liee 
a la mise au point de l'analyseur de textures T AS qui permet de les mesurer 
automatiquement et correctement [32,40,34]. 
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2.2. Description des textures cristal/ographiques 

Dans un solide polycristaIlin la fraction volumique dV IV des grains ayant 
l'orientation cristallographique n (a dn) pres lest donnee par la fonction 
de repartition des orientations F(n) [60, 10] 

dV V = F(n)dn (3) 

X; 

--
Xi 

Xi 

x, 

Figure 13. - Definition des angles d'Euler {III, (J, <1» precisant ['orientation du triedre 
Ox 1 x 2 x j lie au cristal par rapport au triedre OX 1 X 2 X j M au solide. 

Cette fonction peut etre calcuIee a partir de la determination par dif
fraction des rayons X ou des neutrons de figures de poles [43, 10, 52]. EIle 
peut etre representee : 

- soit par son developpement en serie sur la base des fonctions harmo
niques spheriques generalisees T~n(n) [10, 52] : 

+Q +12 

F(n) = L. L. L. C~ T~(n) (4) 
12=O m=-12 n=-12 

1 L'orientation cristallographique n. d 'un grain est definie comme etant Ia rotation 
qui amene Ie triedre de reference lie au solide (OX1X2X3) en coIncidence avec Ie repere 
lie au grain (OX l Xl x3). De nombreuses descriptions de cette rotation sont possibles (43). 
On utilise generalement les angles d'Euler (1/1, e, <1» dont la definition est donnee sur la 
figure 13. 
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Figure 14. - Diagramme F {III, (), 4> = 4>J = ete montrant la tonction de repartition des 
orientations d'une tole mince docier extra doux. L 'orientation cristallographique prete· 
ren tielle principale est {111} (11 0 } " . 
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- soit graphiquement par l'intermediaire de sections planes dans l'espace 
des orientations (Fig. 14). 

- soit d'une maniere plus synthetique sous forme de figures de poles 
(Fig. 4) (une figure de poles represente la distribution dans la solide des nor
males a un plan cristallin de type {abc}. Ces figures presentent l'avantage de 
pouvoir etre mesurees assez facilement au moyen de la diffraction des rayons 
X ou des neutrons) [43]. 

La fonction de repartition des orientations F(n) ne permet de decrire 
que la seule texture cristallographique independamment de la position des 
grains, de leur tallie, ... Lorsque la prise en compte de ces parametres est 
necessaire, par exemple pour decrire les structures telles que celles representees 
sur la figure 5 (bandes d'orientation) il est necessaire d'utiliser les fonctions 
de correlation des orientations [28]. 

~ 

La fonction de correlation des orientations d'ordre n notee Cn (hj , n j) 
est definie par la relation: 

dV ~ ~ ~ ~ ~ 
-y=Cn(hl ... hj ... hn_l'nl ... nj ... nn)dhl ... dhn_l 

dn l ... dnn (5) 

~ 

avec nj orientation cristallographique au point de coordonnees Xj 

et dV IV fraction volumique du polycristal correlee suivant Cn . 

/ L 

~_L_Q_' X_'_) __ ~f\~ _____ ~ 
Figure 15. - Correlations des orientations en divers points d'une structure polyeristal· 
line. Definition des parametres hi et fl. i . 
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Les fonctions de cornHation des orientations d'ordres I, 2 et 3 sont les 
seules mesurables facilement et sont d'ailleurs les seules pratiquement utiles 
[28] . 

La fonction de correlation d'ordre 1 est definie par la relation: 

(6) 

dV!V est la fraction volumique du materiau ayant l'orientation il (a dil pres). 
Elle est donc identique ala fonction de repartition des orientations F(il) pre
cedemment definie. 

La fonction de correlation des orientations d'ordre 2 est definie par la 
relation: 

(7) 

Cette relation met~ en evidence que cette fonction est identique a la 
fonction covariance Cij (h) introduite precedemment (§ 2.1.1) dans laquelle 
Ie role des deux phases i et j et joue par les orientations ill et il2 (ou plus 
exactement les ensembles d'orientations {ill' dill}' {il2 , dil2}). 

La fonction de correlation des orientations d'ordre 3 est definie par 
la relation 

(8) 

Elle est encore mesurable sur des coupes micrographiques si on dispose 
d'une methode de preparation permettant de mettre en evidence les ensembles 
d'orientations {ill' dill}' {il2' dil2} et {il3 , dil3}[28]. 

3. Consequences de l'anisotropie structurale. Anisotropie mecanique. 

Toutes les anisotropies structurales precedemment de crites ont comme 
consequence une anisotropie des proprietes mecaniques. Generalement dans un 
materiau metallique plusieurs anisotropies structurales sont presentes simul
tanement ; par exemple : 

grains allonges et texture cristallographique dans des tolesminces, 
- structure en bande et inclusions allongees dans des aciers au carbone. 

Leurs effets sur l'anisotropie des proprietes mecaniques se combinent, 
ce qui en rend l'analyse tres complexe. Seuls quelques cas relativement simples 
ont fait l'objet d'etudes approfondies et seront presentes ici: 
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1) l'influence de la texture cristallographique sur l'anisotropie mecanique 
des materiaux poly cristallins mono phases, 

2) l'influence de la structure en bandes et de l'anisotropie des inclusions 
sur l'anisotropie de la ductilite des toles epaisses. 

3.1. Relations texture cristallographique - anisotropie mecanique 

3.1.1. Caracterisation de l'anisotropie mecanique. 
La quasi totalite des etudes ont ete faites dans Ie cas des toles minces 

(epaisseur faible devant les autres dimensions, symetrie orthotropique). 
L'anisotropie des proprietes mecaniques d'une tole mince est caracterisee par: 

a) la variation dans Ie plan de la tole des caracteristiques mecaniques: 
module d'elasticite, limite d'elasticite, resistance, coefficient d'ecrouissage n. Des 
exemples sont donnes sur les figures 16 et 17. 

b) l'anisotropie de la geometrie de deformation d'une eprouvette de 
traction, anisotropie decrite par Ie coefficient d'anisotropie rCe 1 ; a) (Fig. 18 
et 19). 

De nombreuses etudes empiriques (cf. [45 et 46]) ont permis de relier 
qualitativement cette anisotropie it la nature des orientations preferentielles 
presentes dans la tole. La forme la plus sophistiquee de ces relations qualitatives 
a ete l'etablissement de correlations entre les orientations preferentielles et les 
proprietes mecaniques. Un exemple d'une telle correlation est montre sur 
la figure 20. Dans l'ensemble ces relations et correlations sont tres insuffisantes. 
La mise au point de methodes quantitatives de description des textures au 
moyen de la fonction de repartition des orientations F(n) ont permis de 
developper des analyses plus approfondies. 

3.1.2. Analyse theorique des relations texture-anisotropie mecanique 
Cette analyse est en fait une generalisation des modeles de deformation des 

polycristaux isotropes aux polycristaux anisotropes dont la texture est connue 
par l'intermediaire de la fonction de repartition des orientations F (n). 

Dans un premier temps Bunge a generalise Ie modele de Taylor [58] aux 
toles polycristallines anisotropes de materiaux de reseau de structure c.f.c. se 
deformant par glissement sur des systemes {Ill} < 110 > et de reseau 
c.c. se deformant par glissement sur des systemes {110} < 111 > [11, 13]. 

Les hypotheses de base du modele de Taylor sont : 

- les deformations elastiques sont nulles Eij = efj = O. 
- chaque grain subit la meme deformation plastique que Ie solide polycristallin, 
deformation supposee homogene: e& = E&. 
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Figure 17. - Evolution du coefficient 
d'(?crouissage n (defini Ii partir de fa loi 
de comportement a = k en) en fonction 
de I 'angle entre la direction de traction 
et fa direction de faminage pour trois toles 
d'acier extra doux. 
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P. Parniere 

Figure 16. - Variation du module 
d'/Hasticite d'une tole mince d 'acier 
extra doux en fonction de l'angle 
a entre la direction d'observation et 
la direction de laminage de la tole. 

or Direct ion transverse 

D L Di r ection de lominage 

Figure 18. - Definition du coefficient d'anisotropie d'une tole mince: r(e 1 : a) = e2/e g. 
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Figure 19. - Evolution du coefficient 
d'anisotropie r(e = 0,2; 0/) pour trois 
toles d'acier extra doux de composition 
chimique differente. 
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Figure 20. - Correlation entre Ie coefficient d'anisotropie r et les intensites relatives des 
orientations {111} et {I OO} dans les toles minces d 'acier extra doux. Comparaison du 
resultats obtenus Ii 11RSID et dans divers autres laboratoires. 



www.manaraa.com

318 P. Pamiere 

E 
Pour une deformation decrite par Ie param(Hre q = _.2. (E j defor-

El 
mations principales du solide)l la deformation d'un grain d'orientation cristallo
graphique nest caracterisee par Ie facteur de Taylor M (q ; n) (proportionnel a 
la limite d'elasticite) : 

Is I 
M(q; n) = L. ~ 

P 1 

(sp cisaillement sur les systemes de glissement actifs). 
Pour Ie polycristal ayant une texture decrite par la fonction de repartition 

des orientations Ie facteur de Taylor est donne par la relation 

M(q) = jF(n) M(q; n) dn 

Le parametre q* caracterisant la deformation du polycristal est donne 
par la relation de minimisation 

La figure 21 montre l'anisotropie de la limite d'ecoulement (pour 
€ = 0,001) d'une tole d'acier extra doux calme a l'aluminium ainsi calculee 
comparee aux valeurs mesurees (les deux ensembles de valeurs sont mis en 
cofncidence pour 0: = 45°). 

Parniere et Roesch ont applique ce modele au cas de materiaux de struc
ture cubique centre se deformant par glissement non cristallographique multiple 
sur des plans de la zone < 111 > [5l}. La figure 22 montre l'evolution du coeffi
cient d'anisotropie reo:) d'une tole d'acier extra doux ayant une forte texture 
de compo sante principale {Ill} < 110> calculee avec cette hypothese. On 
constate que la courbe calcuIee est nettement plus proche de la courbe experi
mentale que la courbe calcuIee avec les hypotheses de Bunge, ce qui est normal 
compte tenu du plus grand realisme de l'hypothese du glissement non cristallo
graphique multiple pour Ie fer et les aciers extra doux [47, SO]. Cependant 
malgre cette amelioration les valeurs calcuIees dans Ie cadre du modele de Taylor 
sont encore relativement eloignees des valeurs experimentales. Des constatations 
analogues ont ete faites par tous les chercheurs ayant utilise ce modele pour 

1 Ce parametre est relie au coefficient d'anisotropie r au moyen de la relation 

r=-q-
1- q 
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Figure 21. - Courbes montrant l'evolution de la limite d'ecoulement (ej = 0,001) d'une 
tole mince d'acier extra doux calme a I 'aluminium, en !onction de I 'angle entre la direction 
de traction et la direction de laminage. Comparaison des valeurs mesurees et des valeurs 
calculees au moyen de la tMorie de Taylor. D 'apres Bunge [13). 
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Figure 22. - Courbes r(Ot) experi- = 
mentales et cakulees par application q7 

de la tMorie de Taylor. Tole d'acier 'III 
extra doux calme a ['aluminium. CI5 
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• Valeurs _sureel: ;-. \93 ~ 0.10 
o Valeun calcul6es (hypathese de glissement{1101<llP);- calcule 
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D'apres [49). 0~-:':'0:---:2~O--::30:--4-::0:---::5'":O-:::60:---:7~O--::80:--9::':O-
a (Dell,es) 

l'aluminium [20], Ie cuivre [31], Ie laiton [31] et Ie nickel [12]. Lesecarts sont 
encore plus grands dans Ie cas des materiaux de structure hexagonale [17]. 
Les causes de ces ecarts sont multiples [48]. Les principales sont: 

a) une mauvaise conrtaissance des mecanismes de deformation des grains 
(nature des systemes de glissement possibles, valeurs des cissions critiques, 
durcissement) et une mauvaise prise en compte dans les modeles. 
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b) les insuffisances du modele de Taylor dues a des hypotheses simplifi
catrices imlalistes: homogeneite de la deformation, absence de deformations 
elastiques. 

Des travaux sont actuellement en cours dans de nombreux laboratoires 
pour lever ces difficultes : 

etude de la deformation de monocristaux par cisaillement. 
mesures de durcissement latent. 
mise au point et mise en reuvre de modeles de deformation plastique des 
polycristaux permettant de lever certaines des hypotheses restrictives du 
modele de Taylor [8, 7]. 

Au cours de ce colloque une presentation de ces travaux est faite par 
Berveiller et Zaoui, 

D'importants progres sont done a prevoir dans l'analyse theorique des 
relations entre la texture et l'anisotropie mecanique au cours des prochaines 
annees. 

3.2. Influence de la strncture en bandes et de l'anisotropie des inclusions sur 
l'anisotropie de la ductilite des tales epaisses 

La figure 23 montre pour une tole d'acier E 36 l'anisotropie croissante 
de la striction Zl dans Ies directions transverse et normale avec I'augmentation 
de l'anisotropie de la structure inclusionnaire. La presence d'une structure en 
bandes a Ie meme effet. Bien que ces deux causes d'anisotropie soient toujours 
dans la pratique simultanement presentes, il semble que l'anisotropie de la 
structure inclusionnaire soit la cause essentielle de l'anisotropie de la ductilite 
entre les directions normale et transverse [21]. 

L'analyse theorique des relations entre ces anisotropies est tres peu 
avancee car les modeles decrivant l'influence de precipites ou d'inclusions sur 
les proprietes de ductilite des metaux ont ete chablis pour des precipites et 
inclusions isotropes et ne sont pas applicables au cas des inclusions allongees 
[53,35,1]. Moussy et colI. ont montre que pour des toles epaisses en acier au 
carbone-manganese ayant une structure inclusionnaire tres anisotrope les 
processus de croissance des defauts et done les processus de deformation 
plastique et de rupture sont tres differents suivant la position de la direction de 
traction dans la tole [6). 

1 La striction Zest la reduction de section d'une eprouvette de traction deformee 
jusqu'a la rupture. 
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Figure 23. - Relation entre 1 'aniso
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de fa structure inclusionnaire. Acier 
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Quelque soit la direction de traction une decohesion metal-inclusion 
apparaft des Ie debut de la deformation plastique autour de certaines inclusions 
de MnS. Mais : 

pour une traction dans la direction normale des l'amoryage des trous la plasti
fication du metal se developpe de maniere heterogene (Fig. 24a). Cette 
structure heterogene se conserve lorsque la deformation augmente. La zone B, 
la plus deformee se rompt et un premier stade de coalescence se poursuit entre 
inclusions coplanaires (Fig. 24b), creant des macrofissures. Ces macrofissures 
coaleseent 10rs du stade de rupture finale, par cisaillement sur des plans 
orientes entre 0 et 45 0 par rapport a la direction de traction. 
pour une traction dans la direction transverse (ou dans la direction de 
laminage), des l'amoryage des trous ceux-ci croissent perpendiculairement a la 
direction de traction (Fig. 25 a); la coalescence se produisant suivant Ie 
schema represente sur la figure 25 b. Autour des inclusions la deformation est 
homogene. 

Ces differences se retrouvent sur les facies de rupture [6]. 
Ces resultats montrent que l'anisotropie de la structure inclusionnaire est 

un parametre essentiel qui joue un role specifique dans Ie mecanisme de la 
rupture ductile, role qui devra etre pris en compte par les modeles. Leur interpre-
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1 
Figure 24. - Schema illustrant la deformation autour d'inclusions allongees. Traction dans 
la direction normale. 
Zone A : deformation uniforme de la matrice. 
Zone B : deformation plus importante que celie de la matrice. 
Zone C : de part et d'autre de l'inclusion deformation moins importante que celie de la 

matrice. D 'apres Moussy et coll. (6). 

b 

a 
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Figure 25a. - Schema illustrant la deformation autour d'une inclusion allongee.Traction 
dans la direction transverse. 
Figure 25b. - Schema illustrant la creation de fissures par coalescence de cavites formees 
autour d'inclusions voisines. Traction dans la direction transverse. D'apres Moussy et coll. 
(61. 
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tation par Hersant et Moussy a l'aide d'une description quantitative de la mor
phologie de la structure inclusionnaire en est une premiere etape [23, 6]. 

4. Evolution de I'anisotropie avec la deformation. 

Toute deformation plastique d'un materiau metallique entrafne : 

un changement de forme des divers constituants du materiau (grains, 
inclusions, ... ), 
des rotations de ces constituants et en particulier des rotations du reseau 
cristallin, 

ce qui se traduit par la creation d'une anisotropie structurale ou la modification 
de l'anisotropie initiale. 

4.1. Exemples de I'influence de /a deformation p/astique sur I 'an isotropie. 

4.1.1. Changement de forme des grains au cours du /aminage a froid de I'acier 
extra doux polycristallin (Fig. 26). 

Au cours du laminage les grains s'allongent dans la direction de laminage. 
Dans l'exemple presente on avait initialement: 

L(DL) 
1/ =I (DN) = 1,1 

apres un laminage avec un taux de reduction de 33 % (eDL = - eDN = 0,4). 
L'anisotropie des grains a considerablement augmente : 

L(DL) 
1/ = L (DN) = 2,4 

Montjoie a montre que la deformation moyenne des grains caracterisee 
par ce changement de forme est egale a la deformation macroscopique du 
polycristal [39] (Fig. 27) (les ecarts observes pour les grandes deformations 
sont essentiellement imputables aux difficultes qu'il y a a mettre en evidence 
micrographiquement les grains). 

4.1.2. Deformation des inclusions dans I'acier 

Suivant leur composition chimique, leur forme, la temperature a laquelle 
est faite la deformation, les inclusions se deforment plus ou moins lorsque l'acier 
est deforme plastiquement [38]. La figure 28 montre pour un acier de cons
truction l'evolution de la longueur des inclusions de MnS en fonction du taux de 

12 
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Figure 26 . - Evolution de Ia 
forme des grains au cours du 10' 
minage Ii froid d'ader extra doux 
polycristallin. D'apres (39) . 
aJ avant /aminage Ii froid, 11 = 1.J. 
bJ apres laminage Ii froid - taux 

de reduction 13 0/0. 11 = 2,4. 
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Figure 27. - Relation entre Ia defor· 
motion du poiycristal Ema et Ia de· 
formation moyenne des grains 

1 11 
Emi = - Log -- au cours du 

2 11 in it. 
laminage Ii froid d'acier extra doux. 

E rna . D'apres (39). 
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Figure 28. - Longueur des inclusions 
dans la direction de laminage en fonc-
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tion du faux de reduction. Laminage 
d'un acier de construction Ii 1150°C. 0 L-I....I-_...l-....... _ ....... _...I.... __ -'--__ .. 

D 'apres (5). Reduction d'epoisseur 

reduction au cours d'un laminage a 1150°C [5]. Compte tenu de son importance 
pratique ce probleme de la deformation des inclusions dans l'acier a fait l'objet 
de nombreuses etudes et on dispose de nombreux resultats experimentaux [38] 
(influence de la composition des inclusions, de la nature de la deformation, de 
la temperature, ... ). En particulier, a la temperature ambiante, quelque soit leur 
nature les inclusions se deforment peu (cf. § 2.2), la morphologie et done 
l'anisotropie de la structure inclusionnaire ne sont done pas fondamentalement 
modifiees_ 

4.1.3. Modifications de Za texture cristallographique au cours d'une deformation 
pZastique 

Les figures 30 et 31 montrent les textures cristallographiques d'une tole 
polycristalline d'acier extra doux (dont la texture initiale est representee sur 
la figure 29) apres une deformation par traction dans la direction de laminage 
DL (e 1 = 0,26, Fig. 29), et apres une deformation par expansion biaxiale 
symetrique dans Ie plan de la tole (Fig. 30) [3]. Ces exemples montrent que 
meme des deformations plastiques relativement faibles conduisent a des textures 
tres marquees et peuvent done entrafner des modifications de texture impor
tantes. Les textures de deformation dependent: 

de la texture initiale, 
- du type et de l'amplitude de la deformation. 

Dans Ie cas des metaux du reseau cubique centre Ie modele de deformation 
plastique des polycristaux de Taylor a permis une assez bonne analyse de la 
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Figure 30. - Texture de fa tole 16 
(Fig. 28) apres un allongement en 
traction de 30 % dans la direction 
de laminage. 
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Figure 29. - Figure de poles 
{200} montrant la texture d'une 
tole d'acier extra doux calme Ii 
['aluminium. 
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Figure 31. - Texture de la tole 16 
apres une deformation par expan· 
sion billxiale symerrique. 
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formation des textures de deformation [44]. A titre d'exemple sur la figure 32 
sont representees : 

la fonction de repartition des orientations d'une tole polycristalline d'acier 
extra doux laminee a froid (taux de reduction 70 %) [l1]. 
les orientations finales de 648 grains, dont les orientations initiales etaient 
distribuees de maniere homogene dans l'espace des orientations, calcuIees par 
Dillamore et Katoh pour une deformation identique (modele de Taylor -
glissement non cristallographique multiple) [18] . 

On constate qu'il y a assez bon accord entre la texture reelle et la texture 
calcuIee. II n'en est pas de meme pour les materiaux ayant un reseau cristallin 
cubique a faces centrees ou hexagonal. La encore Ie recours a des modeles de 
deformation plastique plus realistes est necessaire. 

S. Conclusions 

Dans les materiaux metalliques les causes d'anisotropie sont tres nom
breuses. Ces anisotropies structurales et leurs consequences sur l'anisopie 
mecanique ont fait l'objet de nombreuses etudes. Ces etudes ont ete faites inde
pendamment les unes des autres et il se pose un difficile probleme de synthese 
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Figure 32. - Diagrammes F (<{J 1 = Cte, <1>, <{Ji = Cte, montrant la fonction de repartition 
des orientations d'une tole dacier doux. Comparaison avec la texture calcutee (modele 
de Taylor (hypothese du glissement non cristallographique multiple). D'apres Dillamore 
et Katoh [18). 

de ces travaux et resultats afin d'etablir une theorie ou un modele simple des 
relations entre anisotropie structurale et anisotropie mecanique. 

Le developpement d'une telle th60rie necessite une rationalisation des 
resultats experimentaux. Vne telle rationalisation devient maintenant possible 
avec Ie developpement des methodes de description quantitative des structures 
(morphologie math6matique - analyse quantitative des textures criitallo
graphiques). 
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Mais un role essentiel revient aux theories de la plasticite des milieux 
continus anisotropes. Malgre leurs limites ces theories peuvent et doivent foumir 
Ie forrnalisme general permettant decrire la diversite des comportements 
anisotropes observes. II est donc essentiel que s'etablisse un lien solide entre les 
mecaniciens travaillant sur ces questions et les metallurgistes. 

Sur un plan pratique ce travail de synthese est tres important car les 
anisotropies structurales et leurs consequences sur l'anisotropie mecanique ont 
des consequences tres importantes sur les proprietes d'emploi des materiaux 
metalliques. Par exemple dans les toles minces l'anisotropie mecanique induite 
par la texture cristallographique peut etre a l'origine de deux effets contra
dictoires vis-a-vis de l'emboutissabilite des tOles: 

certaines textures entrainant une augmentation du coefficient d'anisotropie 
r conduisent a une amelioration tres import ante de l'emboutissabilite 
(profondeur d'emboutissage sans rupture) (Fig. 33) [45, 46]. 
certaines textures sont a l'origine de la presence dans les emboutis de comes 
d'emboutissage (Fig. 34), defaut qu'il est necessaire d'eliminer par une 
operation d'usinage supp!ementaire [45,46]. 

2.4 3 
L. O.R. 

Figure 33. - Evolution de l 'emboutissabilite (profondeurdesemboutis: LDR), enfonction 
du coefficient d'anisotropie moyen r [611. 
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Figure 34. - Emboutis en coupelles montrant l'ex;stence de comes d'emboutissage (acier 
extra doux) (46). 

II est done neeessaire que les theories de la deformation plastique des 
milieux eontinus anisotropes puissent rendre compte de ees divers effets, en 
partieulier lorsque plusieurs causes d'anisotropie structurale sont presentes 
simultanement (texture cristallographique, inclusions, structure en bandes, ... ) 
ayant des effets differents sur l'anisotropie mecanique. 
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ABSTRACT 

Due to their fabrication processing, most metallic materials have an anisotropic 
structure. This paper shows, illustrated with many examples, some aspects of 
our knowledge on the structural anisotropies and their relations with aniso
tropic mechanical behaviour of metals. 

It is divided into three parts: 

- various types of structural anisotropies in metals. Description. 
- consequences of the structural anisotropy. Mechanical anisotropy. 
- influence of deformation on anisotropy. 

The great variety of the examples shown put forward the necessity of a 
rationalization of the experimental results and the interest of a theory of the 
relations between structural and mechanical anisotropies. This CaQ be made 
by a collaboration between metallurgists and specialists in the field of theore
tical mechanics. 
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1. Introduction 

Le present article etudie, a partir d'une solution generalisee du probhlme 
de !'inclusion et de son utilisation dans Ie cadre d'un schema self-consistent, 
certains aspects du probh:me general suivant: deduire et caracteriser l'ani
sotropie des proprietes physiques d'un agregat homogene a partir de celie de 
ses constituants et de la structure de l'agregat. Nous limitant aux proprietes 
me caniques des polycristaux en elastoplasticite, nous envisagerons comme 
sources d'anisotropie a l'echelle du grain celies de l'elasticite, supposee lineaire, 
et de la plasticite: les grains mono cristallins sont astreints a ne se deformer 
plastiquement que par glissements sur des systemes cristallographiquement 
determines, les glissements aux joints de grain etant exclus. La structure de 
l'agregat sera caracterisee par une anisotropie "geometrique" (liee a l'ecart a la 
sphericite des grains, assimiles a des ellipsofdes) et par une anisotropie 
cristallographique, attachee a la presence d'une texture. 

Nous appliquerons la solution generale du probleme de l'inclusion a 
l'explicitation quantitative des proprietes suivantes : 

- Un etat isotrope de contraintes appliquees (pression hydrostatique) 
peut provoquer, dans les grains a symetrie hexagonale d'un polycristal 
isotrope, des cissions telies que la limite elastique soit atteinte. 

- Si, a elle seule, la deformation elastique d'un polycristal n'induit qu'un 
changement negligeable de texture, i1 en va autrement de l'ecoulement plastique. 
Pour des grains spheriques et a elasticite isotrope, c'est la rotation plastique seule 
qui est la cause directe de modification de la texture (mesuree par les rotations 
elastiques) ; en cas d'anisotropie elastique ou geometrique (grains non spheriques) 
celle-ci depend egalement de la deformation plastique. 

- Cette evolution de texture est responsable du developpement de 
l'anisotropie plastique. L'utilisation d'une approximation isotrope de l'accom
modation plastique intergranulaire, a la place du modele de Kroner d'accom-
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modation elastique, permet, dans la prevision des textures et de l'anisotropie 
plastique, une meilleure prise en compte des caracteristiques intracristallines, 
notamment de l'anisotropie de l'ecrouissage. 

2. Probleme de I'inclusion et applications 

Le probleme classique de l'inclusion ellipsofdale, a elasticite isotrope ou non, 
deformee plastiquement de fayon uniforme ainsi que la matrice infinie dans 
laquelle elle est situee, peut etre formule de fayon telle qu'il couvre egalement 
Ie cas d~une matrice a elasticite anisotrope et permette la prise en compte 
explicite des rotations elastiques et plastiques, en vue d 'application aux 
problemes de formation des textures de deformation dans les polycristaux. On 
peut notamment, a partir de la, mettre en evidence la possibilite de plastification 
sous pression hydrostatique d'un polycristal isotrope constitue de grains a 
symetrie hexagonale, ainsi que les differentes sources de rotation elastique (et 
donc de modification de texture) dans les grains d'un polycristal en ecoulement 
plastique. 

2.1. Principe de calcul et resultats 

L'inclusion (V), de constantes elastiques CI , est situee dans une matrice infinie 
de constantes CO. Nous designons par {3pI (resp. (3Po) la partie plastique du 
gradient du deplacement total f3n = Ui,j de 11nc1usion (resp. de la matrice). 

A l'aide de la distribution d'Heaviside o~ (r) definie par 

o ,.+ 
oy(r)=O si 1 f/= (V) 

o ~ 
Oy (r) = I 

~ 

si rE(V) 

on peut poser en tout point du milieu: 

~ 0 I oo~ 0 o~ 
C(r)=C + (C -C )oy(r)=C +~Coy(r) (1) 

(2) 

Le gradient du de placement total {3T est la somme de la partie elastique {3 et 
de la partie plastique {3P et Ie champ de contraintes est lie par la loi de Hooke a 
{3 (en transformation infinitesimale). Les equations d'equilibre (aij,i = 0) 
permettent alors de mettre les equations differentielles du probleme sous la 

o ~ 
forme (avec 0 i (8) = - 0 ,Jr» : 

(3) 
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avec: 

et 

(5) 

ou {3ji designe la partie elastique du gradient du deplacement total a !'infini. 
La solution de (3) peut etre obtenue par l'intermediaire du tenseur de Green 
Gij pour Ie milieu infini de constantes CO sous la forme (dans l'inclusion): 

avec 

{3I - pI 0 (01 - {) {) p ) 
kll - kQmn ({3mn + Rmnpq mp nq) t.{3pq 

{) ij = symbole de Kronecker 

R~nkQ = - f Gjn,im (r - r') . C~jk2 dV' 
V 

pI = (E + R)-l 

EmnkQ = {)mk {)nQ 

RmnkQ = - ~ Gjn,im (r - r') .:lCijkQ dV' 

{31 est uniforme dans l'inc1usion car il en est ainsi de !'integrale 

1 Gjn,im (r - r') dV' [1]. 
v 

(6) 

(7) 

Dans Ie cas de l'elasticite homogene et isotrope (p., v) et pour une 
inclusion spherique, (6) permet de calculer les contraintes aij dans !'inclusion. 
On obtient: 

aij = ~ij + 2JJ. (1 - (3) (Efi - efi) (8) 

ou ~ij est Ie champ de contraintes a l'infini 

7 - 5 v 1 
(1 - (3) = 15 (1 - v) ~ "2 
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Il faut noter que la formule (8) est precisement la loi d'interaction 
intergranulaire adoptee dans Ie modele de Kroner (ou EYi est la moyenne des 
eYi), dont nous reparlerons plus loin. De meme, (6) permet de calculer les 
rotations elastiques dans l'inc1usion, rotations qui sont la mesure des rotations 
du reseau a l'origine de la formation des textures de deformation. 

2.2. Influence de l'anisotropie elastique sur la limite elastique de polycristaux 
isotropes constitues de grains a symetrie hexagonale. 

Certains essais [2] ont montre que la pression hydrostatique p (premier invariant 
scalaire de a) avait une influence sensible sur l'ecoulement plastique des 
polycristaux constitues de grains a symetrie hexagonale. Cette influence peut 
etre reliee aux interactions elastiques entre les grains se developpant du fait de 
leur anisotropie elastique. En partant de (6) et en supposant t.(3P = 0, on a 

I I ° {3k.Q = P kQmn{3mn (9) 

Si {3:'nn est de la forme eOljmn' il n'en est pas forcement ainsi de {3I, de sorte 
que des cissions peuvent se developper dans l'inc1usion et y activer du glis
sement plastique. 

La deformation elastique e~j dans l'inc1usion, supposee spherique, dont 
l'anisotropie elastique a une symetrie hexagonale et situee dans une matrice 
isotrope s'obtient a partir de (9) et (7) sous la forme 

I ° 1+R\1+R~1-2R~1 
e33 = e (1 + R~3) (1 + RIll + RL) - R~3 (R~l + Rill) 

1 - R13 e~3 
1 + Rll + R21 

ou R~j et Rij sont les composantes de R~jkQ et RjjkQ en notation matricielle de 
Voigt. 

La cission maxirnale T s'obtient alors a l'aide de 

(10) 

ou la notation de Voigt est aussi utilisee pour les constantes elastiques. 
Dans Ie cas d'un polycristal de zinc, on trouve ainsi que: 

T "'" 0,0426 P 

ou Pest la pression hydrostatique appliquee. 
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Pour des valeurs -habituelles de P, la valeur de T ainsi calcuIee n'est donc 
pas negligeable par rapport a la cission critique qui est de l'ordre de quelques 
10- 2 X daN/mm2 et peut etre suffisante pour decIencher Ie glissement 
plastique. 

2.3. Influence de l'anisotropie geometrique sur les textures de deformation 
plastique 

L'equation (6), dont la partie antisymetrique represente la rotation elastique 
wI, mesure de la rotation du reseau, montre qu'en general trois facteurs inter
viennent sur la formation des textures: 

- la rotation plastique wPI (partie anitsymetrique de f3pI) 

- l'anisotropie et l'heterogeneite elastiques (par l'irrtermediaire de pi et de RO) 

- l'anisotropie de forme par l'intermediaire du tenseur 

-1 Gjn,im dV 
V 

Pour preciser l'influence de l'anisotropie de forme, nous supposons 
l'elasticite isotrope et homogene et !'inclusion de forme ellipsofdale (axes 
principaux a, b = a, c). De plus nous supposons que f3PO == 13° == O. 

La rotation elastique wI dans l'inclusion s'ecrit alors d'apres (6) 

wPI etant la partie antisymetrique de f3pI et flU repn;sentan~ l'influence de 
l'anisotropie geometrique (njj = 0 dans Ie cas d'une inclusion spherique). 

A partir de (6), on obtient alors la dependance de wI avec eP : 

fl - - ROI epI 
mn - }mn {pq pq (11) 

En utilisant les notations de Bunge [3] qui repere les axes cristallographiques 
du cristal par rapport aux axes macroscopiques par les angles (</>1' <P, </>2)' on 
trouve pour !:1</>2 les "corrections" d'anisotropie geometrique qui sont 
donnees sur la figure 1 dans Ie cas ou il y a uniquement glissement sur Ie 
systeme prirnaire. n apparait donc que cette "correction" est souvent du 
meme ordre de grandeur que la valeur a laquelle elle s'applique, propriete 
pourtant negligee dans les previsions courantes de textures, notamment 
par l'utilisation du modele de Taylor qui, dans Ie cas present, s'accompa
gnerait de la relation wij = - w~. 
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Figure 1. - Correction d'anisotropie de forme: erreur relative sur A<I>2. 

3. Plasticite des polycristaux 

Dans cette partie, nous reprenons la solution du probleme de !'inclusion 
comme base d 'un modele self consistent pour la prediction de la plasticite 
des polycristaux. Ce schema self-consistent est celui de Kroner [4] : grace it 
la fayon dont nous avons retrouve la formule de Kroner (formule 8), nous 
pouvons etablir en quoi et pourquoi i1 est mal adapte it la prevision de l'ecou
lement plastique des polycristaux. II repose en effet sur une hypothese implicite 
d'accommodation purement elastique entre les grains. Pour introduire une part 
plastique dans l'accommodation entre les grains et, du m~me coup, limiter 
l'amplitude des contraintes internes telles qu'elles sont prevues par Ie modele 
de Kroner, nous etudions ensuite Ie probIeme de !'inclusion dans une matrice 
en ecoulement elastoplastique suppose obeir, pour simplifier, aux lois de 
Hencky-Mises. On arrive ainsi it introduire une fonction d'accommodation 
plastique directement mesurable a partir d'essais mecaniques simples et utilisable 
dans Ie cadre du schema self-consistent. On applique Ie modele_ obtenu it 
l'etude de la texture de deformation en traction des metaux C.F.C. eton indique 
une methode pour calculer Ie coefficient de Lankford de polycristaux possedant 
une texture. 

3.1. Modele selfconsistent a accommodation eiastique 

En plus de la loi d'interaction entre les grains qui est celle deduite en 2 (formule 
8), l'elaboration d'un modele self-consistent necessite la representation du 
comportement plastique du monocristal et de la structure du polycristal 
(texture, taille et forme des grains). 
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Nous limitant a la plasticite a froid et aux metaux C.F.C., nous repre
senterons Ie comportement plastique du monocristal par une matrice d'ecrouis
sage Hmn reliant l'accroissement du glissement d'Yn sur Ie systeme de glis
sement (n) a l'accroissement de la cission critique reduite dT m sur Ie systeme 
(m). En appelant Rij les elements de la matrice d'orientation reliant l'etat de 
contrainte Gij ala cission reduite sur Ie systeme (m), on a si (n) est actif: 

dTm = Hmn d'Yn (ecrouissage du systeme m) 
(12) 

soit en neglige ant l'effet de la rotation elastique sur la variation de la cission 
reduite, responsable d'un terme specifique d'ecrouissage "geometrique" : 

(13) 

ou 1'0n a pose: 2(1 - (3) =:: 1 dans la formule (8). 
L'accroissement de deformation plastique de~ du grain considere est 

relie a l'accroissement du glissement d'Yn sur les systemes de glissements actifs 
(n) par deB = Rij d'Yn , et on a donc pour (13) : 

(14) 

La relation (14) fait apparaitre les differentes sources d'ecrouissage pour 
un systeme de glissement dans un grain du polycristal : 

l'ecrouissage propre intracristallin, de matrice Hmm dont les termes sont 
typiquement de l'ordre de p./200. 
l'ecrouissage intergranulaire de matrice p.Rij R~ provenant des contraintes 
internes de grain a grain et dont les termes sont de l'ordre de quelques 
fractions de p. (p./2, p./6 ... ) 

Cette decomposition montre que pour Ie modele de Kroner Ie second 
terme est largement preponderant par rapport au premier, les contraintes 
internes masquant alors les caracteristiques plastiques propres du monocristal. 

L'utilisation d'un tel modele [5] montre en effet qu'il faut augmenter 
artificiellement les termes Hmn jusqu'a des valeurs de l'ordre de p./1O pour 
obtenir des courbes de traction calculees compatibles avec les resultats experi
mentaux. Cette insuffisance du modele de Kroner provient essentiellement de 
l'hypothese implicite, dans Ie probleme de l'inclusion, d'une deformation 
plastique uniforme de la mat rice , conduisant a un schema d'accommodation 
purement elastique entre les grains du polycristal et donc a une surevaluation des 
contraintes internes. Pour limiter l'amplitude de ces contraintes internes en 
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autorisant une part plastique dans l'accommodation des incompatibilites entre 
les grains, nous formulons un nouveau probleme d'inclusion conduisant a un 
modele self-consistent d 'accommodation elastoplastique. 

3.2. Modele self-consistent Ii accommodation elastoplastique 

Nous supposons que l'ecoulement elastoplastique de la matrice peut se repre
senter par des relations analogues a celles de Prandtl et Reuss 

deL = C~jki da~ + Ajjkll skj/ dA (si f = 0 et fhk dahk > 0) (15) 

f etant Ie potentiel plastique defini par 

f = Ajjkl/ Sjj skl1 - k 
2 

et dA = gfhk dahk (fhk =~) 
aahk 

AjjkQ et k2 representent les parametres de l'ecrouissage et de l'ecoulement 
plastique et sij Ie deviateur de aij' 

En definissant une contrainte equivalente sE = ..J AjjkQsij skQ et en sup
posant Ie chargement radial en tout point de la matrice et l'etat d'ecrouissage 

- 1 lSE (suppose uniforme) represente par un parametre h = - gs2 ds, on 
peut ecrire (15) sous la forme sE 0 

(16) 

(16) se presente alors, pour un etat plastique donne, comme une relation de 
comportement d'elasticite lineaire, anisotrope pour la deformation totale et 
de la mat rice et les coefficients Ljjk12 sont homogenes dans toute la matrice 
et fixees par les conditions d'ecrouissage a l'infini. On est alors ramene au 
probleme non homogene de l'inclusion plastique dans une matrice "elastique" 
de compliance Ljjkl1 et soumise aux contraintes homogenes ~jj a l'infini. On 
obtient alors a partir de (6) 

(17) 

Dans la suite, nous nous lirnitons a une approximation isotrope des inter
actions entre inclusion (spherique) et matrice, Ie comportement elastoplastique 
de cette derniere, caracterise par Ie tenseur L, etant, dans l'etablissement de 
la loi d'interaction, suppose isotrope. On trouve alors [6] : 

(18) 
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1 + v 
1 + 6Jlh ---

7 - 5v 
a = --------------- "'" ---=-

13-5v - l+v I+Jlh 
1 + 2 Jl h + 8 Jl2 h 2 ---

15(1 - v) 15(1 - v) 

Dans Ie cas d'un essai de traction (L , EP ), on a pour a 
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(19) 

(20) 

Dans (18), la forme du modele self-consistent est sauvegardee mais l'introduction 
de la fonction d'accommodation plastique a limite les contraintes internes 
puisque, dans Ie cas d'un essai de traction par exemple, a est egal 11 1 au debut 
de l'ecoulement plastique (EP "'" 0) mais tend tres rapidement vers des valeurs 
inferieures d'un ordre de grandeur au moins lorsque EP croit. 

L'equation (14) devient alors 

et on voit qu'il n'est plus necessaire d'augmenter artificielIement les termes 
Hmn puisque les coefficients JlRij Rij sont maintenant divises par un facteur 
de l'ordre de 10. 

De plus, les resultats qu'on attend d'un tel modele seront sensibles 11 
l'anisotropie de la matrice H telle qu'elle peut apparaitre lors d'essais de dur
cissement latent sur des monocristaux de cuivre ou d'aluminium [7]. 

3.3. Application a la prevision du comportement plastique et des textures 
de deformation des polycristaux c.F.c. 

3.3.l. Prevision des courbes de traction 
Dans Ie cas OU, pour simplifier, on suppose a constant dans (18), on 

montre que, si l'on connait la reponse du modele de Kroner (a == 1) - soit 
~, EP pour H:hg -, celle du present modele s'en deduit par : L = ~, 

- h -hg 
EP = EP /a pour H g = aH . Le resultat en est bien, globalement, une 
plus grande facilite d'ecoulement plastique en meme temps qu'une meilleure 
sensibilite aux caracteristiques de l'ecrouissage intracristalIin. On retrouve 
ainsi, beaucoup plus simplement, des previsions conformes 11 celles du modele 
de Hill et Hutchinson [8] qui resultent d'une methode iterative complexe 11 
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1. Kroner [ot: 1 , HII' = 0,1] 

2 . HiLL-Hutchinson [HII': Q04] 

3. Present modele [H!I'= 0,04) 

4. Taylor [HII' = 0,04] 

2 3 E'/E. .... 
Figure 2. - Courbes de traction pour H isotrope. Comparaison entre differentes predic
tions theoriques. 

renouveler sur chaque nouveau probleme. C'est ce qu'illustre la figure 2, dans 
Ie cas d'un ecrouissage intracristallin isotrope, ou sont comparees les previsions 
de differents modeles. 

3.3.2. Prevision des textures de deformation en traction 
La figure 3 represente les changements d'orientation de l'axe de traction 

(par rapport aux axes (lOO}, (l1l) et (l1Q}) deduits de (21) pour plusieurs 
valeurs de ap,/H, en prenant une matrice H isotrope. De meme, la figure 4 
indique les changements d'orientation lorsque H est anisotrope, (HI designant 
Ie module d'auto..ecrouissage et H2 > HI celui de l'ecrouissage latent), Ie role 
de l'anisotropie de H etant d'autant plus important que a est plus faible. Ces 
resultats, plus conformes aux observations experimentales que ceux deduits 
du modele plus classique de Taylor, confirme la r6alite des mecanismes de re
laxation d'accommodation plastique, malgre la simplicite de la representation 
qui vient d'en etre faite. 

3.3.3. Calcul du coefficient de Lankford en traction simple (principe) 
Lorsque Ie polycristal possede une texture initiale, la resolution des 

equations (21) se complique puisque la forme du tenseur dQij = d~ij + ap,dE~j 
n'est pas connue a priori. 
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Figure 3. - Changement d'orientation, pour un grain donne, en fonction de OIIJ./H 
(traction). 

011 

I 

O(~ HI H21~ 
100 25 50 -

41CX 25 25 -
100 25 25 -- ... 

111 

Figure 4. - Changement d'orientation pour diffbents grains et dif[erentes valeurs de 
OIIJ., H 1 et H 2 (traction). 
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En effet, on a en traction simple selon l'axe OX3 : 

dQij ~ G 0 

o ) em 0 

D 0 o + aJ.LE~3 0 -(l-m) 

0 d~33 0 0 

m etant relie au coefficient de Lankford R par la relation usuelle R = m/l - m. 
Dans Ie cas oil l'anisotropie plastique est negligee, m = 1/2 et Ie tenseur 

dQ ne dep~nd que d'un seul parametre. Lorsqu'une texture initiale est pre
sente, m est inconnu et Ie tenseur dQ depend de deux parametres. On est alors 
oblige de recourir a une methode iterative en partant d'une valeur initiale arbi
traire mo pour m, a corriger cette valeur initiale, en verifiant a chaque etape la 
"self·consistence" du modele puisqu'on doit avoir 

E~ = f €~en) fen) dn 
(n) 

fen) etant la fonction de repartition des orientations cristallines par rapport 
au repere macroscopique. 

4. Conclusion 

Les exemples qui viennent d'etre traites illustrent l'interet de l'utilisation d'un 
schema self-consistent fonde, suivant Ie cas, sur tel ou tel probleme d'inclusion, 
dans la prevision des proprietes d'un agregat dont les constituants ont des pro· 
prietes anisotropes - agregat dont la structure peut elle-meme etre anisotrope. 
Les limites d'un tel schema tiennent cependant au fait qu'il ne prend en compte 
qu'assez grossierement Ie caractere granulaire de l'agregat, en evaluant les inter
actions entre les grains a partir de celles entre une inclusion plastifiee de fayon 
uniforme et une matrice homogene. Ces limites ne peuvent etre franchies qu'en 
envisageant des "motifs" d'interaction plus complexes, tel celui d'une paire 
d'inclusions [9], imageant, selon Ie point de vue qu'on desire adopter, soit 
des grains contigus, soit des sous-grains differemment plastifies a l'interieur 
d'un meme grain. 
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ABSTRACT 

The solution of the generalized problem of an ellipsoIdal inclusion in an infinite 
matrix is used in order to point out the influence of the elastic anisotropy on 
the plastic flow of a polycrystal submitted to a hydrostatic pressure, as well 
as the one of a geometrical anisotropy on the elastic rotations and the texture 
development. Starting from a new inclusion problem, a polycrystalline self
consistent scheme with a plastic accommodation is then proposed: this model 
allows a better integration of the anisotropic properties of single crystal 
strain-hardening and a more realistic prediction of defonnation textures and 
the subsequent plastic anisotropy. 
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1. Introduction 

Le comportement en deformation plastique d'un agregat polycristallin est 
generalement anisotrope, car d'une part Ie monocristal presente un compor
tement anisotrope de par la cristallographie de la deformation, et d,autre part 
car un polycristal possede presque toujours une texture cristallographique 
et, s'il n'en posse de pas avant la mise en charge, il va s'en creer une au cours 
de la deformation. 

Suivant les cas, cette anisotropie est nefaste ou benefique; cependant, 
la tendance actuelle est de developper des textures qui utilisent au mieux les 
proprietes directionnelles afin d'atteindre un but fixe avec une meilleure ren
tabilite qui comporte souvent une economie de matieres premieres. 

II est donc tres important de prevoir l'anisotropie a partir des proprietes 
du monocristal, du comportement d'un grain dans une matrice polycristalline 
et des parametres decrivant la texture. 

Le modele de comportement d'un grain dans un polycristal retenu dans 
ce travail est Ie modele simple de Taylor [19], generalise pour tenir compte 
de la texture cristallographique, par l'intermediaire de la Fonction de Distri
bution des Orientations des Cristallites (FDOC), associe a un comportement 
du monocristal en glissement ou en maclage regi par une loi de cission critique. 

La FDOC, qui ne tient compte que des parametres d'orientations (la 
taille, forme des grains, etc. sont negliges), est calcuIee a partir des figures 
de pales mesurees, au moyen de developpements en series sur des bases 
d'harmoniques spheriques [8]. 

Le modele, deja utilise par d'autres auteurs [4, 7, 17], permet de prevoir 
la position et la hauteur relative des comes d'emboutissage, qui sont, rappelons
Ie, des defauts qui apparaissent lors d'essais d'emboutissage dans une tole mince, 
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d'un godet cylindrique, sous forme de variations de la hauteur de la paroi du 
godet. 

La prediction des comes est faite en calculant theoriquement les varia
tions dans Ie plan de la tole du rapport R(a) = E22/E33 dans un essai de 
traction simple, a etant l'angle entre la direction de mesure et la direction 
de laminage. 

Ceci a ete applique a des toles d'aluminium de purete commerciale pour 
des deformations a differents taux de laminage suivies ou non d'un recuit 
standard, en utilisant Ie glissement {Ill} 010), et a une tole de titane non 
allie avec plusieurs systemes de glissement et en introduisant Ie maclage. 

2. Rappel des hypotheses du modele de Taylor anisotrope 

Les hypotheses du modele de Taylor sont les suivantes : 

1) La deformation plastique est homogene, soit [E] = [e], si [E] et [e] 
representent les tenseurs de deformation, respectivement, macroscopique et 
microscopique. 

La deformation elastique est negligee. 
2) La deformation a lieu par glissement. Cinq systemes de glissement 

au moins sont necessaires pour accommoder une deformation quelconque. 
La deformation peut egalement avoir lieu par maclage, ce mode de defor
mation etant considere comme statistiquement homogene. 

3) Parmi toutes les combinaisons de systemes de deformation qui sont 
compatibles geometriquement avec la deformation, celle(s) qui minimise(nt) 
l'energie de deformation est (sont) retenue(s). II s'agit du Principe de Travail 
Minimum. 

4) Le glissement est regi par une loi de cission critique, ainsi que Ie ma
clage. Si l'on veut prendre en compte Ie durcissement, il doit etre isotrope. 

Dans un essai de traction simple, on suppose que Ie tenseur de defor
mation macroscopique s'ecrit : 

(1) 

(2) 
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Si l'on pose: R = E22 /E33 , il vient : 

0 0 

-R 
(3) [E] = Ell 0 0 

1 + R 

-1 
0 0 

1 + R 

Soient t/J, 0, cp les angles d'Euler reperant un referentiel lie a un cristal 
de l'agregat par rapport au referentiel macroscopique des axes principaux de 
deformation de l'echantilion. Pour un crista I d'orientation t/J, 0, cp et se de
formant avec un rapport R, il est possible de calculer Ie facteur de Taylor pour 
un increment de deformation suivant la direction 1 : 

8w 
M(t/J ,0 ,cp,R) =--

Tc 8E ll 
(4) 

ou T c est la cission critique du systeme de glissement s'il n'y a qu'une familie 
de consideree, ou bien la cission du systeme de deformation pris en reference 
s'il y a plusieurs families. 8w est Ie travail de deformation: 

8w = l>~ L 18 'Y~I (5) 
h k 

la sommation sur h est faite sur les differentes families de systemes de defor
mation chacune ayant une cission critique T~ , 8 'Y~ est !'increment de cisail
lement sur Ie k-ieme systeme de la famille h; ces termes sont relies a [E] par 
une matrice d'orientation. 

Le facteur de Taylor est calcule par minimisation par rapport aux quan
tites de glissement geometriquement compatibles avec la deformation macros
copique. n peut egalement etre calcule en utilisant l'analyse de Bishop et Hill 
[3], fondee sur Ie Principe du Travail Maximum; il s'agit alors de construire 
la surface limite d'ecoulement plastique du cristal, et de maximiser Ie travail 
de deformation sur les etats de contrainte correspondant aux sommets de la 
surface de charge. Nous avons utilise cette seconde methode qui est plus rapide. 

Le Principe du Travail Minimum a ete generalise au polycristal aniso
trope par Hosford et Backofen [14]. Le facteur de Taylor moyen du poly
cristal est considere comme etant la somme des facteurs de Taylor de tous 
les cristaux ponderee par la fraction volumique de cristaux de chaque orien
tation, soit la valeur de la FDOC, F(t/J, 0, cp) : 

M(R) = JJf M(t/J, 0, cp, R). F(t/J ,0, cp) sin 0 dO dt/J dcp (6) 
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On obtient ainsi une courbe M = f(R) qui generalement possede un 
seul minimum. Dans cette direction de me sure , on suppose que Ie compor· 
tement du polycristal est celui qui minimise l'energie, on retient donc comme 
valeur de R celle qui correspond au minimum de la courbe. 

Par changement de base, on fait varier la direction de mesure dans Ie 
plan de laminage, on obtient alors une prediction des courbes R = f(a). 

Pour faciliter les calculs, Ie facteur de Taylor M( 1/1 , (J ,cp, R) est deve· 
loppe sur la meme base que la FDOC, l'integrale de l'equation (6) se ramene 
alors a une somme de produit des coefficients des deux developpements. 

3. Application a l'aluminium 

Nous avons, dans une premiere partie, etudie, sur une tole d'aluminium de 
purete commerciale d'epaisseur I mm a I'etat recristallise, theoriquement et 
experimentalement, l'evolution du rapport R au cours de deformations par 
traction de 5, 10 et 20 % dans la direction de laminage avec une vitesse de 
deformation € ~ 10-4 S-1 . 

Pour chaque etat, nous avons determine les figures de poles {11I}, {200} 
et {220} par diffraction des rayons X avec la methode en reflexion et trans· 
mission. Les FDOC ont ete calcuIees en developpant les series jusqu'a l'ordre 
34 [11] pour ajuster correctement Ia texture la plus accusee (erreur de tron· 
cature inferieure a 10 %). 

La FDOC de la tole avant deformation est presentee sur la figure I, Ie 
maximum de la fonction est situe pres de l'orientation ideale {123} <111 > 
ou {hkl2} est Ie plan paralll~le au plan de laminage et <uvw> la direction 
parallele a la direction de laminage. L'evolution du maximum de la FDOC 
en fonction de la deformation ainsi que la dispersion en (J sont presentees sur la 
figure 2; Ie maximum ne se deplace pratiquement pas mais il augmente en 
valeur en meme temps que la deformation. 

Le calcul de R a donc ete fait jusqu'a 20 % de deformation avec les quatre 
FDOC correspondantes pour des developpements a l'ordre 16 qui est suffisant 
pour atteindre une bonne convergence. Les valeurs calcuIees sont comparees 
aux valeurs mesurees de R sur la figure 3; on remarque que les resultats 
theoriques et experimentaux sont en assez bon accord et que, malgre de grandes 
variations du maximum de la FDOC, R ne varie pas de fa90n significative avec la 
deformation dans Ie domaine 0-20 %. 

On peut se poser la question de savoir s'il est possible de raisonner sur Ie 
monocristal correspondant a la compo sante majeure de la texture, sur la figure 4 
sont tracees les courbes M = f(R) pour l'orientation {123} < 111> (1/1 = 20°, 
(J = 35°, cp = 30°) et pour l'orientation {112} <111> (1/1 = 0°, (J = 35°, 
cp = 45°); ces orientations proches correspondent respectivement au maximum 
de la FDOC et a un point de la dispersion ayant une valeur encore elevee. 
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Figure 1. - Courbes de niveaux representant les variations de la FDOC dans l'espace d'Euler 
pour Ie materiau avant deformation. 
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Figure 2. - Evolution de la dispersion de 
la FDOC suivant () pour '" == 200 et 
rf> == 300

, en fonction de la deformation. Le 
chiffre suivant A.O. represente Ie pourcen· 
tage de deformation. 

Dans Ie premier cas, Ie minimum est situe a R = 5,7, dans Ie second cas, 
les variations de M sont tnls faibles mais Ie minimum est situe a R = O. Nous 
constatons done qu'il suffit de s'ecarter Iegerement d'une orientation ideale 
donnee pour que la valeur de R correspondant au minimum de la courbe 
M = feR) varie de 0 a l'infini. Ceci explique que Ie minimum de la courbe 
du polycristal puisse se trouver aux environs de 0,6; en consequence, il semble 
qu'il ne soit pas possible d'obtenir des resultats meme qualitatifs en utilisant 
seulement quelques orientations ideales, car la dispersion a une influence decisive 
sur la valeur moyenne de R. Cette valeur, qui reste sensiblement constante avec 
la deformation, paraft etre plus influencee par la dispersion autour du maximum 
(Fig. 2) que par la valeur maximale croissante de la fonction; en effet dans Ie cas 
present,la "largeur a mi-hauteur" de la fonction reste constante. 

Dans une seconde partie, nous avons etudie, sur de l'aluminium de meme 
purete que precedemment, l'evolution des comes d'emboutissage pour differents 
taux de laminage suivis ou non d'un recuit de recristallisation a 350°C pendant 
5 heures. 

L'etat de depart est une tole de 10 mm homogeneisee, qui a ete laminee a 
froid a huit epaisseurs comprises entre 5 et 0.1 mm. 

Les pourcentages de comes sont portes sur la figure 5 en fonction de la 
deformation. H etant la hauteur de la paroi mesunle apres emboutissage d'un 
godet cylindrique a partir d'un flan de 60 mm avec un poin<;:on de 32 mm, Ie 
pourcentage de corne est donne par: 



www.manaraa.com

Anisotropie de Comportement Plastique de Toles 

AL 1100 A . O~ 

~ 
R I!I Muur;u 

0.70 0 <> @ '" m" ." .. 
o i3 C " G 

~~~·I - -- ____ -; ___ __ ____________ ; .£.!"£ .,!,!,.~.,, 

O.:}OO 

0200 

0.100 EI 

a 0.05 0.10 0.15 0.20 

Figure 3. - Valeurs de R mesun§es et calculees en fonction de la deformation. 

N 

{: 
= 0° ..., 

:55 0 
a> 

= 0 
M 

45° .' 
a> 

4 ,0 a.> co a> 0 (' . ..., ... 

~ 
0 0 0 ... ... ... .... .... .... .... .... 
...... ...... ...... ...... ...... ...... ...... ....... 
<0 <0 t.D t.D t.D <0 <0 <0 

...,' ..., II> 

..., ..., ..., ..., ..., ..., ..., 0 
0 

II> ' ... 
N 

3,5 N 0 en a> IX) 0 
II> a> ..., ...... IX) N t.D 0 .., t.D 0 ..., ...... ,..., ....... 0 ...... 
0 a> a> co ..... <0 II> II> 

<0 II> II> II> II> II> In II> 
..., 

..., ,..., ..., ,..., ..., ..., ..., ..., 

3,0 r 200 

Q = :55 0 

¢ = 30 0 

0 
0 0.1 0.2 0 .:5 0 .4 0 . 5 0 .6 0 .7 0 .8 0 .9 1.0 

I .. 
0 0,1 1 0,25 0.67 1.0 1.87 4,0 9.0 

353 

Figure 4. - Valeurs des facteurs de Taylor en fonction de R ou de q = ~ pour deux 
orientations ideales. 1 + 



www.manaraa.com

354 

·0 
0-

-4% 
o 

~ 2% 
U 

!sal.api. 0% 

2% 

.~ 4% 

• o 
0-

• 4% 
o 

~ 2% 

U 0"1. 
Isalropi. • 

~ 6% 

U 8% 

10% 

M Pernot, R. Penelle 

o 
In taUi de laminage.% 

0,2 0.3 0,5 1,0 2.0 5,0 10,0 ipaisseur en mm 

o 
co 

2,0 

/.+~ 
/ ...... ." 

/
,.~ 
.", 

+ 

+ 

+ 

taul de laminage. % 

5,0 10,0 epaisseur en mm 

Figure 5. - Evolution du pourcentage de comes, 
a) etat lamine, 
b) etat recristallise. 

Ces courbes presentent un domaine sensiblement lineaire pour lequel on 
observe une inversion de quatre comes a 0° et 90° de la direction de laminage 
a quatre comes a 45° de la direction de laminage, avec passage par un etat 
sans corne d'un interet industriel evident. 

Afin de calculer R, les textures glob ales ont ete determinees par diffraction 
des neutrons [16] sur les tOles de 10 et 5 mm, et par diffraction des rayons X 
pour les autres. Les FDOC ont ete calcuIees pour des troncatures a l'ordre 24, 
les evolutions des composantes les plus importantes sont tracees en fonction 
de la deformation sur la figure 6. L'etat initial comporte trois composantes avec 
de larges dispersions, la premiere entre {123} < 111 > et {112} <111 >, la 
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seconde {lID} <001> et la troisieme {100} <001 >. Au cours du laminage, 
la premiere compo sante est stable en position mais augmente tres fortement en 
fraction volumique alors que les deux autres decroissent. Apres recristallisation, 
la premiere composante reste stable alors que les deux autres se developpent 
pour passer par un maximum a 1 mm d'epaisseur ; en outre, il a ete montre qu'il 
n'existe pas de gradient de texture dans l'epaisseur des tOles. 

Pour tous les etats metallurgiques, nous avons calcule les courbes 
R = f(a). 11 a ete montre que, dans l'aluminium particulierement, les courbes 
R = f(a) calcuIees ont la meme allure que les courbes mesurees mais que Ie 
modele de Taylor surestimait l'anisotropie [18]. Nous n'avons done pas cherche 
a predire quantitativement la hauteur des comes, comme avait tente de Ie faire 
Tucker [22] pour des monocristaux d'aluminium et Grumbach et coli, [13] pour 
des polycristaux d'acier doux, Nous nous sommes attaches a calculer I'evolution 
de hauteur des comes en fonction du taux de deformation a l'aide de l'esti
mation de AR = 1/2 (Ro - 2R4S + R90), ce parametre ayant ete depuis 
longtemps relie a Ia formation des comes [12], 

Les valeurs de AR calculees sont portees sur la figure 7 en fonction de 
la deformation, La comparaison avec la figure 5 montre que l'on obtient les 

13 
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memes allures pour les courbes theoriques et experimentales, et que les etats 
d'isotropie plane sont prevus pour des valeurs de deformations tres proches 
de celles observees experimentalement. De plus, les rapports entre les 
echelles de pourcentage de corne et de ~R pour l'etat lamine et pour l'etat 
recristallise sont sensiblement les memes et respectivement egales a 2,8 et 2,9. 

Si l'on se refere a la figure 6, on remarque que l'etat d'isotropie plane est 
obtenu pour un melange des trois composantes de la texture avec des valeurs 
sensiblement egales des maximums, mais ceci ne tient pas compte des dispersions 
autour des composantes. 

Rappelons que, parmi ces composantes de la texture, les composantes 
{100}<001> et {1l0} <001> donnent des comes aDo et 90° de la direction 
de laminage, alors que la composante du type {123} <111> donne des comes 
a 45° de la direction de laminage. 

Le modele utilise a donc permis de prevoir la position des comes, 
l'evolution de leur hauteur et aussi Ie traitement ne donnant pas de corne. 

4. Application au titane 

Les metaux de structure hexagonale possedent une anisotropie de deformation 
plastique plus accusee que celle des metaux cubiques, en particulier les valeurs 
de R du titane a sont tres elevees. Malgre l'interet industriel qu'ils presentent, 
ces rnateriaux ont ete peu etudies en raison de la complexite des modes de 
deformation, glissement ou madage et de l'absence de donnees serieuses pour les 
valeurs de cissions critiques surtout dans Ie cas des nuances industrielles. 

Nous avons calcuIe la variation de R dans Ie plan de la tole en nous 
fondant sur 1es travaux de Thornburg et Piehler [20] qui ont ete les premiers 
a pre dire les textures de laminage du Titane a l'aide du modele de Taylor-Bishop
Hill. 

Le materiau utilise dans la presente etude est une tOle de titane, de 1 mm 
d'epaisseur avec une taille de grains de l'ordre de 30 J1.m, contenant environ 
1200 ppm d'oxygene; la texture cristallographique de cette tole, determinee 
comme precedemment, possede une composante majeure (2115) [0110] avec 
une forte dispersion en direction de (T013) [1210]. 

Les systemes de glissement prismatique {laID}, basal {OOOI} et 
pyramidal {loTI} en zone avec une direction <1120> contenue dans Ie 
plan basal ne permettent pas d'accommoder une deformation selon l'axe [0001]. 
A temperature ambiante, cette impossibilite peut etre paliee par intervention 
du madage a l'aide des systemes {11l2} < 1123> et {I 0T2} <1011 > [1] 
qui permettent respectivement une contraction et un allongement parallelement 
a cette direction. Outre l'incertitude sur les valeurs de cission critique de 
glissement due a la presence d'eIements interstitiels, l'existence me me d'une loi 
de cision critique pour Ie madage est actuellement tres controversee, cependant 
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en depit de ces reserves, nous avons postuIee, en accord avec Ie modele de 
Taylor, la validite d'une telle loL 

Pour Ie glissement, nous avons retenu les valeurs de cission critique de 
Churchman [6] 

T(1010) = 9,19 kg/mm2 

T (0001) = 10,90 kg/mm2 

T (1011) = 9,90 kg/mm2 

qui utilisa un titane de purete similaire au notre; par contre, en l'absence de 
donnees pour Ie maclage, nous avons admis que ce mode de deformation 
intervenait lorsque Ie glissement ne permettait pas d'accommoder une defor
mation quelconque. Ceci implique donc que les cissions critiques de maclage 
posse dent des valeurs superieures ou egales Ii celles de glissement. 

La competition entre les differents modes de glissement basal, prismatique 
et pyramidal ayant une direction de glissement < 1 f20> a ete analysee par 
Chin et Mammel [5] en fonction des rapports de cission critique, les cinq regions 
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Figure 8. - Domaines d'existence des differents systemes de glissement en fonction des 
rapports de cissions critiques. 
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correspondant aux differentes possibilites de glissement sont donnes, figure 8, 
selon les rapports T (1 OIIW(OOOI) et T (1 OlOW(OOOI). 

Dervin [9] adoptant une analyse similaire a celle de Thornburg et 
Piehler [21] fondee sur Ie formalisme de Bishop et Hill [3] calcula les etats 
de contraintes physiquement possibles faisant intervenir glissement et maclage 
afin de determiner les systemes de deformation actifs. Cette methode ne sera 
pas detaillee ici, elle est fondee sur l'hypothese que la deformation se produit sur 
quatre systemes de glissement et un ou plusieurs systemes de maclage. nest ainsi 
possible, dans un premier temps, d'explorer la surface de charge definie pour 
Ie glissement seulement et de determiner les etats de contraintes permettant Ie 
declenchement de toutes les combinaisons de quatre systemes de glissement. 
Afin de determiner totalement Ie tenseur des contraintes, un systeme de 
maclage est alors selectionne. 

Les etats de contraintes varient selon la region consideree ; dans Ie cadre 
de la presente etude et en fonction des systemes retenus compte tenu de la 
purete du materiau utilise, Ie domaine a retenir correspond au sous cas C de la 
region IV, ainsi existe-t-il 216 possibilites de 5 systemes de glissement et 
maclage. 

Sur Ie plan experimental, Ie coefficient R extrapoIe a 0 % de deformation 
a ete determine pour des angles a de 15 en 1 S° a partir de la direction de 
laminage sur eprouvettes normalisees a une vitesse de deformation 
€ "'" 10-4 S-1. 

La figure 9 montre que R ne varie pas avec Ie taux de deformation, 
cependant si l'on compare la courbe Rexp = f(a) et la courbe Rth = f(a) 
calcuIee a partir du modele de Taylor en introduisant la FDOC (Fig. 10), nous 
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Figure 9. - Variations de R en fonction de la deformation. Sur ['axe des ordonnees sont 
portees les valeurs de R extrapoIees a 0 % de deformation. 
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pouvons constater que l'accord reste mediocre, cet ecart est du en partie au fait 
que les valeurs de cission critique determinees par Churchman sont fortement 
entachees d'erreurs, compte tenu de la precision des mesures. En effet, les 
cissions pour l'ensemble des systemes sont equivalentes, ce qui ne correspond 
pas a la realite, Ie materiau se comporterait alors comme un solide isotrope si 
l'on admet de plus que les cissions de maclage sont identiques a celles de 
glissement. 

En favorisant Ie glissement prismatique (point P 2' Fig. 8), conformement 
aux observations experimentales et en accroissant les cissions de maclage, nous 
retrouvons un accord raisonnable entre theorie et experience (Fig. 11). 

S. Conclusions 

Le modele de Taylor generalise aux polycristaux possedant une texture cristallo
graphique, permet de prevoir semi-quantitativement Ie comportement anisotrope 
en deformation plastique. 

11 semble que, dans tous les calculs theoriques de courbes RCa) pour des 
materiaux de reseau cubique, tant cubique-centre comme les aciers doux avec Ie 
glissement du type "pencil glide", que cubique a faces centrees, on obtienne 
l'allure des courbes determinees experimentalement, avec cependant une 
surestimation de l'anisotropie. 

Pour un materiau de reseau hexagonal comme Ie titane a, les conclusions 
sont beaucoup plus delicates car, de par Ie nombre de mecanismes de defor
mation qui interviem'lent et les incertitudes sur les cissions critiques, il existe 
plus de variables. 

Les critiques que l'on peut faire au modele de Taylor sont les suivantes: 

1) Experimentalement, il s'avere que la deformation n'est pas homogene. 
2) La continuite des contraintes n'est pas respectee d'un grain a l'autre. 
3) Le modele surestime les contraintes internes aux joints de grain puisqu'il 

n'autorise pas de relaxation. 
4) Le modele ne tient pas compte de la taille des grains, un des parametres 

les plus importants apres la texture cristallographique. 
5) Dans Ie calcul de R(a), lorsque a est tel que la direction de mesure n'est 

pas un des axes de symetrie de la texture, il est peu probable que les axes 
principaux de deformation coi"ncident avec les axes principaux de contrainte. 

Le modele permet, neanmoins, une approche de la comprehension de la 
formation des comes d'emboutissage du point de vue texture cristallographique, 
ainsi que la prevision de leur evolution au cours de traitements thermo
mecaniques. Ceci avec un volume de calculs numeriques deja important. 

Nous ne pensons pas que Ie modele de Taylor puisse donner des resultats 
autres que semi-quantitatifs, mais qu'il faut s'orienter vers des modeles plus 
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elabores, comme celui de Kroner [15] qui accepte une accommodation elastique 
aux joints, ou son adaptation par Berveiller et Zaoui [2] qui admettent une 
accommodation eIasto-pIastique, pour Ie comportement d'un grain dans une 
matrice polycristalline, et celui de Zarka [23] pour Ie comportement du 
monocristal. 

Actuellement, nous developpons un programme de calcul, en collaboration 
avec M. Engel du Groupe de M. Zarka (Ecole Poly technique), pour prevoir 
quantitativement l'evolution des textures de deformation de materiaux ci.c., 
au moyen des modeles de Kroner et de Zarka [10]. 

II s'agit d'une premiere etape afin de tester les modeles et leur program
mation numerique avant de passer aux calculs de comportement plastique 
anisotrope. 
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ABSTRACT 

The Taylor model generalized to plastic behaviour of anisotropic polycristals, 
has been used to predict the position and relative height of drawing ears, 
by mean of the evolution of the ratio R = E22/E33 measured in a tensile 
test, and by using the Crystallite Orientation Distribution Function. 

In a commercial purity aluminium with cubic lattice, the evolution of 
ears as a function of the amount of reduction by rolling with or without 
annealing, has been predicted. A metallurgical state without ears, of a large 
industrial interst, has been predicted and observed. 

In a second part, the model has been applied with introduction of 
twinning, for titanium, a metal with hexagonal lattice. Results are in good 
agreement with experiments when prismatic slip is favoured. 
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1. Introduction 

Improved understanding of the plastic response of metals subjected to load
ing histories which include marked changes in direction of the stress trajec
tories (in a hyperspace of components of the stress tensor) is of fundamental 
importance in plasticity theory and its applications. In particular, the plastic 
response follOWing abrupt changes in direction of the stress trajectory provides, 
for rate independent models of plastic response, a critical distinction between 
models incorporating smooth yield surfaces and those incorporating yield 
surfaces with vertices. Differences between predictions obtained using these 
two classes of models appear to be important in a number of applications 
including plastic buckling, stability of finite plastic deformations, strain loca
lization,and plastic waves. 

Experiments involving non -proportional loading paths (i.e. changes in 
direction of the stress trajectories) are normally conducted quasi-statically. 
Under these conditions, nominally homogeneous states of deformation can 
be produced. Both stress and deformation can be monitored. Consequently, 
the plastic response can be obtained for a variety of stress histories. Quasi
static experiments are most satisfactory for smooth stress trajectories at 
moderate strain-rates, say less than 1 sec-I. For more abrupt changes in 
stress trajectories and for higher strain rates the measurements of stress become 
less reliable due to response time limitations of the load transducers. 

An alternative means for investigating plastic response for non-proportional 
loading paths is to use plastic waves of combined stress. The theory of such 
waves has been considered by several investigators (e.g. [1,3,5,7,11,16,17]). 
So far, there have been relatively few experimental investigations (e.g. [10, 13, 
14]). However, the number of experimental investigations of plastic waves of 
combined stress can be expected to increase considerably in the near future 
as more laboratories develop the capability for plate impact experiments in 
which both normal and shear tranctions are imposed uniformly over one face 
of a plate specimen. 
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Such experiments have a number of advantages for investigating plastic 
response for non-proportional loading paths. First, since two types of waves 
are generated, the stress trajectories obtained in these experiments include 
sharp changes of direction during the transition from one type of wave to 
the other. Second, the wave profIle associated with predominantly shearing 
deformation is a sensitive indicator of the shear resistance characteristics of 
the material. In particular, the speed of propagation of the front of this quasi
shear wave is related directly to the instantaneous response of the material 
for stress increments in the new direction of the stress trajectory; furthermore, 
the continuous wave profIle near the quasi-shear wave front is indicative of 
the plastic response shortly after the change in direction of the stress trajec
tory occurs. Because the continuous quasi-shear wave spreads with distance 
of propagation, high resolution of the near wavefront features can be obtained 
by monitoring the wave profIle at sufficient distances from the impact face. 

In this paper. the theory of plastic waves of combined stress is reviewed. 
A technique for conducting pressure-shear wave experiments is described 
briefly and experimental results are compared with theoretical predictions. 
Discrepancies between theory and experiment are viewed as indicative of the 
need for futher examination of the adequacy of smooth yield surface models 
for loading paths with sharp changes in stress directions. Previous work on 
combined longitudinal and torsional plastic waves is cited as another case in 
which seif-consistent slip models give better agreement with experiment for 
the early part of the wave profile following a change in direction of the stress 
trajectory. 

2. Theory 

Partial differential equations governing the propagation of plastic waves of 
combined stress in the x-direction can, for most constitutive models, be 
written in the form [6] 

(1) 

In Equation (1), w(x, t) is an n-dimensional vector that can be partitioned 
in the form 

[

V(X, t)] v(x, t) E V (m) 

w(x, t) = 
,,(x,t) ,,(x,t) E V (n-m) 

(2) 

where v(x, t) and ,,(x, t) are vectors whose components are, respectively, 
the particle velocities and stresses which are of interest in the problem; A 
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and B are matrices that can be partitioned in the form 

B = [ 0 - N] 
_NT 0 

(3) 

where M, S are, for usual material models, symmetric positive-defmite 
matrices of dimension m an n-m respectively and N is a matrix of m rows 
and n-m colunms. The matrix M is a mass matrix in that the kinetic energy 

1 
is given by "2 v· Mv. For pressure-shear waves M = pI where p is the 

mass density and I is the 2 x 2 identity matrix; the matrix S is an instan
taneous compliance matrix in that S( 0 ,,) gives the instantaneous strain 
increment associated with an instantaneous infmitesimal change 0" in the 
stress vector; the matrix N has the property that N" is the traction on a 
plane with its normal in the positive x-<iirection. The vector d in (1) accounts 
for time dependent relaxation processes in the material. The fIrst m equa
tions of (1) express conservation of momentum conditions and the last n-m 
equations are compatibility conditions in which constitutive equations have 
been used to eliminate the total strain rates. 

For most material models A, Band d are functions of ", IX, x 
where IX is a vector of parameters that characterize the plastically deformed 
state of the material. With the assumption that spatial gradients of " and 
IX are unimportant in characterizing the plastically deformed state, the de
pendence of IX on the loading history can be expressed in the form 

t 

IX(X, t) = H (" (X(T), T» (4) 
1=:::-00 

where H is a vector valued functional of the loading history "(X(T) , T) 
following the motion x( T) of the particle that is at x at time t. The para
meters IX (x , t) can include physical quantities such as plastic strains and 
measures of dislocation structures as well as empirical quantities used to 
characterize loading surfaces or flow potentials during plastic flow. 

Three essentially different types of constitutive equations are of interest 
in characterizing the plastic response of materials subjected to non-proportional 
loading histories. In two of these types the plastic response is modelled as 
rate independent whereas in the third the plastic response is rate dependent. 
The rate independent models are subdivided further into those that use smooth 
loading surfaces and those that include vertices in the loading surfaces. For 
both types of rate independent models the vector d in (1) is identically zero. 
For the case of smooth loading surfaces the matrix S depends on the current 
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values of a and 'X only whereas for the case of loading surfaces with vertices 
at the current stress state the matrix S depends also on the stress rate at; 
however, the dependence of S on at is homogeneous of degree zero in order 
to retain the rate independence of the model. The latter behaviour is charac
teristic of slip models in which the plastic compliance depends on the direc
tion of loading because the collection of slip systems that will be active dur
ing an incremental loading is dependent on the loading direction. Mathema
tically, the slip models can be viewed as cases for which the dependence of 
the vector 'X on the current value of the stress rate at, is homogeneous of 
degree zero. 

If jumps in at do not cause jumps in Q, then the usual investigation 
of characteristics for systems of equations of the form (1) leads to 

(- cA + B) [wt ] = 0 (5) 

dx 
wherec = - is the characteristic velocity of the front accross which w 

dt 
is continuous but discontinuities in the derivatives of w occur. The jump 
[wtl is the difference (w; - wi"") between the values of wt in front of 
and behind the wavefront. Equation (5) can be written in the expanded form 

cM[ vt ] + N[ !'J,t] = 0 

NT[Vtl + cS[atl = 0 

Use of (6b) to eliminate [at] in (6a) gives 

C[Vtl = 0 

(6a) 

(6b) 

(7) 

where C = (NS- 1 NT - c2 M). Equation (7) has non-trivial solutions [vtl 

only if the determinant of the matrix is zero. The symmetry of NS- 1 NT 
and the positive definiteness of M insure the existence of real wave velocities 
c that satisfy det. C = o. The jumps [vt] associated with distinct wave 
speeds are mutually orthogonal. Furthermore, from (6a) the corresponding 
jumps in traction rates are mutually orthogonal. 

This orthogonality of jumps in traction rates associated with different 
types of waves suggests that non-proportional loading paths with orthogonal 
changes in loading direction are to be expected when more than one type 
of combined stress plastic wave is generated. Such non-proportional loading 
paths can be illustrated most readily for the case of rate independent materials 
with smooth loading surfaces. In this case, and for step loading conditions, 
there is no characteristic time or length in the problem so that centered simple 



www.manaraa.com

Dynamic Plastic Deformation for Non-Proportional Loading Paths 369 

wave solutions of the form w = w(x, t) are expected. Substituting this 
expression for w in (1), one obtains (for d = 0 and A = A(a, (1) 

(- cA (a, (1) + B) w' = 0 (8) 

where c is the velocity of propagation xlt and w' is the derivative of w with 
respect to c. From the similarity of (8) and (5), an expanded form of (8) 
analogous to (6) can be used to write 

(9) 

which is analogous to (7). Thus, for non-trivial simple wave solutions (i.e. 
v' =1= 0), the speeds of propagation of a particular state of stress a and defor
mation "J. are the same as the characteristic speeds for the propagation of dis
continuities [vt] into a region in the state (a, (1). The orthogonality of jumps 
in derivatives of traction vectors that was indicated previously becomes, for 
simple waves, orthogonality in the traction trajectories for different types of 
simple waves which transmit the state (a, (1) at different speeds. 

The combination of different types of simple waves to obtain a solution 
for pressure-shear loading of a half space is illustrated in Figure 1. The fast 
simple wave is purely longitudinal whereas the slow simple wave involves both 
longitudinal and transverse motion. The constant state region at b links the 
fast and slow simple waves. The orthogonal change in direction of the traction 
trajectory at b illustrates the orthogonality properties deduced from (9). 

Simple wave solutions also exist for the case of rate independent descrip
tions of plastic response based on slip models. In these cases, S = SCa , (1 , at) 
where the dependence on a t is homogeneous of degree zero so that 

(10) 

where ~ is an arbitrary scalar. If one again assumes a centered simple wave 
solution w = w(x/t) then, using (10), one obtains 

(-cA(a,(1, "1')+ B)w' = 0 (11) 

which is analogous to (8) except that in (11) the matrix A depends also on 
the derivative "I'. Decomposition of (11) in the form analogous to (6) and 
elimination of v I gives 

(12) 

Because S in (12) depends on "l'the problem of finding speeds c and stress 
trajectory directions a'l I "I' I (I a'l denotes the magnitude of the vector a') 
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Figure 1. - Schematic of simple wave solution for pressure-shear waves. 

that satisfy (12) is considerably more complicated than for the case of smooth 
loading surfaces for which a' does not appear in the characteristic matrix 
(cf. (8)). For (12) the usual results on the existence of real wave speeds and 
the orthogonality of the vectors a' associated with distinct wave speeds do 
not apply. Conversely, removal of the limitations on the number of wave speeds 
and the orthogonality of trajectories associated with distinct wave speeds 
increases the variety of wave phenomena that can be described by such equations. 

A good example of new features of combined stress plastic waves that 
are predicted by slip models occurs in the theory of combined longitudinal 
and torsional plastic waves in pre-stressed, thin-walled tubes. In this case there 
are two non-zero components of stress: the longitudinal stress a and the shear 
stress T. A simple wave solution [9] for a tube subjected to a static torque 
followed by longitudinal impact is shown in Figure 2 for a case in which the 
plastic response of the tube is modelled by means of a rate independent self
consistent slip model [4]. The stress trajectory along ab corresponds to a fast 
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Figure 2. - Schematic of simple wave solutions for longitudinal impact of a pre-torqued 
tube with its plastic response modelled by means of a selfconsistent slip model. 

simple wave in which the speeds of propagation of the various states of stress 
are greater than the elastic shear wave speed. At b there are three possible 
ways to continue the simple wave solution. One is to continue along the path 
ab with the speed of propagation decreasing monotonically. Another is to 
tum counterclockwise at right angles and have a discontinuous drop in wave 
speed that requires the insertion of a constant state region between two simple 
waves as in Figure 1. The third possibility is the path bc that involves a dis
continuous change in loading direction with essentially a continuous decrease 
in wave speed. The existence of the third possible path is a feature that dis
tinguishes predictions based on a slip model from those based on smooth yield 
surface models. The latter models admit only two wave speeds at a given point 
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on a path analogous to ab and the stress trajectories at such a point must be 
orthogonal if the wave speeds are distinct. 

Predictions of strain-time profiles based on slip models with those based 
on smooth yield surface models and with results of experiments [14] are 
shown in Figure 3 [9]. The computed strain-time profiles for a smooth yield 
surface model employing a Von Mises yield condition and isotropic hardening 
are shown as dotted lines. These profiles include a constant state region between 
a fast simple wave corresponding to the largest root of det. C = 0 (See (7)) 
and a slow simple wave corresponding to the other root. Such a constant state 
region is not observed in the experiments. It is also not predicted by self
consistent slip models . Results are shown for two different hardening models: 
(i) isotropic hardening in which slip on one slip system hardens all slip systems 
equally and (ii) independent hardening in which slip on one slip system hardens 
only that slip system. Slightly better agreement between theory and experi
ment has been obtained with a self-consistent slip model that employs latent 
hardening in which slip on one slip system hardens intersecting slip systems 
more than parallel slip systems [8]. Overall, agreement between thery and 
experiment is better for slip models than for smooth yield surface models. 
However, fully satisfactory agreement has not been obtained with any models 
used so far. 
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Figure 3. - Comparison of computed and measured strain-time profiles at x = 15.9 cm 
in a tube of 3003 Aluminum (TS = 22.6 MPa. Uo = 660 cm/s. Vo = 43 cm/s). 
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3. Pressure-shear experiments 

Pressure-shear experiments [13] offer definite advantages over combined lon
gitudinal and torsional wave experiments for examining dynamic plastic res
ponse under non-proportional loading paths. Figure 4 shows that in pressure
shear experiments two parallel flat plates are impacted with the direction of 
approach not aligned with the normal to the impact plane. Before reflected 
waves arrive from lateral boundaries the wave propagation in the flyer and 
target is one dimensional. Thus, pressure-shear waves are governed essentially 
exactly by one.oimensional wave equations such as (1). Consequently, inter
pretation of experimental results is significantly more straightforward than 
for combined longitudinal and torsional plastic waves which become nominally 
one dimensional only at distances of several diameters from the impact end 
where lateral inertia effects are negligible. In the configuration shown in 
Figure 4 the rotation of the projectile is prevented by a key in the back of 
the projectile gliding in a keyway in the barrel. The velocity of the projectile 
at impact is obtained by recording the times at which a series of wires are 
shorted out. The inclination of the flyer at impact is monitored by means of 
a series of voltage-biased tilt pins that are positioned in the impact plane of 
the target and shorted out by contact with the flyer. Impart occurs in a vacuum 
chamber in order to minimize an air cushion that could lubricate the impact 
faces and allow slip to occur~ 

The time proftles of the waves propagating in the target are monitored 
by means of an interferome ter, Figure 5, that is used to monitor, simulta-

PROJECTILE 

PROJECTILE V ELOCITY 

MEAS UREMENT SYSTEM 
OPTICS 
LAYOUT 

Figure 4. - Schematic of pressure-shear experiment. 
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Figure 5. - Schematic of tranlWerse displacement interferometer (TDI) with normal velo
city interferometer (NV/). 

neously and independently, the normal and in-plane components of the motion 
of the rear surface of the target. The normal velocity interferometer (NYI in 
Fig. 5) [2] operates by the combination of two light beams that have been 
at the target at times that differ by the time required for light to go around 
the delay leg B. S2 ' M7 ' Ms ' B. S3' One peak-to-peak variation in intensity 
at the photo-diode detector corresponds to a change in normal velocity of 
A/2r where "A is the wavelength of the laser light and r is the time required 
for the light to go around the delay leg. The transverse displacement inter
ferometer (TDI in Fig. 5) [12] makes use of two beams diffracted symmetri
cally from a diffraction grating on the rear surface of the target. One peak
to-peak variation in intensity at the photodiode detector corresponds to a 
transverse displacement of d/2n where d is the pitch of the grating and n 
is the order of the diffracted beams. 

Experimental results for pressure-shear impact of 6061-T6 aluminium 
plates at a prOjectile velocity of 0.215 mm/p.sec and an inclination of 26.6° 
are shown in Figures 6 and 7. The corresponding values of normal and trans
verse components of particle velocity imposed at the impact face of the target 
are 0.096 mm/p.sec and 0,048 mm/p.sec, respectively. The oscilloscope 
trace in Figure 6 shows the output of the NYI. When the wavefront arrives 
there is a burst of fringes (peak-to-peak variations in intensity) that is not 
recorded because the frequency of the fringes exceeds the response capa
bility of the detection system (approx. 400 MHz). Thus, the initial jump in 
normal velocity is indeterminate to an integer multiple of the NYI constant 
A/2r. Knowledge of the fmal velocity (i.e. 2 x 0.096 mm/p.sec) enables one 
to determine this integer with certainty. The normal velocity increases behind 
the wavefront and then becomes nearly constant until approximately 0.35 p.sec 
after the arrival of the wavefront. At this time the longitudinal wavefront 
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reflected from the rear surface and partially reflected by the oncoming shear 
wavefront arrives at the rear surface and causes a further increase in the normal 
velocity. The latter increase is a direct indication of the coupling of normal 
and transverse motion in combined stress plastic waves caused by pressure
shear loading. 

The oscilloscope trace in Figure 7 shows the output of the TDI. The 
first deflection of the trace corresponds to the arrival of the longitudinal 
wavefront. Tilt between the flyer and target causes the wavefront to be inclined 
with respect to the target rear surface so that reflection of the longitudinal 
wavefront from the rear surface causes a small transverse motion of the rear 
surface. When the shear wavefront arrives there is an abrupt increase in trans
verse velocity followed by a gradual increase corresponding to the increasing 
frequency of the fringes. At approximately 1.5 J.1sec. after impact the longi
tudinal wavefront reflected from the back surface of the flyer arrives at the 
target. Interpretation of the experimental records beyond this time requires 
as full numerical solution of the corresponding mixed initial and boundary 
value problem. 

4. Comparison of theory and experiment 

Figures 6 and 7 also include computed velocity-time profiles based on an 
elastic/visco-plastic model for 6061-T6 aluminum that is described fully else
where [1]. The main features of the model, which is similar in form to the one 
proposed by Perzyna [15], is that the constitutive equations for the infini
tesimal strain rates €ii have the form 

• 1 + v. v. _ _ af 
€ii = -- aij - -E <'iij a kk + < rp( T, -yP) -. (13) 

E a~ 

where v, E, <'iii are Poisson's ratio, Young's modulus, and the Kronecker 
delta, respectively; f = (Sij Sij/2)1/2 is the Huber-Mises yield function in 
which Sij is the stress deviator. The symbol < rpCr, r P ) is a plastic strain
rate function defmed by 

\ 
0 for r < Tp C7P) 

< rp(i, r P) = 
r/>Cr, r P) for r> TpCrP) 

(14) 

where r, r/> ,rv are, respectively, an effective shear stress, a corresponding 
equivalent plastic shear strain rate, and equivalent plastic shear strain defmed 
by 

(15a) 
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1> = (2 €~ €~.P)1!2 (1Sb) 
1) 1) 

r P = lot 1>dt 

where €~p is the visco-plastic strain rate given by the last term in (13). The 
1) _ _ 

quantities rand 1> are defined in such a way that r1> is the rate of plastic 
working. The function r p (1P) in (14) is the quasi-static stress-strain curve 
in a pure shear test. 

The important feature of this model relative to understanding the 
experimental results is that, for constant r P , ellipsoids f = constant are 
surfaces of constant equivalent plastic strain-rate. The plastic strain-rate vector 
is normal to these ellipsoids. Thus, for the stress trajectory that occurs in 
pressure-shear experiments the plastic shear strain-rate after the shear wave
front arrives is only a small fraction of the equivalent plastic strain-rate since 
the normal to the surface f = constant is nearly parallel to the axis of the 
normal stress 0xx' A theory that underestimates the plastic shear strain
rate in the region behind the shear wavefront tends to underestimate the decay 
of the transverse velocity in this region. Such an effect is a possible expla
nation for the discrepancy between theory and experiment shown in Figure 7. 
This discrepancy would be reduced if the normal to the surface f = constant 
had a larger component along the axis of the shear stress 0Xy. Consequently, 
it appears that a flow potential with a smaller radius of curvature at the final 
stress state reached along the 0xx axis during the longitudinal wave loading 
would predict wave profiles that agree better with those observed in experi
ments. Flow potentials that develop relatively sharp curvature near the current 
stress state after continued loading in one direction are to be expected for 
slip models of plastic response. Thus, as in the case of combined longitudinal 
and torsional plastic waves, it appears that the pressure-shear experiments 
indicate that slip models have promise for predicting the dynamic plastic 
response of metals subjected to non-proportional loading paths. 
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RESUME 

(Deformations plastiques dynamiques pour des chemins de charge non pro
portionnels) 

Les ondes plastiques sous contraintes combinees sont discutees comme moyen 
d'investigation pour les deformations plastiques dynamiques pour des chemins 
de charge non proportionnels. La comparaison entre la theorie et les expe
riences pour les ondes longitudinales et torsionnelles dans les tubes minces 
et pour les ondes en pression-cisaillement dans des plaques, suggere qu'un 
meilleur accord pourrait etre obtenu si la reponse plastique etait mode lee au 
moyen de modeles de glissements au lieu de modeles bases sur l'existence 
d'une surface lisse d'ecoulement. 



www.manaraa.com

Session 5 

Analytical and Numerical Methods for the Determination 
of Mechanical Properties of Composites 

Met/lOdes Analytiques et Numeriques pour la Determination 
des Proprietes Mecaniques des Composites 

General Lecture/Conference Generale 

G.J. DVORAK 
Mechanical Properties of Composites. 

Communications 

z. HASH IN 
Analysis of the Effects of Fiber Anisotropy on the Properties of Carbon 
and Graphite Fiber Composites. 

A. SAWICKI 
Elasto-Plastic Theory of Composites with Regular Internal Structure. 

S. LICHARDUS and J. SUMEC 
Finite Strip Method for the Analysis of Visco-Elastic Two-Dimensional 
Structures. 



www.manaraa.com

Colloques internationaux du CNRS 
N° 295 - COMPORTEMENT MECANIQUE DES SOLI DES ANISOTROPES 

General Lecture: Conjerence Generale 

Mechanical Properties of Composites 

GJ. Dvorak 
The University of Utah. Salt Lake City. Utah. U.S.A. 

1. Introduction 

Determination of macroscopic mechanical properties of heterogeneous media 
from the properties of their constituents is a problem of long standing in the 
mechanics of solids. Current activity in the field includes many areas of ap
plications, such as particulate and fibrous composites, polycrystals, concrete, 
and geological materials. This lecture first presents a survey of constitutive 
theories of elastic, anisotropic heterogeneous media, which have been useful 
in these applications. The second part reviews our recent results in the area 
of elastic-plastic deformation of laminated metal matrix composite plates. 
Finally, fracture and fatigue in fibrous composites are briefly discussed. 

2. Constitutive relations for anisotropic heterogeneous media 

2.1. Overall mechanical properties 

The general approach to the evaluation of overall properties of an aggregate 
from the properties of its constituents is outlined in Figures I and 2. The 
notation and procedure used is formally similar to that of Hill [I] and Laws 
[2]. Second-order tensors are denoted by boldface lower-case letters, e.g. 
11, 1, m; fourth order tensors are denoted by boldface upper case letters, 
e.g., A, L, M; and scalars are denoted by lower case letters, e.g., c, 8. The 
inner product of second order tensors is written as ab, the second order inner 
product of tensor A and b as Ab. Similarly AB stands for the fourth
order inner product of A and B. The second order tensors are all symmetric, 
unless otherwise noted. The fourth-order tensors have symmetries 

T 
Aijk2. = Ajik2 = Aij~k' ?ut. Aijk2 =1= Ak2ij . _The transpose_ I Ajjk2 = Ak2ij . 
The mverse, when It eXIsts IS denoted as A so that AA = I = A-I A, 
where I is defined in Figure 1 in terms of Kronecker's delta {) ij . 

Suppose that the composite consists of n phases bonded together. 
The information about the microstructure is limited, only phase volume 
fractions cr (~cr = 1), phase properties Lr> Mr , I r' mr , and the general shape 
of each phase are known. We consider a representative volume R, which is 

x 
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typical of the composite on average and contains a sufficient number of cons
tituents. First, the relationship between local stress rate averages or' and overall 
stress rate average ~ is written in terms of the constituent volume fractions 
cr' The same is done for strain rate averages lir and t. Second, known instan
taneous constituent properties, moduli L r , compliances Mr , thermal stress 
vectors lr' and thermal expansion vectors mr are used to write local consti
tutive relations. Third, relations between local and overall rate averages are 
written in terms of concentration factors Ar , ar , and Dr' br . This permits 
the derivation of the equations containing only the concentration factors and 
volume ratios. 

The procedure is continued in Figure 2, where one finds the final result, 
i.e., expressions for overall instantaneous properties of the composite, L, M, 
1, m, in terms of constituent properties, volume ratios, and the concentration 
factors. Specialized results are obtained for binary mixtures, where it is pos
sible to find the overall instantaneous moduli L, and compliances M in terms 
of a single concentration factor, and the overall thermal vector 1 without 
an explicit knowledge of concentration factors. 

The procedure described in Figures 1 and 2 was developed by Hill [1] 
and extended to thermostatics by Laws [2]. In principle, the procedure can 

OVERALL MECHANICAL PROPER TIES OF HETEROGENEOUS MEDIA 

Overall Averages in R 
x 

Constituent Properties (r = 1, 2, ... n) 

ir = Lr mr 

Relations Between Averages in R 
x 

mr = Mrtr 

Figure 1. -
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OVERALL MECHANICAL PROPERTIES OF HETEROGENEOUS MEDIA 

Relations Between Averages in ~ 

. . . ,,= Cl "1 + C2 "2 + ... 

~=Li-ee 

Binary Mixtures (r = 1, 2) 

Figure 2. -

be used for anisotropic inclusions, as well as anisotropic mixtures, providing 
that the appropriate concentration factors are known. Typical examples of 
applications are isotropic mixtures consisting of isotropic or anisotropic 
phases modelled as spherical, ellipsoidal, or thin disc inclusions, e.g., poly
crystals [3, 6], geological materials [7]; and fibrous composites, which are 
transversely isotropic in the overall sense, but may consist of isotropic 
phases [8, 9]. It is advantageous to establish the overall degree of anisotropy 
of the mixture by assumption, and calculate the concentration factors accor
dingly. The formulation in terms of stress and strain rates is useful in appli
cations involving inelastic deformation and can be readily converted to total 
values in the elastic case. 

2.2. The self-consistent method 

This is a frequently used approach to calculation of the concentration factors 
in linear elasticity problems, which rests on the assumption that each of the 
constituents can be represented by an ellipsoidal inclusion embedded in 
the homogeneous composite medium. Then, as shown by Eshelby [10], 
the strain in the inclusion is uniform. This facilitates the evaluation of the 
concentration factors for many practically useful inclusion shapes [11]. 
A similar approach can be used in axisymmetric plasticity problems in fibrous 
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composites [12]. but not in nonsymmetric plasticity problems because the 
local field in the inclusion is not uniform. Applications to viscoelastic compo
sites have been made as well [13}. To fix ideas, Figure 3 shows schematically 
a specific geometry of the self-consistent model. The composite consists here 
of two phases (r = 1, 2) modelled as cylindrical inclusions in the medium 
with unknown overall properties L, I, M, m. In this particular case one 
of the inclusions (r = 1) is a composite cylinder containing a fiber surrounded 
by a layer of matrix. Let cf denote the volume fraction of the fiber in the 
composite cylinder. Then, for cf = 1 the matrix layer shall vanish and only 
the fiber will remain in the first inclusion. The second inclusion (r = 2) re
presents the continuous matrix, but it is regarded also as a cylinder in the 
self-consistent approximation. When one denotes the inclusion volume frac
tions as c1 and c2 , the actual fiber and matrix volume fractions as vf and 
v m ' it follows that 

(1) 
and 

o 
r = 1 r = 2 

L ,t 

Figure 3. - The Modified Self-Consistent Model. 

The calculation of the concentration factors for the self-consistent 
model is illustrated in Figure 4 for the case of n inclusions. This particular 
procedure, developed by Hill [14], rests on the evaluation of "constraint 
tensors" L * and M* which describe the response of an ellipsoidal cavity in 
thll composite medium to a uniform traction rate ;,* applied at the cavity 
boundary. A superposition of the uniform fields ~, "t, with 0*, E.* permits 
an evaluation of the actual local fields in the inclusions which reside in the 
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THE SELF~ONSISTENT METHOD 

Ellipsoidal cavity in medium L loaded by uniform traction rate ~ '" : 

Superpositon of uniform fields fi andi with ~r and ~r 

~* == ~r - ti 

~r - i = M'" cii- - ~r) 

Recall : 

Evaluation of concentration factors AI' Br , ap br 

(L· + Lr) ~r = (L * + L) t, 

Ar = (L* + L) (L* + Lr)-l, 

ar = (t - ir) (L* + Lr)-l, 

(M* + Mr) ;r = (M* + M) ~ 

Br = (M* + M) (M* + Mr)-l 

br = (m - mr) (M* + Mr)-l 

Figure 4. -

387 

cavities, and leads eventually to the expressions for the concentration factors, 
as shown in Figure 4. 

It is clear that the self-consistent model makes no distinction between 
the phases, e.g., between fiber and matrix in a composite. Also, the results 
found with this approach may become unreliable when the constituent pro
perties and their volume fractions are extremely different. These and other 
limitations of the method have been discussed in the literature [6,14] and 
will be recalled in the sequel. 

2.3. The differential scheme 

A variant of the self-consistent method, due to Roscoe [15], can be developed 
from the result of Einstein [16] concerning a dilute concentration of rigid 
spheres in an incompressible Newtonian fluid. In principle, the overall pro-

14 
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perties are evaluated in an incremental fashion; a small amount of inclusions 
is first added to the matrix, new overall properties of the composite are cal
culated; then an additional amount of inclusions is added to the current 
composite. The process is repeated until the added inclusions occupy the 
desired volume fraction c1 • Figure 5 describes some aspects of the procedure, 
as presented by Mclaughlin [17] . 

THE DIFFERENTIAL SCHEME FOR BINARY MIXTURES 

Recall (for r = 1, 2) 

Denote: 

Ll - inclusion moduli 

c 1 - current inclusion concentration 

L (c1) - current composite moduli 

L = L(cl + DCl) - new composite moduli 

Obtain: 

- DC 1 
L - L = (1 + DC) (L 1 - L) El ' El = [I + P(L1 - L)r 

dL 1 
d- = (1 _ cl) (L 1 - L) E1, cl 

2.4. Bounding methods 

Figure 5. -

Appealing as the methods of § 2.2 and § 2.3 are, they lack a rigorous found
ation which would guarantee the correctness of the results. Such assurance 
can be obtained from classical energy principles which have been used to 
develop bounds on elastic moduli, primarily for binary composite aggregates. 

Elementary bounds can be obtained using either the Voigt assumption 
Al = A2 = I, or the Reuss assumption B 1 = B2 = I. The elastic moduli 
follow from the equations of Figures 1 and 2, with MR ~ M ~ Mv [1]. 
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Hashin and Shtrikman [18,19] derived new variational principles which 
led to tighter bounds than the Voigt and Reuss averages. These principles have 
been rederived by Hill [20] who aslo showed their relation to the classical 
principles of potential and complementary energy. A schematic sequence of 
equations used in the derivation of the bounds is shown in Figure 6. Complete 
expositions can be found in original references [21 to 24]. 

HASHIN-SHTRIKMAN BOUNDS* 

(Best bounds in terms of volume fractions and phase moduli) 

Reinforced material Comparison material 

tJ.,s.,f'S,L IJ.*, It*, L* 

U=WV U* = W*V 

a' = IE. - e.* 

Def .. = " - L*1t = (L - L*) It 

2(U* - U);;. OR.;; f .. [(L-L *)-1 .. -It' - 2<t*] dV 

max U when (L - L *) is positive definite 
min U when (L - L *) is negative definite 

div(L*It' + .. ) = 0, IJ.' =0 on S 

(L* It' + .. ) n, and ~ are continuous on Sr 

* The derivation presented here was made by Hill [20]. 

Figure 6. -

The relationship between the self-consistent results and the Hashin
Shtrikrnan bounds has been established for a number of composite systems, 
including the binary fibrous composites [21]. The conclusion is that the self
consistent results fall between the bounds in these systems, subject to certain 
restrictions in specific instances of limited practical significance. 

More accurate boundings methods for elastic heterogeneous media, which 
require more information about the geometry of the microstructure, have been 
developed. Such approaches to the evaluation of elastic moduli have been based 
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on statistical treatment [25 to 27] and on quantum mechanical scattering 
theory [28]. 

2.5. Results for fibrous composites 

A specific form of the overall constitutive law for a unidirectional lamina is 
shown in Figure 7 [8]. Here, k is the plane strain bulk modulus for lateral 
dilatation without longitudinal extension, n is the bulk modulus for longitu
dinal axial straining, and Q is the associated cross modulus; p and m are the 
longitudinal and transverse shear moduli, respectively. The conventional 
Young's modulus E and Poisson's ratio v under longitudinal load (in the fiber 
direction x3) are given as well. Although the composite is regarded as a homo
geneous, transversely isotropic solid in the overall sense, it is possible to use 
microstructural considerations related to the fiber reinforcement to establish 
universal connections between the elastic moduli k, Q, and n [8], and also 
between these moduli and the overall thermal expansion coefficients a, (3 
[12]. These connections have been extended to certain elastic-plastic compo
sites subjected to axisymmetric mechanical and uniform thermal loads [12]. 

ELASTIC MODULI OF FIBROUS COMPOSITES 

(Transverse isotropy) 

a33 = 2(ell + e22) + ne33 

(all - a22) = 2m(ell - e22) 

al2 = 2mel2 

al3 = 2p e13' a32 = 2pe32 

E = n -- 22/k, v = 2/2k 

Universal Connections (Hill 1964, Dvorak and Bahei·El·Din 1979). 

k - kl k - k2 2 - c l 21 - C222 
--=--= 

=, 
k(l( + 2P - cl(kl(l(l + 2IPI) - c2(k2 (l(2 + 22 ( 2 ) 

2(l( + np - CI (21(l(1 + nlPI ) - C2(122 (l(2 + n2 ( 2) 

Figure 7. -
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Figure 8. - -Longitudinal Shear Modulus of B-AI. 

It follows that only one of the moduli k, Q, n is independent, so that in general 
the composite properties can be described by three moduli, such as k, m, and p. 

An illustration of the relationship between H-S bounds and SCM values 
of the composite moduli in fibrous composites is given in Figure 8. The longi
tudinal shear modulus p (denoted as IJ. in Fig. 8) of a B-A! composite is plotted 
as function of the fiber volume fraction v f. The results were obtained for the 
modified model of Figure 3; cf = 1 denotes the standard self-consistent estim
ate, cf = 0.9 shows the effect of a thin matrix layer at the fiber on the result. 
The Hashin-Shtrikman upper and lower bounds are shown as well, one can find 
in this particular case that for cf = vf the SCM result coincides with the lower 
bound. 

Finally, Figure 9 shows a list of elastic moduli and strength values (with 
Y indicating yield strength) of typical matrix and fiber materials. Values for 
steel are added only for comparison. Even elementary considerations show 
that fibrous composites have high strength/density and stiffness/density ratios, 
which are desirable in applications. 
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--------------------------------------------------------~ 

Material 

Epoxy 

Aluminum 

Steel 

FP 

Graphite (T -50) 

Boron 

E-Glass 

S-Glass 

FIBER AND MATRIX PROPERTIES 

E Tensile strength 
GN/m2 GN/m2 

3.38 0.029 

73 0.069 (Y) 

207 0.2 -4.0 (Y) 

350 1.4 

386 3.4 

400 3.4 

72 3.4 

86 4.8 

1GN/m2 = 145 '" 1031b/in2 

1 '" 106 1b/in2 = 6.9 GN/m2 

Figure 9. -

3 _ Elastic-plastic behavior of fibrous composites 

3.1. Introduction 

DensitK 
kN/m 

11.9 

26.3 

76.6 

39.0 

13.8 

25.2 

25.0 

24.4 

Almost all practically used metal matrix composites may experience significant 
inelastic deformation in service. In fact, the elastic range of most systems is 
small in comparison with their ultimate strength. Therefore, to take advantage 
of the high strength of fibrous composite materials, it is necessary to admit 
working loads which exceed their elastic limit. 

The inelastic component of the overall deformation usually originates 
in the matrix, most fibers remain elastic until failure, and thus help to retain 
high stiffness of the material in the inelastic range, c.f., Figure 9. The compo
site matrices fall into two broad categories. One consists of polymer materials, 
such as epoxy resins which are time-dependent; another of metals, such as 
aluminum, magnesium, and titanium, which are elastic-plastic. The time
dependent behavior of fibrous composites has been extensively studied in 
the litterature and approximate linear and nonlinear viscoelasticity theories 
have been developed [13, 30. 31]. However. a detailed discussion of these 
results is beyond the scope of this presentation. Instead, attention will be 
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given to our recent results pertaining to elastic-plastic deformation of metal 
matrix composites. 

In addition to the elastic and inelastic deformation modes, in which 
the constituents deform without failure, there exists a variety of deformation 
modes involving progressive cracking in the matrix, at fiber-matrix interfaces, 
and also in the fibers. However, such cracking appears to be more pronounced 
in polymer-matrix rather than metal-matrix systems. 

3.2. Choice o/material model 

Metal-matrix composites reinforced by continuous elastic fibers may exhibit 
an appreciable amount of elastic-plastic deformation depending on the state 
of stress and temperature. The inelastic component of the overall deformation 
is caused by plastic flow of the matrix. Although the fibers strengthen the 
matrix substantially and are the principal source of composite strength, they 
have a relatively small effect on the overall stress level which caUSes the onset 
of plastic flow. Indeed, the presence of the reinforcing fibers may be the very 
cause of plastic deformation, as in the caSe of heat treatment of unidirectional 
materials [32]. 

In choosing an appropriate model for construction of elastic-plastic 
constitutive relations, one is tempted to examine the utility of material 
models which have been used with success in formulations of elastic cons
titutive relations, as described in Chapter 2. However, both the evaluation 
of bounds on moduli and the self-consistent estimates depend on the solution 
of an inclusion problem in which the stress field is found within a cylindrical 
inclusion as well as in the adjoining composite. The inclusion problem can be 
solved for linear elastic and viscoelastic constituents, where the strains in the 
inclusions are uniform. However, the solution of the elastic-plastic counter
part requires the use of a numerical scheme [33] which precludes the deve
lopment of tractable constitutive relations that could be useful in solving 
geometrically complex problems. 

Although it is possible to Simplify the elastic-plastic inclusion problem, 
and such simplifications have been made in self-consistent estimates of instan
taneous elastic-plastic properties of polycrystals [34,35], our recent results 
suggest that the approach is unsatisfactory in the case of fibrous composites 
[12]. Figue 10 indicates the essence of the difficulty: The self-consistent estim
ate of the initial yield stress in longitudinal shear exceeds the upper bound 
on limit load of the composite lamina. The modified model of Figure 3 appears 
to alleviate this difficulty (c.f., results for cf = 0.3, 0.9 in Figure 10), but 
the elastic-plastic inclusion problem can be solved in simple form only for 
axisymmetric mechanical and uniform thermal loads. 
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COMPARISON OF INITIAL YIELD AND LIMIT 
LOADS IN LONGITUDINAL SHEAR 

Al-B -y / '" 
vf => 0.3 T13 k 

Self consistent method-Initial yielding 

cf = vf = 0.3 0.7077 

cf = 0.9 0.6485 

cf = 1.0 1.3245 

Finite element method * -Initial yielding 

vf = 0.3 0.7270 

Limit analysis - Upper bound "'* 

vf = 0.3 1.0820 

'" Dvorak, Rao and Tarn (1974) 
** Majumdar and McLaughlin (1973) 

Figure 10. -

Under such circumstances, it is necessary to use rather simple material 
models which represent only the essential aspects of the elastic-plastic beha
vior. Figure 11 shows a schematic drawing of such a model of a lamina, which 
is used in the sequel. It consists of a matrix unidirectionally reinforced by 
continuous elastic fibers. Each of the fibers is assumed to be of very small 
diameter, so that although the fibers occupy a finite volume fraction of the 
composite, they do not interfere with matrix deformation in the transverse 
plane. As a result, the transverse tension and shear, as well as longitudinal 
shear response of the composite are derived from that of the matrix, except 
when there is an axial prestrain, and coupling of axial and transverse plastic 
strain components is encountered. The model can be represented by parallel 
fiber and matrix bars or plates with axial coupling. 

Figure 11 presents schematically the equations derived from the model, 
more complete description can be found in References [29, 35]. A consequence 
of the elastic constraint imposed on the matrix by the fiber is the existence 
of an axial residual normal stress in the plastically deforming matrix. When 
this residual stress is accounted for in the lamina yield condition, it appears 
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ELASTIC-PLASTIC LAMINA 

Stresses 

Yield surface 

f("m) = 0 f(Am :ii) = 0 

With Mises matrix 

f = :;sT A'!t cAm :;s - y2 = 0 

:;s == [all a22 a33 - (i33 a12 a23 a311 

Hardening and flow rules 

de;: = df/(af/a (33) = (I - A;! Am) d:;s 

de = Cf def + cm d em' de33 = de~3 = deT3 

Figure 11. -

Figure 12. - Kinematic Motion 
of Lamina Yield Surface. 
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there as the translation factor a33 causing motion of the original yield surface 
in the direction a33 . This is illustrated in Figure 12 (where dQ2 = d(33). 
It follows that similar translations will appear in analysis of laminated compo
site plates. 

3.3. Selected results 

We present now some typical results which have been obtained with the model 
in applications to B-Al laminated plates. Figure 13 shows the results of an 
evaluation of the overall initial yield surface for biaxial in-plane loading, and 
of the failure envelope. The initial yield surface, which bounds the region 
of purely elastic material behavior, is an inner envelope of the local yield 
surfaces of individual laminae which are plotted as two intersecting ellipses 
in the overall stress space of Figure 13. The failure envelope was constructed 
for a family of proportional loading directions, at overall stress levels which 

B-AI (0-90) 

Vf = 0.3 
Y=69MN/m2 

0"~=40Y 
non hardening matrix 

0"22 

6 

Current Loading Surface 

4 A 

4 6 

Initial Yield Surfoce 

Failure Envelope 

Figure 13. - The Elastic-Plastic Deformation Range of B-AI Plates. 
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would cause onset of local fiber failure in the plastically deforming plate 
without buckling, assuming equal tensile and compression fiber strengths. 

To evaluate the accuracy of the material model, we have made calcul
ations which replicated experimental loading conditions so that the results 
could be compared with actual measurements. Dr. Byron Pipes has very 
kindly given us the experimental records which he obtained for a group of 
laminated plates of different layup, which were tested in simple tension. 

To define the properties of the aluminum matrix, we have approximated 
the experimental curves by Ramberg-Osgood type relation, Figure 14. However, 
the curve that fits best the behavior of unreinforced matrix provides a poor 
approximation for the subsequent experimental data. It was found that another 
matrix stress-strain law, with n = 5.5, K = a .05 in Figure 14, gave better results. 
The difference between the properties of unreinforced and reinforced matrix 
is not surprising. The fit which we made to the reinforced matrix was made 
empirically, this might not have been necessary if transverse tension test data 
were available for a unidirectional material. 

Using the two fits indicated in Figure 14, calculations were made for 
several laminated plates. The theory described earlier was extended to the 
case of a hardening matrix which follows the Ziegler modification of the 
Prager's kinematic hardening rule. 

26 

175 
AI Matrix 24 

150 (n=5.5. 1<"=0.05) 

/--------
-------125 

20 

16 'iii 
-'" 
(J) 
(J) 
W 

12 Il: 
r 
(J) 

8 

25 

E .. = K--=.i.. (vG2 In-, y 
IJ 2G K • K=.,/3 4 

PLASTIC STRAIN x10 6 m / m 

Figure 14. - Ramberg-Osgood Approximations of Matrix Stress-Strain Curve. 
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Figures 15 to 18 indicate how the calculated and experimental results 
compare. The figures are self-explanatory, and refer to the behavior of two 
types of plates. One drawing, e.g., 15, or 17, shows the response in simple 
tension. Another, e.g., 16, or 18, the comparison of the axial and transverse 
-strains. Other types of laminated plates were considered as well, with similar 
results. 

Finally, Figures 19 to 22 show the development of plastic zones at a 
round hole in (0/90)s plate made of FP-Al. A finite element program was 
developed using the constitutive relations described in Figure 11 and used 
in this calculation [35]. Figure 19 indicates the geometry and loading of the 
plate. First yielding is observed in the 90-degree ply, at a relatively low load. 
Figures 20 to 22 show the plastic zones in the two layers (with the zone in 
the O-degree layer in darker shade). We note that the 90-degree layer has 
yielded almost completely at about 10 ksi of applied load (Fig. 22), which 
corresponds to about 25 % of the expected strength of the plate. 

These selected results indicate that the simple material model provides 
a reasonably accurate description of the observed elastic-plastic behavior of 
laminated plates. The model can be incorporated in a finite element computer 
program for solution of geometrically complex problems. Plastic yielding in 
the matrix must be expected to be the dominant deformation mode at most 
loading conditions in laminated plates. Elastic behavior is of limit~d signifi
cance in applications which hope to utilize the high strength of the composite. 

4. Closing remarks 

The scope of this survey does not permit a more detailed written discussion 
of fracture and fatigue of fibrous composites. The reader may consult Wu 
[36] as an introduction into recent work on phenomenological failure criteria, 
Reifsnider [37] who investigated failure mechanisms and damage states in 
composite laminates, Whitney and Nuismer [38], and Slepetz [39], among 
many others, on fracture of fibrous laminates. Our own work on shakedown 
and fatigue of metal matrix composites and its recent extension to laminates 
is described in [40,41]. The work by Pipes on the stress distribution at the 
edges of laminated plates and its relation to fracture are discussed in [42]. 
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B-Al Plate. 
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Figure 19. - Plastic Zones at a Hole 
in a (0/90) s FP-Al Plate. 
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RESUME 
(Proprietes mecaniques des materiaux composites) 

Vne revue des theories du comportement des milieux anisotropes heterogenes 
est presentee. L'evaluation des proprietes mecaniques globales de l'aggregat 
a partir des proprietes des composants et de la geometrie de la microstructure 
est discutee. La methode "self-consistent" et l'evaluation de bomes rigou
reuses pour les modules sont exposees. Vne attention speciale est portee sur Ie 
comportement des composites fibreux elasto-plastiques et sur les plaques en 
composites lamellaires presentant des imperfections geometriques. 
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ABSTRACT 

Graphite and Carbon fibers are highly anisotropic materials which can be 
adequately modeled as transversely isotropic, with symmetry axis in fiber di
rection. An analytical method is developed to determine elastic, viscoelastic, 
thermal expansion, heat conduction and electrical properties of composites 
containing such fibers on the basis of known results for isotropic fibers. 

It is shown how the results can be used to determine experimentally 
the thermo mechanical properties of Graphite and Carbon fibers on the basis 
of measured properties of the composite. It should be noted that the small 
diameters (.01 mm) of such fibers precludes direct measurement of their 
properties. 

The important implications of fiber anisotropy for metal matrix compo
sites are discussed. It is shown that Graphite and Carbon fiber reinforcement 
results in transverse (to fiber direction) elastic moduli which are substantially 
lower than the metal matrix elastic moduli. 

Details are given in Ref. [1] . 

RESUME 

(Influence de l'anisotropie des fibres sur les proprietes des composites a fibres 
de carbone et de graphite). 

Une analogie entre les equations de l'elasticite pour un corps isotrope et celles 
pour un corps orthotrope de revolution est utilisee pour Ie developpement 
des expressions et des bornes pour les cinq constantes d'elasticite efficaces 
d'un composite fibreux a matrice orthotrope de revolution. L'application 
de ces resultats pour Ie calcul des cinq constantes d'elasticite efficaces des 
fibres de carbone et de graphite est discutee. Les coefficients de dilatation 
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thermique sont obtenus 11 partir d'un theoreme general. Les conductivites 
thermiques, les constantes dielectriques et les permeabilites magnetiques 
sont obtenues egalement par l'utilisation de certaines analogies mathema
tiques. Des details sont donnes dans la Ref. [1]. 
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1. Introduction 

The material considered is the two-component medium (B = {CB j }, i = 1, 2 
such that: 

a) "if i @i is a continuous, elastic-ideal plastic medium. 
b) At every point of the body (B there exist simultaneously the two 

components: X = {Xi}' Xi E 03i · 
V· 

c) "if V E E3 , VI' V2 ~ VI + V2 = V or 1/1 + 1/2 = 1, where 1/i = _1. 

V 
The volume V is called the representative elementary volume. Following 

the above assumptions there are defined, at every point of the composite, 
the three stress (strain) tensors, such that: 

" = 1/1 ,,(l) + 1/2,,(2) , (1.1) 

(1.2) 

Here, ,,(i) (e(i») is related to the i-th component and is called the microstress 
(-strain) tensor. ,,(e) is called the macrostress (-strain) tensor and may be 
interpreted as the average over the elementary volume. It is clear that the 
introduced quantities present a simplification of the real physical situation. 
In such an attempt the composite is treated as a macroscopically homoge
neous material, generally anisotropic. Macroscopic anisotropy is induced by 
the internal structure of the composite. The following linear relations are 
accepted after Hill [1] , for the elastic range of the composite behaviour: 

e(i) = A(i) e , 

,,(i) = D(i) " . 

Further, the matrix notation will be used, such that: 

T 
" = [u ll , U22 ' u33 ' U 12 ' U 13 ' U23 ] , etc. 

(1.3) 

0.4) 

(1.5) 
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Then the quantities A (i) and B(i) will be called the structural matrices. These 
matrices are assumed to be nonsingular. For the elastic range of composite 
the constituents are assumed to be the linear Hookean bodies: 

,,(i) = L (i) ~,<i) , (1.6) 

where L (i) is the matrix of elastic moduli for the i-th component. From rel
ations (1.1), (1.3) and (1.6) it follows that: 

" = (711 L(l) A(l) + 712 L(2) A(2») E. = LE. , (1.7) 

Where L is the matrix of "effective elastic moduli" for the composite. This 
matrix depends on the internal geometry of the material and on the elastic 
moduli of the constituents. In order to determine the structural matrices 
and the matrix L, the following energy postulate is accepted: 

(1.8) 

This means that potential energy expressed by macrostrains and macrostresses 
equals to the energy expressed by micro strains and microstresses. The detailed 
derivation of respective matrices for a layered composite and a unidirectionally 
reinforced one are presented in [2,3]. In general, the matrix L is like that 
for anisotropic material. There is no substantial difficulty in the determination 
of both the structural and constitutive matrices, but in the case of not simple 
internal structure of the composite, mathematical calculations would be 
onerous. A clear physical situation exists in some cases of practical interest 
(for example orthotropy), where the internal geometry of the material is 
regular. The introduced notions form the basis for the elasto-plastic theory 
of composites. These basic concepts will be developed in the subsequent 
sections. 

2. Basic concepts 

Relation (1.4) may be interpreted as an affine transformation from the space 
of macrostresses into space of rnicrostresses. If f(i) = 0 denotes the yield 
condition for the i-th component, then: 

(2.1) 

where the transformation B(i) is represented by a nonsingular matrix B(i). It 
is known that under an affine transformation, a hypersurface is transformed into 
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spa.ce 

" spa.ce 

Figure 1. - Transformation of yield surfaces. 

another hypersurface. The hypersurfaces r(i) = 0 and r<i) = 0 are affmely 
~quivalent. Let F(i) denote the interior of the space bounded by the surface 
f(i) = O. The common part of both regions is as follows: 

p = pO) n p(2). (2.2) 

The region F is bounded by the hypersurface f = O. All the points satisfying 
the relation 

f(a) < 0 (2.3) 

represent the elastic behaviour of the composite and there the structural 
relations (1.3) and (1.4) are valid. When the condition 

f(a) = 0 (2.4) 

is attained, one of the components remains plastic (alternatively both of them 
remain plastic if the corner of the surface (2.4) is attained) (Fig. I). The 
surface (2.4) will be called the initial yield surface. If the process of further 
loading continues, i.e. the macrostress vector passes through the surface (2.4), 
the structural relations (1.3) and (1.4) do not hold. Henceforth, the associated 
flow rule will be assumed valid for both components: 

(2.S) 
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The right-hand side of expression (2.5) transforms into the macrostresses space 
according to the law: 

a 1(i) . a f(i) 
- = B(I)T -- (2.6) 
ao ao(i) . 

Let us assume that the yield condition (2.4) is attained on the yield 
surface corresponding to the first component, Le.: 

f(1) (0(1) *) = 0, 

f(2) (0(2) *) < o. 

Eq. (2.7) in the space of macro stresses has the form: 

£(1) (0*) = 0, 

where* distinguishes the set of stress vectors satisfying the relation (2.4). 
Let do denote the macrostress increment, such that 

o = 0* + do 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

If do is directed into the interior of the initial yield surface, the process 
of unloading takes place. If do is tangent to the initial yield surface the 
regrouping of elastic states in both components may appear. The component 
being in an elastic state imposes constraints on the plastic flow of the first 
component. However, in some cases there are no constraints and the plastic 
flow of the first component is possible, as for example for the Reuss composite 
discussed in Sec. 4. 

The stress increment do outward to the initial yield surface cannot be 
directed arbitrarily. The microstresses caused by do should satisfy the equili
brium conditions, and the respective micro strains should satisfy the compa
tibility conditions. 

Let us consider the particular forms of do, which prevent the vector 0* 
from gliding on the initial yield surface. Such forms of the macro stress 
increment do will be discussed in the next sections. 

Because the structural relations (1.4) do not hold, a substitutional 
hypothesis should be adopted. Such a natural hypothesis is that the macrostress 
increment do is taken over by the constituent being in an elastic state, Le.: 

(2.11) 
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The microstress increment (2.11) produces in the second component the 
following increment of the microstrain vector: 

1 
de(2)el2 = M(2) d,,(2) = - M(2) d", (2.12) 

'112 

where M(2) denotes the matrix of the elastic compliances for the second 
constituent. 

The increment of plastic microstrains in the first constituent is given by 

(2.13) 

The internal structure of the composite imposes additional kinematical 
restrictions which should be indirectly satisfied by the macrostress increment 
d". For example, for the composite reinforced by fibers in the x3 direction 
one must have 

(2.14) 

Let ~" denote the finite increment of the macrostress vector. According 
to the law (2.11), this is taken over by the 2-nd component. 

The macro stress vector 

(2.15) 

produces the following micro stress state: 

(2.16) 

or 

(2.17) 

Substitution of relation (2.17) into the yield condition 

(2.18) 

gives the yield surface for the 2-nd component: 

(2.19) 
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where 0* satisfies Eq. (2.9). The second component remains plastic at the points 
belonging to the surface (2.19) which moves along the direction of .:lo. The set 
of these points, if it is non-empty, forms the global yield surface for the 
composite. 

The above results have been obtained on the assumption that the stress 
increment do may be taken over by the unplastic component. The internal 
geometry of the material is such that the unplastic component imposes 
constraints on the plastic flow of the second component. Constraints influence 
the flow rule of the composite. It is difficult to define the general law at the 
present stage of investigation. The discussion will be performed on four simple 
examples. 

3. The Voigt composite 

The definition of the Voigt composite may be written as follows: 

A(i) = 1, i = 1,2. (3.1) 

The relations (3.1) mean that microstrains and macrostrains are equal in both 
components. The structural matrices for stresses are of the form: 

b(i) b(i) b(i) ° 
l' 2' 2' ,0 ,0 

b(i) b(i) b(i) ° 
2' l' 2' , ° ,0 

b(i) b(i) b(i) ° ,0 ,0 
B(i) = 2' 2' l' 

° ,0 , ° b(i) ° ,0 , 3' 

(3.2) 

° ,0 , ° ,0 b(i) ° , 3' 

° ,0 ,0 ° ° 
b(i) 

, 3 

where: 

(.) 2Gi(A+G)+GAi (i) AiG-AGi b 1 = b = --'-------:.... 
1 G (3 A + 2 G) , 2 G(3A + 2G)' 

'\ - '\ + '\ G - G + G b(i) - b(i) - b(i) 
1\-'1'/11\1 '1'/21\2' -'1'/11 '1'/22' 3- 1 2' 

Here, Ai and Gi are the elastic moduli for the i-th component. It follows from 
(3.2) that the Voigt composite behaves macroscopically like an isotropic 
one. The Huber-Mises yield condition: 

f(i) = (a\i) - a~i»2 + (a\i) - a~»2 + (a~i) - a~»2 + 

- 2(ag»2 = ° (3.3) 
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is transformed into the space of macro stresses as: 

(3.4) 

Let 

(3.5) 

Then 

r(1) - (a* - a*)2 + {a* - a*)2 + (a* - a*)2 - 2 (abI) 'r = 0 (3.6) 
- 1 2 1 3 2 3 b(I) , 

3 

From the definition of the Voigt composite it follows that: 

(3.7) 

where: 

(3.8) 

Relations (2.5), (2.6) and (3.2) imply that: 

o f(l) of (I) 
d~(1)p12 = dA(l) --= dA(1) (B(1)-1 -. 

O!S(I) 3a 
(3.9) 

One has 

da 
da i = 

IO:~) I 
(3.10) 

From Eqs. (3.7)-{3.10) one obtains 

~ (1-1 da ) or(1) 
dA(I) B(I) - --,----,--M(2) -- = 0 

of(l} oa (3.11) 

O!S 

Thus, the problem of dX(I) determination is reduced to the eigenvalue problem 
for Eq. (3.11). In the presented example, the unplastic material imposes 
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isotropic constraints on the plastic flow of the lost component. Eq. (2.19) takes 
now the form 

r(2) = [(a1 -- a2) -111 b~l) (aT - a!)J2 + 

+ [(a1 - a3) -111 b~l) (a1' - a;)]2 + 

+ [(a2 - a3) -111 b~l) (a! - aDJ2 - 2 (112 a~»2 = 0, 

representing a family of cylinders with the axes lying on the cylinder 

(3.12) 

(3.13) 

The global yield condition for the composite is the envelope of the surfaces 
(3.12) 

$ = (a} - a2)2 + (a} - a3)2 + (a2 - a3)2 - 2(11}a~1) + 112 ab2»2= 0 
(3.14) 

A representation of the above results is given in Figure 2. 

4. The Reuss composite 

A simple illustration of the Voigt composite in the uniaxial state of stress and 
strain is presented in Figure 3a. A similar illustration for the Reuss composite 

6?> 

.IX (n 6 (1)+ C' (2) ) 1!" ·,1 0 q2. Q o 

Figure 2. - Yield surfaces for the Voigt composite. 

J(1)=o 

'3= =0 

r\)= 0 
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a) b) 

Figure 3. - Simple illustrations of 
a) the Voigt composite 
b) the Reuss composite. 

is shown in Figure 3b. Generalization of this scheme leads to the following 
definition of the Reuss composite: 

B(i) = 1, i = 1,2. (4.1) 

Relations (4.1) mean that microstresses, in both components, are equal to 
macrostresses. The Huber-Mises yield condition for the i-th component is of the 
form: 

f(i) = r(i) = (a l - a2 )2 + (a l - a3 )2 + (a2 - a3 )2 - 2(a~i»2 = 0 (4.2) 

It follows from the definition of the material and from the equilibrium 
condition (1.1) that no increment d" may be taken over by the unplastic 
material. Then the plastic flow of the composite is possible when one of the 
constituents remains unplastic. There are no constraints imposed by the 
unplastic component on the plastic flow of the first component. 

The above discussed examples are rather simple. Somewhat more compli
cated examples will be discussed in the next chapters. 

S. Layered composite 

The scheme of the considered medium is presented in Figure 4. The structural 
matrices for stresses have the shape 

b(i) b(i) b(i) a 
l' 2' 3' , 0, a 

b(i) b(i) b(i) a 
2' l' 3' , 0, a 

B(i) = 0, 0, 1, 0, 0, a 
b(i) (5.1) 

0, 0, 0, 
4 ' 

0, a 
0, 0, 0, 0, 1, a 
0, 0, 0, 0, 0, 1 
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Figure 4. - Layered composite. 

where the coefficients b~) depend on the elastic moduli of the components 
and their fractional concentrations. The detailed derivation of the matrix (5.1) 
is presented in [2]. The Huber-Mises yield condition for the i-th component: 

f(i) - (o(i) 0(i»)2 + (o(i) _ 0(i»)2 + (o(i) _ 0(i»)2 + 
- 11 - 22 11 33 22 33 

+ 6 (0(i)2 + 0(i)2 + 0(i)2) 2 (0<i»)2 = 0 12 13 23 - 0 (5.2) 

takes the following form in the macro stresses space: 

-fO) - (b(i)2 + b(i)2 b(i) b(i») (02 + a2 ) + (b(i) _ 1)202 + - 1 2 - 1 2 11 22 3 33 

+ (2b\i) b~i) - (b\i) - b~i»)2) 0u 0 22 + 
(") (") (") + (b 31 - 1) (b 11 + b; ) (au 0 33 + 0 22 0 33 ) + 

+ 3 (b(i)2 0 2 + 0 2 + a2 ) _ (0(i»)2 = 0 
4 12 13 23 0 . (5.3) 

The yield condition (5.3) is similar to that given by Sobotka [5], for the ani
sotropic materials. A more detailed discussion will be given for the axisym
metrical stress and strain states, (Fig. 5). The stress structure is described by 
the matrices 

i = 1,2. (5.4) 

The yield conditions (5.3) take the form: 

Eqs. (5.5) represent the pair of two parallel lines in the space of macrostresses. 
The dotted region shown in Figure 5 corresponds to the elastic behaviour of 
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Figure 5. - Yield conditions for the layered composite in the axisymmetrical case. 

both components. Let the yield condition be attained in the first component, 
i.e. 7(1) = o. The statically admissible macrostress increment has the form: 

da = da [~] . 

The compatibility condition: 

d (l)pl - d (2)el 
el - e 1 . 

allows to obtain the value of the parameter dA (1) : 

(5.6) 

(5.7) 

(5.8) 

It is easy to prove that the 2-nd material becomes plastic when the macro
stress vector attaints the condition 

(5.9) 

15 



www.manaraa.com

420 A. Sawicki 

The presented procedure leads to exactly the same result when applied to 
the case when first the 2-nd component becomes plastic. Then the functional 
(5.9) presents the global yield condition for the composite, (Fig. 5). Both 
components become simultaneously plastic also at the points p' and P". In 
the case of particular stress states (a13 or a23 =1= 0, and the remaining compo
nents of the macrostress vector equal to zero) the layered composite behaves 
like the Reuss material, i.e. plastic flow of the composite appears when one 
of the components remains unplastic. 

6. Unidirectionally reinforced composite 

Consider the fibre-reinforced composite, (Fig. 6). The structural matrices for 
stresses are as follows: 

1, 0, 0, 0,0, ° 0, 1, 0, 0,0, ° 
B(i) = b(i) b(i) b(i) ° ° ° l' l' 2) , , 

i = 1,2. (6.1) 
0, 0, 0, 1, 0, ° 0, 0, 0, ° b(i) ° , 3' 

0, .:; 0, 0,0, b(i) 
3 

For the axisymmetrical state (a l = a2 ) the matrices (6.1) reduce to the form: 

(i) [1, 0 ] 
B = 2b\i), b~i) i = 1,2 , 

where: b(l) =.,.., a b(2) = -.,.., a b(l) = E IE b(22) = E2/E , 
I '12' I 'I I '2 I' 

I Nt 
I 

------1... 
'-

'-
" 

Figure 6. - Fiber-reinforced composite. 

(6.2) 
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The Huber-Mises yield condition 

(6.3) 

takes the following form: 

(6.4) 

The statically admissible macrostress increment has the following form: 

da = da [~J . (6.5) 

The compatibility condition imposes that 

d (l)p\ - d (2)el 
It 3 - 1t3 . (6.6) 

Applying the known procedure one obtains: 

(6.7) 

The global yield condition has the form (S .9). 

7. Conclusions 

The presented theory is a proposal of an efficient engineering method for· 
the elasto-plastic analysis of composites. Although the presented examples 
are rather simple, there is no substantial difficulty in analysing more complica
ted stress states and different yield conditions. More attention should be payed 
to the composites' mechanisms of failure. 
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RESUME 

(Theorie elastoplastique des composites a structure interne reguliere). 

On considere une theorie elastoplastique pour les materiaux composites. 
Connaissant les proprietes mecaniques des composants et la geometrie interne 
du composite, on essaye de decrire les proprietes mecaniques macroscopiques 
du materiau composite. On suppose que les deux composants sont elastiques -
parfaitement plastiques et qu'ils suivent la condition de plasticite de Huber
Mises, ainsi que la loi d'ecoulement associee. Les relations fondamentales de 
la theorie sont presentees. La discussion concerne des composites d'interet 
pratique (composites a renforcement unidirectionnel, composites lamellaires) 
et des etats de contrainte particuliers. 
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1. Introduction 

Despite of the fact that in the title the analysis of two-dimensional structures 
is indicated, we shall be concerned with three-dimensional structures made 
from composite non-homogeneus anisotropic linear visco-elastic materials. 
The problem considered is a quasi-static one in which inertia forces due to 
deformation could be neglected. The constitutive equation of an arbitrary 
linear visco-elastic material can be written in the form 

(1.1) 

where uij is the stress, EijkQ is the tensor operator of moduli of elasticity and 
EkQ are the strains. All the terms are functions of space and time variables. 

The division of .. the structure into Layered Finite Strips (Fig. 1) sim
plifies the form of E1JkQ. The material properties may be different for each 
layer finite strip, bu they are assumed constant within a particular strip. The 
material of an arbitrary strip can be isotropic, orthotropic, or anisotropic, 
also with reinforcement or weakened by cracks. 

In the analysis the correspondence principle is used for calculating, the 
time-dependent visco-elastic response by using the solution of an associated 
elastic problem. This method departs from the principle deduced by E.H. Lee 
[12] for isotropic media and by M.B. Biot [1] for materials with a so-called 
homogeneus relaxation spectrum. In the general case of visco-elastic aniso
tropy this analogy is not applicable. J. Brilla [3,8] has proved, however, that 
also in this case, elastic problems can be associated in the sense of the Laplace 
transform to the visco-elastic ones. The solution of the associated boundary 
value problem is equivalent to the problem of minimization of the general 
potential energy. The inverse transform is obtained numerically in the form 
of a Dirichlet series. The particular material of the structure is characterized 
by the visco-elastic coefficients which are derived on the basis of the consti
tutive equations applied, rheological models and the theory of reinforcing 
[2,16]. 
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As appropriate method for the solution the authors chose the Finite 
Strip Method (FSM) and developed the Layer Finite Strip Method (LFSM) 
[11,13,14]. 

2. Finite Strip Method 

Because each strip can be subjected to membrane stresses and to bending 
stresses, it is convenient to write the total value of the potentional energy 
of the structure analysed as a sum of the potential of normal stresses and 
bending stresses. In this case the displacements U'" (0: = 1,2) are best written 
in the form [11] 

n=l 
r 

u2 (x, y) = L [Ci(x) u2in + Cj(x) U2jn] cos kny , 

where 

n7r 
k=

n Q 

n=l 

and the displacement function for Vi (x, y) is 

r 

w(x, y) = L [Bi(x) win + Bj(x) Wjn + 

(2.1) 

n=l 
+ Ei (x) Oin + Ej(x) Ojn] sin kny. (2.2) 

The,polynomial expressions for u", (x, y) are linear and for w(x, y) they are 
of third or fifth degree. 

3. Layer Finite Strip Method (LFSM). 

We shall analyse a layered viscoelastic rectangular plate of bridge type (Fig. 1). 
Our task is to find the set of vector functions {o (x, y, z, t)} and the corres
ponding stress {a (x, y, z, t)} which satisfies the equilibrium conditions and 
also the given boundary conditions. The method applied is based on the well
known idea of minimizing the energetical potential of the associated problem 
(tildas denote the Laplace transform also in Section 2) over a finite space of 
functions VN C V, where V is an infinite dimensional space. V will be the 
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} 

Q. 

Figure 1. - Plate divided into layers and stn'ps. 

subspace of a Sobolev space W~2) (n) generated by all functions in W~2) (n) 
which satisfy the main (also stable) boundary conditions for the associate 
problem (similar conditions apply also for the Finite Element Method for 
viscoelastic structures [9]). 
_ A necessary condition for the existence of the minimum of the functional 
rp of the given associated problem is 

where 

and ¢ = total potential energy, 

K = stiffness matrix, -F = load vector, 

W = potential energy due to external forces, 

U = strain energy. 

(3.1) 

(3.2) 



www.manaraa.com

426 S. Lichardus, J. Sumec 

A suitable set of displacement functions which satisfy the given boundary 
condition and are such that the displacements u, v and w change linearly 
across the thickness of the particular layers, will be chosen in the form 

Uk = L. 
n=1 

n=1 

L. - -k --k+1 - -k 
[[(1 - Z) wi,n + Z wi,n ] [(1 - Z) wi+1,n 

n=1 
+ ZWi+1,nll :1 (x) Yn(y), - k+1 [- ] 

C2 (x) 

(3.3) 

h -k -k+ 1 -k -k+ 1 h d I h were ui n' ui n , Vi n' vi n , ... are t e isp acement parameters, w ose 
location is indicated ~n Figure 2. Yn(y) , y~(y) (n=1,2, ... , s) are the basis 
functions and their first derivatives, and these must a priori satisfy the given 
boundary conditions for y = 0 and y = a. In our case, 

n1TY 
Yn (y) = sin -. 

a 

C1 (x), C2 (x), C1 (x), C2 (x), are the polynomial parts of the displacements [11]. 
The system of linear algebraic equations, derived on th! above mentioned 

assumptions, whose solution is the set of vector functions {c5}, has formaly the 
same form for FSM and also for LFSM, 

(3.4) 

but the stiffness matrix for FSM has the form 

[K] = 1 [B]* [D] [:8] dU. 
n 

(3.5) 

and for LFSM 

[K] = L. L [~k ] = L L (L [Kik n]), 
k i k n 

(3.6) 
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COAl ,--0'1/-' '--""~"9-
SURFACE x,u, Li 
LAYER Q) '5 z,w,w 

2 - - 0----0--

b, 

: : 

", ., - -
u.··· 

.. 

b 

Figure 2. - Coordinate system, indication of layers, nodal lines and nodal points in cross 
section of the plate. 

where 
a bj hk 

[Kj k n] = 11 i [B j k n]* [OJ k n] [Bi k n] dx dy dz 
o 0 0 

and [B] is the strain matrix. 

(3.7) 

In both cases the determination of the property matrix [D] is an important 
task requiring adequate attention. 

4. Derivation of the property matrix. 

As a special case, we consider a standard linear viscoelastic material where 

E~~~Q is the tensor of moduli of elasticity, 

17~j:)Q is the tensor of moduli of viscosity. 
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We assume, that the Maxwell element of the linear viscoelastic material, also 
called Zener's material has a homogeneous relaxation spectrum, and hence 
one has 

'Y)ijkQ - K EijkQ 
"(a) - (a) (4.1) 

where K is the inverse value of the relaxation time of the material of the 
structure. According to [15], this model is appropriate, under some simplifi
cations, for the expression of the viscoelastic properties of concrete. 

The differential equation describing this model is 

Applying the Laplace transformation to equation (4.2), where 

Pi = Ihi 

(4.2) 

is the parameter of the Laplace transform and tildas denote the result of the 
transformation [10], we 0 btain 

( 1) _ij _ [ ijkQ ijkQ 1 ijkQ] ~ 
p + K a - p(E(1) + E(2) ) + K E(l) EkQ' (4.3) 

In contracted form, if we denote 

Eij - Eij + Eij 
- (1) (2) , 

we obtain 

( 1 )~11 _ ( 11 1 11) ~ (E12 ~ E12) ~ P + K a - pE + K E(1) Ell + P + K (1) E22 , 

( 1 )~22 ( 12 1 12) ~ (22 1 22 ) ~ P + K a = pE + K E(l) Ell + pE + K E(l) E22 , (4.4) 

( 1 ) ~ /, 66 1 66) ~ 
P + K a12 = \pE + K E(1) 1'12' 

In the case of orthotropy, introducing a contracted form Eij, we can 
rewrite equation (4.3) as 

(4.5) 
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where the matrix of the viscoelastic coefficients is given by 

1 11 1 
pEl! + - E(l) pE12 + _ E12 0 

K K (1) 

dii = 
1 I 

pE12 + _ E12 pE22 + _ E22 0 (4.6) K (1) K (1) 

1 
0 0 pE66 + _ E66 

K (1) 

The stresses in the elastic orthotropic two-dimensional structure are obtained 
from the known equation 

(4.7) 

where the matrix [Cii ] depends on the arrangement of reinforcing bars or fibres. 
If the reinforcing bars are arranged in two perpendicular directions, parallel to 
the directions of the coordinate axes X and Y, then the matrix [Cii ] is in the 
form (4.8). We later suppose that the standard linear viscoelastic model has 
isotropic mat~rial coefficients E~~~Q and 17~~~Q (Maxwell element) and that the 
coefficients E~~)Q have orthotropic properties (elastic spring element). 

If we introduce 

E-ij 
ii _ (1) 

E(l) - , 
1 -1112 1121 

Ell 1121 A-I 

£22 A-I 

o 
(4.8) 

(4.9) 

where EN) are the moduli of elasticity calculated according to the theory of 
reinforcing [2, 16] for the ideal structure made from the composite material, 
then we can easily determine the matrix [dii ] which fully describes the 
viscoelastic properties of the material considered. 
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RESUME 
(Methode des bandes finies pour l'analyse des structures viscoelastiques bidi
mensionnelles) 

Nous presentons une analyse des structures viscoelastiques bidimensionnelles 
pour un materiau anisotrope non-homogene, en utilisant la methode des couches 
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et bandes finies. L'analyse part du potentiel minimum de l'energie de la structure 
etudiee et utilise les principes variationnels de convolution. Le materiau cons
titutif de la structure est de premiere importance dans Ie calcul numerique 
pour la determination de la matrice des coefficients viscoelastiques. II s'agit 
d'un materiau composite, pour lequel on suppose que la theorie des materiaux 
armes peut etre appliquee et que les proprietes viscoelastiques peuvent etre 
simuIees a l'aide de modeles rheologiques. La solution associee, au sens de la 
transformation de Laplace, est inversee par la methode de colocation et ex
primee sous la forme d'une serie de Dirichlet pour les lignes nodales discretes. 
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1. Introduction 

Orthotropic materials such as unidirectional composites have a high degree 
of directionality in their strength. For example, most modern composite 
materials have longitudinal strength ten to twenty times that of the trans
verse and shear strengths. Under the imposed combined stresses or strains, 
the failure criteria must be more exact than that required for isotropic ma
terials. One strength parameter such as the uniaxial tensile strength will 
suffice for the description of the behavior of the isotropic material under 
combined stresses such as the von Mises criterion. 

In this paper, the tensor polynomial criterion will be specialized so 
that the magnitude of the interaction term is assumed to be equal to the 
von Mises criterion for the isotropic material. All composite materials can 
then be shown on the same generalized von Mises ellipse. In addition, the 
strength ratio can also be introduced to the failure criterion so that its utility 
can be enhanced for the design and testing of composites. Finally, the ana
lytic predictions will be compared with available data. 

2. Strength ratios 

The standard form for the tensor polynomial failure criterion in stress space 
is given as follows: 

(1) 

where F ij and F j are strength parameters associated with this failure criterion 
and aj are the stress components. For orthotropic materials under the state 
of plane stress, there are six material parameters defined as follows: 
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where 

1 
F =--

11 X X- , 
L L 

1 
F22 =-

XTXI ' 

1 
F =_.-

66 X ' 
LT 

1 1 
F =---

1 X X-
L L 

1 1 
F ~---

2 - X X-
T T 

XL' Xl: = tensile and compressive strength in the longitudinal direction, 
xT , XI = tensile and compressive strength in the transverse direction, 
XLT = shear strength in the longitudinal direction. 

(2) 

The only remaining term in Equation 1 is the interaction term F 12' The deter
mination of this term requires truly combined or biaxial stresses. This is dif
ferent from all the quantities listed in Equation 2 above where the parameters 
can be determined from simple tensile, compressive, or shear tests. More will 
be said on the interaction term later. 

For a given material subjected to a given state of stress, the left-hand 
side of Equation I can be computed. This failure criterion states that when the 
left-hand side of Equation I reaches a numerical value of 1, failure occurs. If 
this value is less than 1, failure has not occurred. The left-hand side of Equation 
1 cannot have value greater than 1. That is not admissable under the present 
concept of failure criterion. Because of the existence of the linear term in 
Equation 1, the physical interpretation of the numerical value of the left-hand 
side of this equation conveys only a go or no-go situation. That is whether or not 
the numerical value is equal to or less than unity. 

This situation, however, can be improved if the following strength ratio is 
defined as follows: 

s = Uj(a) = €j(a) (3) 
Uj €j 

where 
S = strength ratio (between the strength and stress vectors as in Ref. 11). 

Uj(a) = allowable or maximum stress components. 
Uj = applied or imposed stress components. 

1 E.M. Wu, "Strength and Fracture of Composites", (L.J. Brautman, Ed., Composite 
Materials Vol. 5, Fracture and Fatigue, Academic Press, 1974, pp. 191-247. 
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The definition in Equation 3 requires additional assumptions. 

1) Loading is proportional in that the three ratios of the stress components 
among the allowed and the imposed remain constant and are equal to S, 
the strength ratio. 

2) We further assume that our material is linearly elastic up to failure and there 
is one-to-one correspondence between the stress and the strain components. 
The second equality of Equation 3 implies the existence of this linearity. 
The stress components in Equation 1 at the time of failure are equal to the 
allowed stress components, and Equation 1 can be written as follows: 

(4) 

In place of the allowed stress components in Equation 4, we can substitute 
the relations in Equation 3 into Equation 4, we have 

(5) 

In this equation the stress components are those imposed or applied. The 
strength ratios S in this equation can be obtained by solving the quadratic 
equation for a given material under a given state of imposed stress. The value 
of S so obtained contained the following significance: 

1) When S = 1, we have failure. 
2) When S is less than 1, this is not an admissable situation, which means that 

the imposed stresses have already exceeded the failure combinations. 
3) When S is greater than 1, this is a value that can be applied to the imposed 

stress in order to induce failure. For example, if S = 2, the imposed stresses 
can be doubled before failure is reached. 

It is believed that the strength ratio so defined provides a practical means 
of determining not only if failure has or will occur but will also give numerical 
description as to how far or the degree or margin of safety that a given state of 
stress can sustain. This is an improvement over the original failure criterion as 
stated in Equation 1, where only the go or no-go judgment can be made. 

Since Equation 5 is a quadratic equation, there exists two roots. The one 
strength ratio S is the solution of the imposed stresses. The conjugate root 
defined S- can be shown to be the solution of the equation if all the stress 
components change signs. For example, if all the stress components are positive 
and the resulting strength ratio is S, then the conjugate root S- is the strength 
ratio when all the imposed stress components become negative. 
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3. Generalized von mises criterion 

Equation 5 can be shown to be a generalized von Mises criterion for orthotropic 
materials if we can make the following substitutions: 

X=~Ul' y=v'F;;u2' z=v'F66a6 (6) 

Equation 5 then becomes 

[x2 + 2FT2 xy + y2 + z2] S2 + [F! x + F! y] S = 1 (7) 

where FT2 = F12 /v'F ll F22 , FT = Fd~, F~ = F2 /v'F;. 
The non-dimensionalized strength ratio in Equation 7 can be further simplified 
by a coordinate translation so that the linear terms can be eliminated. This can 
be accomplished by substituting the following: 

x'=x+Llx 

y' = y + Lly 

Into Equation 7 we then have 

where 

'2 + 2 F* "+ '2 - k2 
X 12 X Y Y -

1 
k2 = 2" + [Llx2 + 2Fi2 LlxLly + Lly2] 

. S 

1 
Llx =-[F* - F* F*]/[I-F*2] 2S 1 12 2 12 

1 
Lly=-[F -F* F*]/[I-F*2] 2S 2 12 1 12 

(8) 

(9) 

In Equation 9 the shear stress is assumed to be zero since it does not playa 
significant part with the discussion of the interaction term which is in the x-y 
plane only. The normalized von Mises conditions using the same parameters as 
those in Equation 9 is 

X'2 - x'y' + y'2 = k2 (10) 

It is therefore convenient to equate Equation 9 as a generalized von Mises 
criterion. With this assumption 

F!2 = - 1/2 (11) 
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In addition to a reasonable agreement between the prediction based on Equation 
9 and available data, which will be shown later, the concept of a fixed F~2 

value has an additional advantage. All orthotropic materials can now be 
mapped on the same generalized von Mises ellipse. Only one combined stress
space failure curve is needed for all orthotropic materials. To recap the various 
transformation and mapping operations that enable us to go from Equation 1 
to Equation 9, this will be shown in a series of figures in Figure 1. 

--~-----------r----------~---'0 

y 
y' 

--~L--+--~---+----____ X 

-~'------+-:-:-:-+-Jt-------_x' 

Figure 1. - Transformation of failure surface in stress-space from the physical stress plane 
in the top figure to non-dimensional stress-space in the bottom figure as represented by 
Equation 7. The coordinate axis can be centralized by displacement shown in Equations 8 
and 9. The classical von Mises criterion showing Equation 10 can be recovered from Equa
tion 9 if the normalized interaction term is to be - 1/2. 

With a fixed Ft2 as stated in Equation 11, all orthotropic materials can be 
mapped onto the unit ellipse shown in the last figure of Figure 1. What 
distinguish from one orthotropic material to another are the displacements of 
the origin of the reference coordinates, Le., x and y as specified in Equation 9 
and the normalizing factor stated in Equation 6. For laminated composite 
materials, it is a standard practice to assume the state of strain either constant or 
varying linearly across the thickness. Since strain is so specified, it is more 
covenient to use the strength ratio equations in strain-space rather than stress-
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space. With the assumed linearity up to failure, it is simple to convert the 
strength ratio equation in stress-space such as that in Equation 5 to strain-space 
by making the follOWing substitutions of the stress-strain relations. 

OJ = Qjj Ej 

where 

Qij = the plane stress elastic moduli and 

Ej = the strain components 

Substituting Equation 12 into Equation 5, we have 

(12) 

(13) 

If we define the strength parameter in strain-space in terms as G jj' we have 

(14) 

where GkQ = Fij Qjk Q jQ , Gj = FjQjj 

When a laminate is subjected to bending and twisting movements, it is usually 
assumed that the strain distribution across the laminate is linear. The strength 
distribution is defined as 

(15) 

where k j = curvature, i = 1,2,6 
z = the coordinate in the thickness direction 

If we substitute Equation 15 into Equation 14, we have 

(16) 

Note that the product of the strength ratio and the z coordinate appear together 
in this equation. Thus, for the same value of this product the highest value of 
z will result in the lowest value of the strength ratio S. When a laminate is 
subjected to bending or twisting, within each ply assembly it is the highest z 
value or at the outer surface away from the neutral axis where failure is most 
likely to occur. 

4. Initial strains 

Composite laminates are normally cured at elevated temperature. Curing strains 
are induced from shrinkage during curing as well as subsequent cooling to room 
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temperature. In addition, the moisture absorption of the epoxy matrix will 
induce expansion strains in the laminate. A first order approximation of the 
induced strains can be described by the expansion coefficients in 

e j = aT LlT + a~ c, i = L, T 

where 
aJ = longitudinal and transverse thermal expansion coefficients. 

a~ = longitudinal and transverse moisture expansion coefficients. 

LlT= temperature change (normally negative). 

c = moisture content. 

(17) 

The equivalent or nonmechanical stresses that would induce the same expan
sional strain as those in Equation 17 can be obtained using the following plane 
stress-strain relations. 

(18) 

where ur are the nonmechanical stress components which are the stress required 
to induce the expansional strains. The stress resultants in a laminate that would 
accommodate and self-equilibrate all the free expansions of the plies as called 
for in Equation 17 are as follows: 

h/2 Nr = f ur dz 
-h/2 

(19) 

where Nr are the nonmechanical stress resultants. In the case of unsymmetrical 
laminates, we shall also have nonmechanical moments defined as follows: 

N Jh/2 MI = ur zdz 
-h/2 

(20) 

where M~ are the nonmechanical moments due to differential expansions of an 
unsymmetrical laminate. The total stress resultants and moments that can be 
applied to a laminate are the sum of the nonmechanical and the mechanical or 
applied resultants and moments, as follows: 

NTotal = N~ + N~ 
1 1 1 

(21) 
MTotal = M~ + M!'1 

1 1 1 

The strength ratio relation in Equation 14 must be modified in order to include 
the initial strains. It is assumed that for a given laminate the curing process has 
already taken place so that the temperature difference LlT in Equation 17 is 
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fixed. We can further assume that the moisture content is also fixed either at 
zero for the newly cured laminate or some saturation level after a long period 
of time. In either event the moisture level for our present purpose can also be 
assumed to be fixed. Then the strength ratio that appears in Equation 14 
sould be specialized to include only the effect of the mechanical component 
of the loading. In other words, the nonmechanical strains are assumed to be 
predetermined. Then the definition of strength ratio instead of Equation 3 
should have superscript M added to it, that 

(22) 

The mechanical strength ratio in this equation will specify the ratio of the 
increase of the applied or mechanical stress or strain that a given laminate 
(with fixed nonmechanical strains) can sustain. Figure 2 shows the relationship 
between the initially uncured laminate as in (a) and the laminate subjected 
to free expansions such as the ej in Equation 17. Then, finally, the non-

(0) 
UNCURED 

PLIES 

(b) 
EXTENSION 

AFTER FREE 
EXPANSION 

(c) 
LAMINATE 

AS A UNIT 

I···· ·1 
~ ~ +-€,a-----I-I 

~~~I I 
I--- er -I· qa--l 

••••••••• ·1 ~ 

Figure 2. - Relationship between uncured ply in (a) and the free-expansion strain in (b). 
In (c) the laminate as a unit is subjected to nonmechanical as well as mechanical stress 
resultants. 
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mechanical and mechanical stress resultants that can be applied to the laminate 
as a unit. This is shown in (c). The strain components that must be substituted 
in the strength ratio equation of Equation 14 must take into account the fact 
that the ultimate strains of laminas are normally measured at room temperature 
after free expansions. That is the (b) in Figure 2. Thus the following strains must 
be used for the determination of strength ratio in Equation 14. 

(23) 

where 

N NN . 1 1· e j = aij j' aij = m-p ane comp lance 

Substituting Equation 23 into Equation 14, we have 

Gij [SM e~ + ef - ed [SM er + ef - ej] 

+ Gj [SM e~ + ef - ed = 1 (24) 

where the S value in Equation 14 is assumed to be unity. Rearranging Equation 
24 in terms of the quadratic equation of SM , we have 

[Gije~ er] [SM]2 + {Gjde~ (ef - ej) + er(ef - ej)] + Gje~}SM 

+ [Gij (ef - ej) (ef - ej) + Gj (ef - ej)] = 1 (25) 

or we have 

(26) 

This solution of this equation will yield two conjugate roots, SM and S-M. 
One corresponds to the given state of strains and the conjugate corresponds 
to the solution when all the signs of the strain components are reversed. For 
multidirectional laminates, there is a strength ratio for each ply orientation. 
The lowest of the strength ratios is referred to as the first-ply failure; the 
highest, the ultimate. 

5. Numerical example 

The strength ratios of AS/3501 graphite/epoxy have been predicted using 
the theory developed in this work with the following properties of the 
unidirectional composite s. 
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EL = 20.01 X 106 psi ET = 1.3 X 106 psi 

GL T = 1.03 X 106 psi vL T = .3 

XL = 210 X 103 psi 

XT = 7.5 X 103 psi 

XLT = 13.5 x 103 psi 

XL = 210 x 103 psi 

Xr = 30 x 103 psi 

(27) 

Fll = 22.676 X 10-12 F22 = 4.444 X 10- 9 F66 = 5.487 X 10-9 

(28) 
FI = 0 F2 = 100 X 10-6 Fiz = - 1/2 FI2 = - .159 X lO- IZ 

From the stiffness and strength data above, we can compute the following 
using Equations 13 and 14, 

Gll = 7363, Gzz = 7440, GIZ = - 1743 

G66 = 5821, GI = 39.22, Gz = 130.76 
(29) 

Using the data above, we can calculate the off-axis tensile and compressive 
strength of unidirectional composites. The results are shown in Figure 3. The 
unpublished experimental results were furnished by R.Y. Kim of the University 
of Dayton Research Institute in Dayton, Ohio. Using the property data above, 
plus the following expansion coefficients, we can calculate the strength of 
angle-ply laminates. 

QI = 5.55 x 10-9 tF 

Qi = 6.94 x 10-6 tF 
(30) 

The temperature difference is assumed to be - 200°F. It is further assumed that 
moisutre expansion is zero because the laminates were tested soon after 
fabrication. Using Equation 24, the mechanical strength ratios for these angle
ply laminates were computed and the results are shown in Figure 4 as solid lines. 
Also shown in this figure as dashed lines are the prediction based on an 
interaction term Fi2 = o. Although the solid line (Fiz = - 1/2) makes better 
prediction of strength than the dashed line, there is still a gap between the 
theory and the data observed as shown as dots. This discrepancy is being 
investigated at this time. One may be able to attribute the discrepancy due 
to the length to width ratio of the tensile coupon. The data in this figure were 
also furnished by Dr. Kim. 
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Figure 3. - Tensile and compressive strengths of AS/3501 
graphite/epoxy composites as a function of fiber orient· 
ations. 
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Figure 4. - -Tensile and compressive strengths of angle
ply laminates of AS/3501 composites as a function of ply 
angles shown in the sketch. 
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6. Conclusion 

We have shown that strength ratios can be calculated from the conventional 
failure criteria. In particular, the tensor polynomial criterion is easy to use 
and provides reasonable agreement with available data. If the value of the 
interaction term in this failure criteria is based on a generalization of the von 
Mises criterion for isotropic materials, this Simplification appears to provide 
reasonable prediction, and it also provides the opportunity of mapping the 
strength properties of all orthotropic materials onto the same generalized von 
Mises ellipse. 

RESUME 

(Rapports de resistances pour les materiaux orthotropes) 

Les rapports de resistances sont des mesures commodes des capacites portantes 
des materiaux orthotropes soumis a des contraintes combinees. Le critere 
tensoriel polynomial peut etre considere comme un critere de Von Mises 
generalise si une hypothese est faite sur la valeur du terme d'interaction F 12 . 

Avec cette simplification, tout materiau orthotrope peut avoir comme sur
face de rupture la meme ellipse generalisee de Von Mises. Seules l'echelle 
de I'ellipse et Ia localisation de son origine dans les axes de coordonnees des 
deux contraintes normales permettent de distinguer un materiau orthotrope 
d'un autre. L'analyse des resistances des composites lamellaires peut egalement 
indure la deformation initiale due aux effets de temperature et d'humidite. 
Pour les composites lamellaires multidirectionnels, il existe un rapport de re
sistance pour chaque couche et pour une charge donnee. On peut aisement 
caiculer les charges qui provoqueraient une rupture dans une premiere couche, 
des ruptures intermediaires et la rupture ultime. 

DISCUSSION 

COMMENT BY Z. HASHIN: In the writer's opinion the F 12 difficulty is due 
to the author's choice of modeling the failure criterion of a unidirec
tional fiber composite by one quadratic polynomial. In a previous pu
blication [1] the failure criterion in plane stress has been modeled in 
terms of two different failure modes-fiber rupture or matrix failure 
(crack along fibers) as is observed in testing. 

In this approach the F 12 coefficient does not appear at all, the 
failure criterion is piecewise smooth and agree well with experimental 
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data. The approach has been recently generalized [2] to three dimen
sional states of stress. 

It should be borne in mind that all of the approaches mentioned 
above are merely curve fittings by quadratic polynomials. The writer 
believes that since a unidirectional fiber composite has several distinct 
failure modes, it is more advantageous to model each mode separately, 
by a quadratic, thus obtaining a piecewise smooth failure criterion instead 
of one which is entirely smooth. 

[1) HASHIN Z. and A. ROTEM. - "A Fatigue Failure Criterion for Fiber Rein
forced Materials". J. Composite Materials 7 (1973): 448. 

[2) Z. HASHIN. - "Failure Criteria for Unidirectional Fiber Composites". J. of 
Applied Mechanics (to appear). 

COMMENT BY E.M. Wu: I would appreciate your comment on Professor 
Hashin's concern on the physics of failure. He believes that failure of 
composites can be classified into two modes; i.e. the fiber failure and 
the matrix failure. Experimental observations (fractography and acoustic 
emission) suggest that failure is a continuous and concurrent process. 
Is Hashin's concern and proposed approach valid on useful? 

REPLY BY S.W. TSAI: There is no physics in my phenomenological approach. 
The approach you cited was initially proposed by Puck which can be 
viewed as a special case of the tensor polynomial criterion. 

If the transverse and shear strengths are infinite, only fiber failure 
can occur. Then we have for this assumption: 

(I) 

The resulting failure criterion is: 

(2) 

Now, if the longitudinal strengths are infinite, only "matrix" failure 
can occur. We have: 

(3) 

The resulting failure criterion is: 

(4) 
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The interaction term F 12 is lost in the uncoupling process above. Puck's 
approach can be viewed as a combined maximum stress criterion in 
Equation 2 and a shortened tensor polynomial criterion in Equation 4. 
One equation is easier to use than two simultaneous equations. While 
both approaches are valid mathematically, neither has much physics. 

COMMENT BY Y.F. DAFALIAS: I would like to thank Dr. Tsai for the very 
informative lecture on failure of orthotropic materials. I would like 
also to make a comment that may be proved usefull in the future. It 
is based on a work of mine titled "Anisotropic Hardening of Initially 
Orthotropic Materials", ZAMM, in press. The failure criterion examined 
by Dr. Tsai had the usual 6 constants of orthotropy. Since failure was 
the primary objective, it was not necessary to consider hardening. If, 
however, one assumes that the orthotropic fourth order tensor (which 
gives the 6 constants) is not constant, but a properly invariant tensor 
function of the plastic strain, it can be shown, using the works of Adkins 
and Smith on integrity bases, that additional terms develope in the yield 
criterion involving scalar functions of the plastic strain on the second 
order. For small strains, these terms can be omitted, resuming the 6 
initial constants. For larger strains, which may occur up to failure, it 
is possible that consideration of these additional terms can give a better 
agreement of the experimental results with the distorted shape of the 
yield surface. 

REPLY BY S.W. TSAI: Thank you for pointing out relevant papers which 
I am not familiar with. I will try to study these papers and see if my 
present work can be extended to a more general case following your 
suggestion. Your constructive criticism is much appreciated. 
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1. Introduction 

For the past fifteen years, theoretical and experimental research in composite 
material mechanics has been stimulated by several applications in modem 
technology, such as aeronautics, the aerospace industry, etc. More recently, 
structured solids are widely employed in current structural applications, such 
as in the car industry, the building industry, the construction of sports equi
pement, etc. 

The principal advantage of composite materials is their high strength
to-weight ratio, which allows lighter structural elements. In order not to lose 
this advantage by over-dimensioning, but to arrive at a rational application of 
composites when designing structures, an appropriate knowledge regarding the 
material behavior under complex loading is required. An essential feature of 
composites is their pronounced anisotropy of mechanical properties. In this 
paper, we concentrate our attention on developing a failure criterion for struc
tured solids under complex stress. 

The presently proposed criteria for composites are developed either in 
the micromechanics or the macromechanics approach. The micromechanics 
approach consists in deriving the criterion, considering the mechanical properties 
of the different constituents of the composite and making use of limit analysis 
methods. This approach, however, has been used only under particular assump
tions regarding the material composition ([17] -[19]) or produces reliable criteria 
only for restricted types of composites [15]. 

In the macromechanics approach, which is purely phenomenological, 
the structured solid is considered as a homogeneous anisotropic material. 
Various isotropic failure theories have been generalized for anisotropic com
posite materials, such as the maximum stress theory [22], the maximum strain 
theory [24], and the Tresca condition ([13], [14]); a discussion of these 
adaptations is given in [12]. 
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The Von Mises distorsional energy theory has been generalized by Hill 
[11] for orthotropic metals and applied by Azzi and Tsai ([3], [4]) to uni
directional fiber-reinforced composites. In this theory, it is assumed that the 
strengths under compression and tension are the same and that the material 
is insensitive to hydrostatic stress. These assumptions, however, are not suitable 
for composites [16]. 

In order to avoid such limitations, Tsai and Wu [23] formulated a failure 
condition by proposing the general quadratic in stress 

(1) 

where i, j = 1,2, ... , 6. The coefficients Fj and Fij are material constants. 
The linear terms in (1) take stress sign sensitivity of the material into account. 
Expressed in terms of the actual stress components, the criterion is not restricted 
to the stress deviator as is the case for Hill's condition; thus, hydrostatic stress 
effects are involved. 

The criterion of Tsai and Wu is widely used in engineering, but it was 
tested solely in rather simple loading conditions. The current tendency for 
applications of composites requires a reliable criterion for failure under complex 
stress. With this objective in mind, we have performed a number of tests consist
ing of compressions under confming pressure on an epoxy resin reinforced 
by unidirectional glass-fibers [8]. We observed that the criterion of Tsai and 
Wu is not confumed by our experimental results. 

In this paper we develop a criterion of failure for fiber-reinforced com
posites in an objective and rational manner. A consistent and uniform for
mulation of the mechanical behavior of structured solids can be developed 
within the theory of representations of anisotropic tensor functions ([ 1], [6], 
[7], [20]). In such an approach, the derived constitutive relations satisfy auto
matically the material symmetries of the structured solid considered. Moreover, 
the minimal number and the type of variables involved in anisotropic cons
titutive relations are specified. Thus, the essential variables to be observed 
in experiments are well defmed. 

An example of application of the tensor functions representation 
approach is given in ([5], [6], [9]) by the development of a general theory for 
the plastic behavior of anisotropic solids. In Section 2, we present the basic 
theoretical setting with a specific application to transversely isotropic media. 
The most general forms of both the flow law and the yield condition are thus 
derived. The stress and mixed stress-anisotropy invariants entering the general 
form of the criteria for transversely isotropic solids are specified. After spe
cialization to triaxial tests consisting of oriented compressions or tractions 
under confming pressure, the so reduced general form of the yield conditions 
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is visualized in the space of the basic invariants. Some properties of the inva
riants' space, as well as restrictions concerning the shape and location of the 
yield surface are presented and discussed in Section 3. The yield surface is 
divided into three zones, each attainable by two different specific tests. 

In Section 4, the general form of the yield condition is specified for 
unidirectional fiber-reinforced composites. The proposed criterion is an appro
priate generalization of the Von Mises condition for transversely isotropic 
solids. The new generalization is expressed in a homogeneous form of order 
two in stress and it takes stress sign sensitivity of the material into account, 
as well as hydrostatic stress effects. Specializations of the proposed criterion 
to oriented triaxial and simple compressive or tensile tests are derived. 

After having presented, in Section 5, our experimental results concern
ing the behavior of a fiber-reinforced composite under confming pressure, 
we compare the proposed criterion and the Tsai and Wu criterion with the 
tests' data in Section 6. We first specify the number of independent material 
constants involved in criterion (1), making use of the hypotheses of Tsai and 
Wu concerning the shear stress sign insensitivity of the material and introduc
ing the restrictions due to the material symmetries of a transversely isotropic 
solid. We then establish the invariant form of condition (1) and derive the 
specializations for triaxial and simple compression tests. Finally, the material 
constants are computed from seven experimental data. The same calculation 
for the proposed criterion shows that nine experimental data are necessary 
in order to determine the values of the different constants involved. Com
parisons of the two criteria with our experimental results show that the pro
posed criterion fits much better the tests' data. 

Some concluding remarks concerning the suitability and objectivity 
of the employed approach of tensor functions representations to the descrip
tion of yielding and failure of structured solids are given in Section 7. Problems 
related to different modes of failure are also stressed. 

2. Theoretical setting 

2.1. General fonn of the plastic constitutive law 

Consider a homogeneous transversely isotropic solid, where the unit vector 
v specifies the material privileged direction. For a unidirectional fiber-reinforced 
composite, v denotes the fiber direction. The material structure is thus 
defined by the following tensor: 

000 

M=v®v= 0 0 0 (2) 

o 0 1 ( ., ., v). 

16 
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For futher investigations of the plastic behavior, we restrict our atten
tion to the general form of the constitutive relation for a rate type material. 
In the case of a transversely isotropic solid, such a relation is expressed in 
the form of a tensor function 

T = F(D, M). (3) 

where D denotes the rate of deformation tensor and T is the stress tensor. 
The relation (3) can be viewed as a constitutive equation provided it satisfies 
the principle of isotropy of space [21]. This principle requires that an arbi
trary transformation Q of the orthogonal group e, applied to both the 
medium and the kinematic variables, results in the same transformation of 
the material response: 

'I:IQ E e: F(QDQT, QMQT) = QF(D, M) QT. (4) 

This property implies that the function F is isotropic with respect to its 
two arguments D and M, thus anisotropic with respect to D, the type 
of anisotropy being transverse isotropy ([6], [7]). 

The form of the relation (3) is further specified by the representation 
theorems for tensor functions. In the case of a general (not necessarily poly
nomial) function F, the irreducible representation is given by ([6], [7]) : 

T = ao I + aIM + azD + a3 (MD2 + D2M) 
(5) 

aj = O'j{trD, trD2, trD3 , trMD, trMD2 ). 

In (5), the stress tensor T is expressed as a linear combination of six symme
tric second order tensor generators. The coefficients a j are scalar-valued 
functions of five basic invariants. Representation (5) constitutes the most 
general form of the constitutive relation (3) for a transversely isotropic rate 
type material. 

Plastic behavior may be introduced in (5) by the homogeneity condi
tion of order zero with respect to time or, which is equivalent, with respect 
to the rate of deformation: 

aT 
- D=O if aD 

aT 
-*0. aD (6) 

Introducing condition (6) in the representation (5), one obtains the general 
form of both the flow law, 
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trMD tr1/2MD2 

tr1/2 D2 ' tr1/2 D2 ), 

and the yield condition, 

f(trT, trT2, trT3 , trMT, trMT2)=0. (8) 

Details regarding the derivation of relations (7) and (8) are given in ([5], [6], 
[9]). In order to make the paper self-contained, we give here below the essen
tial characteristics of the presented theory. 

The flow law (7) specifies the rate of deformation tensor only to within 
a scalar multiplier. The coefficients I/Ij are homogeneous scalar-valued func
tions of order zero with respect to D. The anisotropic character of the rela
tion between the tensors T and D derives from the presence of the tensor
generators involving the structural tensor M. A characteristic feature of the 
flow law is that if the principal directions of tensors T and M do not coincide 
(for example in off-axis tests), then the principal directions of D differ from 
those of T. It is also worthwhile to point out that the flow law (7) is not 
necessarily associated with the yield condition (8) by the restrictive hypo
thesis of the plastic potential. 

In the general form (8) of the yield condition, the independent variables 
involve in addition to the isotropic invariants tr T, tr T2 , trT3 , two mixed 
invariants trMT and trMT2, which account for the anisotropic character 
of the material behavior. They specify the orientation of the stress tensor 
with respect to the material attached structural tensor M. 

The relation (8) is of importance in the sense that it specifies the mini
mal number and the type of independent variables to be observed in expe
riments. An equivalent form of the yield condition (8) is obtained by intro
ducing the stress deviator 8: 

8 = T - ( t tr T) I. (9) 

Four of the five basic invariants of T and M can be expressed in terms of 
the basic invariants of 8 and M and the invariant trT. 

1 
= tr 82 + - tr2 T 

3 ' 

1 
trMT = trM8 + 3" trT, 

2 1 
trMT2 = trM82 + "3 trM8 trT + "9 tr2T. 

(10) 
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In view of the relations (10), the general form (8) can be written equivalently 
as 

(11 ) 

2.2. Application to tests under confining pressure 

Consider triaxial tests consisting of compressions or tractions of oriented 
specimens under confming pressure. We denote by p the confIDing pressure, 
by an the axial stress and by () the angle between the axis of the specimen 
and the privileged direction v of the transversely isotropic solid (Fig. 1). 

Figure 1. - Fiber-reinforced material in compression tests 
under confining pressure. 

p 

a;; 

The arguments of criterion (11) can be expressed in terms of the three variables 
p, an and (): 

trT = 2p + an' 

2 
= '3 (an -pt, 

2 3 = 9' (an - p) , (12) 

trMS 
1 

= 3" (an -p) (3 cos2 () -1), 

Thus, if restricted to tests under confming pressure, the five arguments of 
the general form (11) are no longer independent; they are related by the 
equations 

1 e 
trMS2 = - trS2 + -- trMS tr1/ 2 S2 

3 ~ , 
where 

2 
= e -- tr3/ 2 S2 

3..;6 

~ e = + 1 if 

(e=-1 if 

an - p > 0, 

(13) 

an - p < O. 
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Only three invariants remain independent and therefore the general form 
of the yield condition for triaxial tests is reduced to 

h(trT, trS2, trMS) = o. (14) 

3. Visualization of the yield condition in the space of basic invariants 

Before developing a specific criterion of failure for fiber-reinforced compo
sites, we first show how the restriction (14) to triaxial tests of the general 
yield condition (11) is represented in the space of the basic invariants tr T, 
trS2 , trMS. For this purpose, we introduce an alternative form of (14). 
Considering that the invariant tr S2 is non-negative and that an expression 
for the orientation angle e in terms of the basic invariants can be derived 
from the relations (12), 

2 - 1 A trMS 
cos e - - + € - 1/2 2 ' 

3 3 tr S 
\ 

€ = + 1 if an - p > 0 , 

where (15) 

€ = - 1 if an - p < 0, 

an alternative form of the criterion (14) is given by: 

Q (tr T, j~ trS2 , 0 = o. (16) 

Thus, the critical states of stress can be represented in the plane of the inva

riants (trT, jftrS2) by a family of curves parametrized by the orien

tation angle e. 
We shall now analyse the visualization of the compressive and tensile 

strengths under confming pressure. We adopt the convention of positive 
compression. 

3.1. Compressive strengths under confining pressure 

Consider tests consisting of axial compressions an under positive confming 
pressures p and suppose that the axial stress is greater than p : 

(17) 

An application of relations (12) results in 

trT = 2p + an ' j~ trS2 = an - p > o. (18) 
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Conditions (I8) show that for a given value of p, the invariants trT and 

j~ trS2 are related by 

~ V 2 trS = trT - 3p. (19) 

Thus, for fixed confining pressure p, the critical states of stress, corres
ponding to the different values of the orientation angle (), are represented 
by points lying on the same straight line (19), which is parallel to the first 

bisectrix of the plane (trT, j % trS2 ). The region corresponding to 

compression tests under confming pressure subjected to the condition (17) 
is visualized by zone 1 of Figure 2. 

trT 

Figure 2. - Visualization of the yield criteria in the invariants' plane. 

3.2. Tensile and pseudo-tensile strengths under confining pressure 

Suppose now that the axial stress on is lower than the confming pressure 
p. The axial deviatoric stress o~ is then negative: 

3 , 2 On = On - p < 0 . (20) 
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According to the sign of the axial stress an' two cases can be distinguished: 

p > an > 0: pseudo-tensile tests, 

p> 0 > an: tensile tests. 

For both cases, the relations (12) result in 

~ trT = 2p + an' v"2 trS = p - an> O. 

(21) 

(22) 

Thus, for a given value of p, the invariants trT and J i trS2 are related 
by 

~-V "2 trS - 3 P - trT. (23) 

The critical states of stress, corresponding to the different values of (j 

and to a fIxed confming pressure p, are represented by points lying on the 
same straight line (23), which is parallel to the second bisectrix of the plane 

(trT, j ~ trS2). The region scanned by tensile and pseudo-tensile tests 

under confming pressure consists of the two zones 1 and 2 of Figure 2. 

3.3. Scanning of the plane (trT, J~ trS2 ) 

From the preceding analYSis, we can conclude that each point in zone 1 cor
responds to two different strengths. One of the strengths is obtained by a 
test with positive axial deviatoric stress: 

3 I 

PI> 0, "2 0 1 = 0 1 - PI > 0 

The other strength corresponds to a negative axial deviatoric stress: 

3 I 

P2 > 0, 2" 02 = 02 - P2 < 0 . 

The introduced quantities are related by 

(24) 

(25) 

(26) 
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In zone 2, each point corresponds also to two strengths obtained by 
two different tests. For one of the tests (P2 > 0 , °2 ), the axial deviatoric 
stress is negative (cf. 3.2). Zone 2 being characterized by 

j~ trS2 > trT, (27) 

the following inequality can be derived: 

P2 + 202 < O. (28) 

Since P2 is assumed to be positive, the axial stress 02 is necessarily nega
tive and corresponds to a tensile test under confming pressure: 

(29) 

The other test corresponds to a positive axial stress (axial compression) and 
a negative confming pressure (confming traction): 

P1 < 0, °1 > O. (30) 

The introduced quantities are related by 

1 1 " P1 = - (P2 +202)<0, 01 = - (4P2 -°2»0,°1 =-02>0. 
3 3 (31) 

It is possible to show in a similar manner that each point in zone 3 
of Figure 2 corresponds also to two different tests; both tests have to be 
performed under negative confming pressure (confming traction). 

3.4. Concluding remarks. 

Compression tests under confming pressure allow to cover only zone 1 of 

the plane (trT, j~trS2). In order to have access to zone 2, It is ne

cessary to perform axial tensile tests under confming pressure. Zone 3 is 
unattainable by tests under positive confming pressure. Since negative confm
ing pressures are difficult to realize practically, it is necessary to perform bi
axial tensile tests so as to come into zone 3; biaxial strengths can also be re-

presented in the invariant plane (trT, j~ trs2). 

Each straight line (19) for P1 = const. and (23) for P2 = const. can 
intersect a given curve () = const. at only a single point. This condition leads 
to restrictions for the shape of the curves () = const. In another connection, 
it is reasonable to assume that for an anisotropic solid failure will occur 
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under high isotropic compression. Experimental evidence of this effect for 
a stratified rock is given in [2]. Thus, all the curves 8 = const. intersect the 
positive semi-axis trT at a single point. From the preceding remarks, it can 
be concluded that the curves 8 = const. are located within a boundary 
triangle (ABC), as shown in Figure 2. 

4. Proposed criterion 

The general form (8) of the yield condition requires specifications for each 
classs of transversely isotropic materials by further hypotheses. As was stated 
in Section 1, most of the presently proposed criteria for anisotropic solids 
are appropriate generalizations of the available criteria for isotropic media. 
It is worthwhile pointing out that the generally accepted criteria for isotropic 
materials are homogeneous in stress. This is in particular the case of the Von 
Mises condition. Thus, we propose a new generalization of the Von Mises 
criterion to unidirectional fiber-reinforced composites in developing a homo
geneous form of order two in stress and employing the simplest combinations 
of the basic invariants involved in (8) and their square roots. The proposed 
criterion is expressed by: 

trT2 + al tr2T + a2 trMT2 + a3 tr2MT + a4 trMT trT + as y'tr'¥ trT+ 

+ a6 ~ trMT + a7 VtrMT2 trMT + as VtrMT2 trT+ 

+ a9 VtrMT2 ~ = K2, (32) 

where the aj (i = 1,2, ... ,9) are the material constants and K the cons
tant of the criterion. 

In expression (32), terms involving square roots of the basic invariants 
take stress sign sensitivity of the material into account. It is therefore no 
longer necessary to add linear terms as is the case for the Tsai and Wu criterion. 

The proposed criterion (32), when applied to axial compression tests 
on in direction 8 and under the confining pressure p, results in 

o! [1 + a l + (a2 + a4 ) oos28 + a3 oos4 8] + 

+ p[(2 + 4a l + a2 + a3 + 2a4 ) - (a2 + 2a3 + 2a4 ) cos28 + a3 cos48]+ 

+ 0nP[ 4a l + a4 + (2a3 + a4 ) cos28 - 2a3 oos4 8] + 

+ V2p2 + o! [(2as + a6 -a6 oos28) p + (as + a6 oos28) on] + 

+ Vp2 + (a! - p2) cos28 [(2as + a7 - a7 cos28)p + 
+ (as + a7 OOS2 8) an] + 

(33) 
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For simple compression tests, the ratio (~)2, where 0e and 090 
°90 

'Ii 
are the strengths, respectively, in the direction () and direction () = ,can 
be calculated from the criterion (32). One obtains 2 

( 
0e )2 1 
090 = 1 + A cos () + B cos2 () + C cos3 () + D cos4 () 

(34) 

where A, B, C and D are related to the material constants aj by 

A= 

as 
D = -----"---

1 + a l + as 
(35) 

Moreover, the criterion constant K is related to the strength in direction 
'Ii 

() = - by 
2 

(36) 

From the relations (34) and (35), we conclude that oriented simple compres
sion tests determine the values of the four material constants a j • The five 
other constants specify the evolution of the directional strengths with the 
confining pressure. 

5. Experimental behavior of a fiber-reinforced composite under 
confining pressure 

In order to test the reliability of the proposed criterion and of the Tsai and 
Wu criterion for complex loading states, we performed a number of expe
riments consisting of directional axial compressions of a glass fiber reinforced 
epoxy resin under confining pressure. 

5.1. Testing procedure 

The specimens were prepared in seven different orientations: () = 0, 1 S°, 30°, 
45°, 60°, 75° and 90° (Fig. 1). They were cut to the shape of parallelepipeds 
with dimensions 12 x 12 x 24 mm. We applied five different confining pres
sures: p = 0, 250, 500, 750 and 1000 kg/cm2 • Thus, we obtained 35 different 
test conditions. 

For the orientations () = ° and () = 1 S°, some problems regarding the 
modes of failure arose. Because of the parallelepiped shape, the phenomenon 
of "brooming" appeared at the ends of the specimens. In order to prevent 



www.manaraa.com

Failure Criteria for Unidirectional Fiber-Reinforced Composites 461 

this effect, we first employed longer specimens and fitted the ends in steel 
rings, but failure started at the level of the rings. Finally, we employed for 
the orientations () = 0 and () = 150 bone shaped specimens. We obtained 
then failure by kink in the central part of all specimens, except for the spe
cimen (() = 0, p = 0), where failure occured by longitudinal splitting. This 
failure mode and the corresponding limit stress being quite different from 
those of the other orientations and confining pressures, we excluded the 
results for (() = 0, p = 0). We shall come back to the problem of failure 
modes in Section 7. Other details regarding the testing procedure are given 
in [8]. 

5.2. Experimental results 

An evolution of the material behavior under confining pressure and given 
material orientation was observed. The respective documentation regarding 
the obtained stress-strain curves and the observed phenomena are presented 
in [8]. 

Characteristic stress-strain curves for some orientations () and the 
confining pressure p = 250 kg/cm2 are shown in Figure 3. For the orient
ations () = 0 and () = 150, we obtained curves with very marked peaks. For 
the other orientations, the peaks disappear. For each test, the chosen limit 
stress corresponds to the peak or to the maximum stress observed during 
the compression. 

The obtained values for the limit stresses are presented in Table 1. The 
value given for (() = 0, p = 0) is not an experimental result, but a fictive value 
obtained by continuous extrapolation of the data for () = 0 and the other 
four confining pressures. The results of Table 1 will now be employed in 
order to test the proposed criterion and the Tsai and Wu criterion. 

TABLE 1. Compressive strengths under confining pressure: 
experimental data (kgjcm2 ). 

P ()=o () = 150 () = 300 () = 450 () = 600 () = 750 
(kg/cm2 ) 

0 7300 2662 1359 1254 1236 1264 

250 7850 3003 1407 1290 1369 1378 

500 8300 3091 1549 1396 1412 1456 

750 8650 3518 1774 1728 1925 1657 

1000 8900 3617 2314 1841 2016 1660 

() = 900 

1311 

1483 

1579 

1644 

1854 
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Figure 3. - Fiber-reinforced epoxy resin: stress-strain curves of oriented compression 
tests under 250 kg/cm 2 confining pressure. 

6. Comparison of the criteria with experimental results 

6.1. Criterion of Tsai and Wu 

We first specify the non-vanishing material constants Fi and Fij of criterion 
(1). The hypotheses of Tsai and Wu imply that the material is sensitive to 
the sign of normal stress, but intensitive to the sign of the shear stress. Thus, 
the following material constants vanish: 

Fi = 0 if i> 3, 

i =# i (37) 
Fij = 0 if and 

i ,j > 3. 



www.manaraa.com

Failure Criteria for Unidirectional Fiber-Reinforced Composites 463 

For an orthotropic solid, only twelve non-vanishing material constants 
remain: 

(38) 

Consider now a transversely isotropic solid with an attached reference 
system (v1' v2' v3), v3 being the privileged axis v of the material. The rotational 
symmetry of the medium about the v3 axis results in the following restrictions: 

F1 =F2, F ll =F22 , F44=Fss, F66=Fll-F12' 

F31 = F23 . (39) 

Finally, for transversely isotropic materials, the criterion of Tsai and Wu involves 
only seven independent material constants: 

The criterion is then expressed in the (v l' v2' v3) reference system by: 

F1(all + (22 ) + F3a33 + Fll(a~1 + a~2 + 2a~2) + F33 a~3 + 

+ F 44 (a; 1 + a~3) + 2F 12 (all a22 - a~2) + 

+ 2F31 a33 (a ll + (22 ) = 1 . 

(40) 

(41) 

Let us establish now the invariant form of the criterion (41). Of course, 
any criterion for transversely isotropic solids is a specific form of the general 
criterion (8). The basic invariants which appear in (8) are expressed in terms 
of the stress components in the (v l' v2, v3) frame by 

tr T = all + a22 + a33 ' 

tr T2 = a~l + a~2 + a;3 + 2(a~3 + a;1 + a~2) , 

trMT = a33 ' 

tr MT2 = a;3 + a~3 + a;1 . 

(42) 

The fifth basic invariant trT3 is not involved in the criterion (41). Making 
use of the relations (42) in (41), we obtain the invariant form of the Tsai 
and Wu criterion: 

b1 trT + b2 trMT + b3 tr2 T + b4 tr2MT + bs trMT trT + b6 trT2 + 

+ b7 trMT2 = 1, (43) 
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which is, indeed, a particular form of (8). The seven coefficients bi are new 
material constants which are related to the constants (40) by: 

b 1 = F l' b2 = F 3 - F l' b3 = F 12 , 

b4 = F11 + F33 - F44 - 2F31 , bs = 2(F31 - F12 ), 

b6 = F11 - F12 , b7 = F44 + 2(F 12 - F 11 )· (44) 

When applied to tests consisting of axial compressions an in various 
directions () and under confining pressures p, the yield condition (41) yields 

an [F 1 sin2 () + F 3 cos2 ()] + p[F 1 (1 + cos2 ()) + F 3 sin2 ()] + 

+ a~[F11 sin4 () + F33 cos4 () + (F44 + 2 F31 ) sin2 () cos2 ()] + 

+ p2 [F 11 (1 + cos4 ()) + F33 sin4 () + (F44 + 2 F31 ) sin2 () cos2 ()+ 

+ 2F12 cos2() + 2F31 sin2()] + 2an P[(F 11 + F33 - F44)sin2()cos2 () + 

For simple compression tests, we obtain the expression: 

F1 an sin2 () + F3 an cos2() + F11 a~ sin4() + F33 a~ cos4() + 

+ (F44 + 2F31 ) a~ cos2 () sin2() = 1 . 

(45) 

(46) 

Relation (46) involves five independent material constants. Thus, in the cri
terion of Tsai and Wu, five constants are determined by oriented simple 
compression tests. The two remaining constants specify the evolution of 
the directional strengths with the confining pressure. 

In Table 2, the values of the seven material constants bi obtained from 
our experimental results and the seven tests chosen for the calculation are 
presented. The chosen tests are those which resulted in the best theoretical 
representation for the experimental data. 

6.2. Proposed criterion 

The invariant form of the proposed criterion is given by equation (32). The 
applications to triaxial and simple compression tests result, respectively, in 
the relations (33) and (34). Criterion (32) involves nine material constants 
ai and the criterion constant K. 
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TABLE 2. Criterion ofTsai and Wu. 

- General form: Fjuj + Fjjujuj = 1 i,j = 1,2, ... ,6. 

- Invariant form for transversely isotropic solids: 

b I tr T + b2 tr MT + b3 tr2 T + b4 tr2 MT + bs tr T tr MT + 

2 2 + b6 tr T + b7 tr MT = 1 . 

- Experimental data chosen for the calculation of the material constants 
b j : 

p = 0 () = 0°, 15°, 30°, 60°, 90°. 

p = 1000 kg/cm2 

- Numerical values of the material constants b j : 

-2 b I = 0,668 10 

b4 = 0,152 10- 5 

b7 = 0,873 10- 5 

-2 b2 = - 0,510 10 

-5 bs = - 0,59310 

b3 = 0,283 10-5 

b6 = - 0,73710- 5 

As a first step, we established by means of the relation (34) a theore
tical representation of the experimental data in simple compression. Calcul
ation of the four constants (35), A, B, C and 0, showed that for the tested 
glass fiber reinforced composite the constant A can be taken equal to zero. 
Substituting the value A = 0 in (35), we obtain the relation 

(47) 

Thus, for glass fiber reinforced composites, criterion (32) takes the reduced 
form: 

trT2 + al tr2 T + a2 trMT2 + a3 tr2 MT + a4 trMT trT + as JtrT2 trT + 

+ a6 JtrT2 trMT + a7 JtrMT2 trMT+ 

+ all v'trMT2 (trT - JtrT2 ) = K2 . (48) 
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and the application of (34) to simple compression tests gives 

( ao )2 1 
a90 = 1 + B cos2 () + C cos2 () + D cos4 () . 

(49) 

From relations (35), (36) and (49), we can conclude that the values 
of the criterion constant K and of the three material constants aj are deter
mined from four experimental data of oriented simple compression tests. 
The values of the five other material constants are obtained from the data 
of five compression tests under non-zero confining pressures. The results of 
the calculation and the nine chosen tests are given in Table 3. The chosen 
tests are those which resulted in the best theoretical representation for the 
experimental data. 

TABLE 3. Proposed criterion. 

- Invariant form: 

tr T2 + at tr2 T + a2 tr MT2 + a3 tr2 MT + a4 tr T tr MT + 
+ as JtrT2 trT + a6 JtrT2 tr MT + a7 Jtr MT2 tr MT + 
+ as J tr MT2 tr T + a9 Jtr MT2 JtrT2 = K2 

- Monoaxial compressive strengths: 

( ao )2 1 

a90 = 1 + A cos () + B cos2 () + C cos3 () + D cos4 () 

- Experimental data chosen for the calculation of the materials constants 
aj: 

p=O 

P = 250 kgjcm2 

() = 0°,30°,75°,90°. 

() = 0°, 60°, 90°. 

p = 1000 kgjcm2 : 8 = 0°, 90°. 

- Numerical values of the material constants aj : 

at = - 0,077 a2 = 0,492 a3 = - 1,668 a4 = 1,789 

as = - 0,512 a6 = - 1,946 a7 = 0,936 as = - 1,168 

K = 840,36 kgjcm2 
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6.3. Comparisons 

In Figures 4 and 5, the experimental data and the theoretical curves obtained 
by application of the proposed criterion and the Tsai and Wu criterion are 

presented in the plane of the invariants trT and jf trS2 . For p = 0, i.e., 

in simple compression, both criteria fit well the experimental data. But when 
the confining pressure increases, great divergencies appear for the Tsai and 
Wu criterion, which in general overestimates the strengths of the material 
under non-zero confining pressures. 

The proposed criterion fits better the experimental data for all values 
of the confining pressure p and the orientation O. In a few cases, in particular 
for 0 = 1 So, some differences appear, but the theoretical curves are always 
located on the safe side. 

~~trs' 
( kg/em') 

8000 

6000 

4000 

2000 

2000 4000 6000 8000 

Experimental data: 

x 9= 0 
• 9= 15· 
.. 9=30· 
• 9=45· 

Criteria: 

proposed criterion 

TSAI and WU criterion 

trT (kg/em') 

10000 12000 

Figure 4. - Fiber.reinforced epoxy resin: compressive strengths under confining pres
sures; orientations 8 = 0°, 15', 30° and 45°. 
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Experimental data: 
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I I • 

6000 

Figure 5. - Fiber-reinforced epoxy resin: compressive strengths under confining pres
sures: orientations f) = 60°, 75° and 90°. 

7. Conclusions 

Application of theorems about representations of tensor functions to the 
description of the plastic behavior of structured solids allows to derive the 
most general form of the yield conditions for anisotropic materials. Such an 
approach indicates the minimal number and the type of basic stress and mixed 
stress-anisotropy invariants involved in the failure criteria. The essential va
riables to be observed in experiments are thus specified. 

An illustration of the approach was given here on the example of a trans
versely isotropic fiber-reinforced composite. The general form of the yield 
condition was specialized to oriented compressive and tensile tests under 
confining pressure and visualized in the space of basic invariants. Restrictions 
regarding the shape and the location of the yield surface, as well as the type 
of experiments allowing to cover entirely the yield surface were specified. 

From the general form of the yield conditions for transversely isotropic 
solids, a new generalization of the Von Mises criterion to fiber-reinforced 
composites was proposed. The new criterion is expressed in terms of the 
basic stress and mixed stress-anisotropy invariants by a homogeneous form 
of order two in stress. Despite the fact that no linear terms are involved, 
stress-sign sensitivity of the material is taken into account. Hydrostatic stress 
effects are also involved. Comparisons of the proposed criterion and the Tsai 
and Wu criterion with our experimental results, obtained in compression 
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tests of a glass fiber reinforced resin under confining pressure, show that 
for non-zero confining pressures the proposed criterion fits much better 
the tests data and is located on the safe side. 

Experiments consisting of compression tests under confining pressure 
allow to cover the yield surface only in a limited region of the invariants' space, 
more precisely only in zone 1 of Figure 2. In order to come also to zone 2, 
we are presently performing oriented tensile tests under confming pressure. 
The modes of failure observed in such tests are quite different from those 
occuring in compression tests under confining pressure. Thus, the criterion 
developed here and the calculated material constants will most probably not 
be consistent with the data in tensile tests. In fact, as it was recently pointed 
out by Hashin [10], all of the different failure modes cannot be represented 
by a single smooth function. We are presently developing a specific failure 
condition for fiber-reinforced composites subjected to tensile stress under 
confining pressure. 
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RESUME 

(Criteres de rupture pour les composites a fibres unidirectionnelles sous 
pression de confinement). 

Les tendances actuelles dans les applications des materiaux composites exigent 
un critere de rupture fiable pour les etats de contraintes complexes. Dans ce 
but, nous avons realise une serie d'essais de compressions sous pression de 
confinement sur des echantillons orientes d'une resine epoxy renforcee par 
des fibres de verre unidirectionnelles. Le critere de Tsai et Wu, generalement 
utilise dans les bureaux d'etude, n'est pas confirme par nos resultats expe
rimentaux. Nous proposons un nouveau critere, formuIe dans Ie cadre d'une 
theorie generale du comportement plastique des solides anisotropes, developpee 
par l'application des theories de representation des fonctions tensorielles. Le 
critere propose s'exprime par une forme homogene du second ordre par rap
port aux invariants mixtes du tenseur des contraintes et d'un tenseur structurel 
lie au materiau. II prend en compte les differences entre les resistances en trac
tion et en compression, les effets dus a Ia pression de confinement et concorde 
bien avec les resultats des essais. 
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1. Introduction 

Strength prediction of composite laminates has been studied by many resear
chers. To predict the strength of a composite one must have the knowledge 
of failure modes and the corresponding failure criteria. There are many failure 
modes in a laminate composite such as fiber breaking, matrix cracking, crazing, 
delamination, fiber pull-through, etc. This study deals primarily with the dela
mination failure mode. 

In their study, Pagano and Pipes [2] assume that the delamination is 
solely due to interlaminar normal stress exceeding a critical value. Based on 
the results [3] of an analysis of a [0/90]s laminate subjected to uniform axial 
extension, Pagano demonstrates the existence of maximum interlaminar tension 
Uz at the midplane of the laminate. To design delamination specimens, they 
further assume that the distribution of Uz versus the width of the specimen 
for any composite laminate with a configuration such as [(± 0)2/90]8 will 
be the same as that for the [0/90]8 laminate. Based on this assumption, the 
maximum amplitude of interlaminar normal stress, a~ax can be determined 
from the equilibrium conditions for a ply in the laminate: 

4S (V(1) _ V(2») 0(1) 0(2) 1/ 
amax/e = _ xy xy yy YY (1) 

z x 28 (1 + 1/) (Q~~) 1/ + Q~V) 
where ex is the applied axial strain, VXy is the ply Poisson's ratio and Oyy 

the transverse plane stress stiffness coefficient, with superscripts (1) and (2) 
referring to the angle plies and the 90° plies, 1/ is the ratio of the total thick
ness of two angle-ply units, h dh2' In equation (1), it is clear that a large 
Poisson's ratio mismatch between the two angle-ply units tends to magnify 
the stress..:., uTx . Therefore, the interior plies should be at 90°, so that the 
value of v~; will be a minimum. The test specimen may now be designed, 
according to Pagano and Pipes, by maximizing equation (1) with respect to 
1/ while holding 0 as a constant. This leads to the expression: 

1/ = [0~~/0~~]1/2 (2) 
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from which the relative number of angle and 90° plies can be determined. 
The value of (J has been chosen by maximizing v~~) - vx~) with respect to 
(J for a given material. In [1] the HTS/ERLA 2256 graphite/epoxy prepreg 
tape was used, the resulting design point was (J = 25° and 1/ = 3.1 which 
was rounded to 4.0 for practical purposes. The specimens were then fabric
ated as [(± 25h/90]s and tested. Test results showed that delaminations 
were located at the midplane. Harris and Orringer [1] used the same approach 
as Pagano and Pipes [2] but with Hercules Magnamite AS/3501-6 graphite/ 
epoxy prepreg tapes; the resulting design point was (J = 26° and 1/ = 3.05 
(rounded to 4.0). Their experimental results showed that delaminations 
took place at the interface between the angle ply and 90° ply rather than 
at the midplane of the specimen. Their conclusion was that delamination 
failure was due to combined effects of interlaminar normal and shear stresses 
rather than the normal stress Uz alone. Harris andOrringer further suggested 
that the designed laminate configuration might not have the largest interla
minar normal stress for all possible (J values in the configuration such as 
[(± (J)2/90]S' This is due to the manner of maximizing equation (1) suggested 
in [2]. Strictly speaking, equation (1) is a continuous function of two inde
pendent variables (J and 1/, and maxima should therefore be sought from the 
behavior of the partial derivatives. Since this approach involves complicated 
trigonometric expression in (J, Harris and Orringer use the graphic method 
to determine the maxima of ur;:ax / Ex by plotting a family of curves of 
u~ lEx versus (J with integer values of 1/ as a parameter. They find that 
the true maxima of ur;:axIEx for AS/3501-6 [(± (J)2/90]s laminate tend to 
occur at (J between 30° to 40°, instead of near 26° as originally predicted. 
In summary, their findings are that (a) delamination failure may be due to 
combined-stress effects, rather than due to the interlaminar normal stress 
alone; (b) if the delamination in a laminate is solely due to u~ and occurs 
at the midplane where the shear stresses vanish because of symmetry, the 
value of (J shall be between 30° and 40° . 

This paper is intended to explore these two points further by mecha
nically testing various configurations of angle-ply laminates, and examining 
the experimental results. The analytical capability required to formulate the. 
delamination criterion is only briefly discussed. 

2. Test Specimen Configurations 

Material used to fabricate composite laminates used in this study is the 
T300/5208 graphite/epoxy prepreg tape with the following ply properties: 

Ell = 22 X 106 psi 

E22 = 1.54 X 106 psi 

Vl2 = 0.28 

GI2 = 0.81 X 106 psi. 
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These properties are very close to those of HTS/ERLA graphite/epoxy 
used in [2] and AS/3501-6 in [1]. It is anticipated that conclusions drawn 
from the comparison of these two studies with the current study will not be 
affected by the slight difference in material properties. 

Five 12" x 12" plates were fabricated from- T300/520g graphite/epoxy 
prepreg tapes, following the supplier's recommendations for tooling, layup, 
and cure cycle. The stacking sequence of these plates is [(± 8)2/90]s, and the 
8 values for the five plates fabricated are 5°, 15°, 25° , 35° and 45°. The average 
thickness for the ten-ply laminates is 0.055 inch, and the volume fraction is 
about 55 %. Test coupons of 1" x g/l were taken from each plate and each 
specimen was bonded with 1/1 x 2" X 0.125/1 glass/epoxy tabs at both ends 
leaving a I" x 4/1 gage section. Each specimen was also instrumented with 
an F AE-12-35PL strain gage, and stored in a desiccator under vacuum before 
it was tested at the ambient condition. 

Design parameters determined according to the procedure suggested 
in [2] are listed in Table I; the values of 1'/ are rounded to the next integer 
for practical purposes. However, other factors are also taken into consider
ation; for instance, the case of 8 = 35°,1'/ = 3.0 will be an unbalanced lamin
ate and is undesirable for the purpose of this study; therefore, 1'/ = 4 is used. 
For the case of 8 = 45°, from equation (2) 1'/ = 2; but in the fabrication of 
the plate 1'/ = 4 is used, so that all specimens have the same geometric confi
guration and delamination load may be compared. Table I also lists the values 
of vW for the five configuration of interest. Since the value of vg) for the 
90° ply is the same for all cases, the laminate which has the highest value of 
uN) will have the largest value of a~. From Table 1, it is noticed that the 
laminate with (J = 25° has the largest value of v~p, therefore, the laminate 
[(± 25)2/90]s is expected to have delamination at the midplane under the 
smallest load of the five cases tested. However, test results discussed in the 
next section are contradictory to the expectation. 

TABLE 1 . Delamination specimen configurations and test results. 

11±8121901s 805° 15° 25° 35° 45° 

." 0 hllh2 3.77-4 3.6-4 3.3-4 2.4-3 1.8-2 

-Ill 
v 12 0.37 0.97 1.61 1.19 0.77 

- 121 
v 12 0.02 0.02 0.02 0.02 0.02 

Delamination stress 99.3 46.7 30.8 23.9 18.2 
Test Iksil 169.71 

Strain 0.697 0.383 0.336 0.406 0.62 
1%1 10.4931 
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3. Test Results 

The specimens were tested individually in an electrohydraulic, servo controlled 
closed-loop testing machine which was run at the load-control mode with 
the load rate of one pound per second. The specimen under test was constantly 
monitored with a traveling microscope along the edge of a specimen. Load 
and strain were recorded simultaneously and tests were terminated whenever 
delamination occurred in the specimen. Since the load rate was so slow, the 
measured delamination load could be considered as the threshold of delami
nation. The strain and nominal stress at the threshold of delamination are 
listed in Table 1 for the five cases investigated. The delamination stress for 
the case of () = 35° is less than that for () = 25°, which indicates that the 
design procedure for delamination specimens suggested in [2] does not lead 
to the optimized configuration. The stress and strain in parentheses for the 
case of () = 5° were recorded when the matrix in 90° ply failed, which oc
curred, obviously, prior to delamination. The strain of 0,493 % at which the 
matrix failed seems to be larger than the maximum strain for 90° unidirec
tionallaminar; this may be due to the effect of interlaminar stresses. 

The typical edge view of the delaminated specimens for the five confi
gurations are shown in Figure 1. First, it is observed that none of the specimens 
tested delaminates at the midplane of specimen; all specimens have delamin
ation at the interface between the angle ply and 90° ply. As mentioned pre
viously, specimens with (J = S°, 15°, 25°, 35° had matrix failure prior to the 
delamination; this phenomenon was detected not only visually by using the tra
velling microscope, but also auditorily. The matrix failure in 90° ply creates very 
little acoustic activity, being just a few clicks, while the delamination generates 
a loud cracking noise. For the laminate with () = 45° , the matrix failure in the 
90° ply takes place simultaneously with the delamination at the interface of 
angle ply and 90° ply. It is evident from this series of experiments that the inter
laminar shear stresses may playa significant role in the process of delamination, 
because the interlaminar shear stresses are maxima at the interface of angle ply 
and 90° ply, although they may not have the same order of magnitude as that of 
interlaminar normal stress. The interlaminar shear stresses vanish at the midplane 
of a symmetric laminate, while the normal stress reaches its maximum. 

4. Theoretical Approach 

Formulation of delamination criterion requires a reliable numerical scheme 
to calculate the interlaminar stresses. This problem has been of interest to 
many researches recently, however the difficulties encountered in calculating 
the stresses right at the free edge of a coupon specimen have not been resolved 
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Figure l. - Typical delamination ofT300-5 208 graphite/epoxy laminates. 
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. , 

(see [4]). Spilker and Chou [4] show that the hybrid-stress finite element model 
seems to be able to resolve some of the difficulties. Their approach has, so far, 
been developed for two-dimensional linear analysis. However, due to the ma
terial anisotropy and specimen geometry, the two-dimensional analysis is not 
adequate for this purpose. The delamination criterion cannot be rigorously 
formulated without the three-dimensional analysis for a thick laminate. In 
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the following paragraph, a summarized theoretical approach for the two-dimen
sional analysis from [4] is given to provide a reference for those who may 
wish to use the hybrid-stress finite element model to explore further in the 
area of modelling failure criterion. The hybrid-stress finite element model 
is based on a two-field modified complementary energy principle in which 
equilibrating stresses and compatible displacement are assumed. For the case 
of no applied external forces, the hybrid-stress functional 1T me is given by [4, 5] 

1Tme::::: L.I L. [1/21 ,./ Si ~idv - f "iT ii dv 
ne N Vni Vni ] 

+ r jT uids Jsu 
ni 

where t'Ji, E,i, ui and si are the stress components (which satisfy the equilibrium 
equations), strain components (which are calculated from the assumed displa
cement field), displacement vector, and material property matrix, respectively, 
for the ith layer. V ni is the volume of the ith layer for the nth element, Sun. 

1 

is the portion of the boundary of the ith layer of the nth element on which 
tractions T are prescribed. The displacement ui, vi, and wi in the x, y, z di
rections for the ith layer are assumed to be in the form 

ui(x, y , z) ::::: X Ex + ui (y , z) 

vi(x, y ,z) ::::: vi(y , z) 

wi(x,y ,z) ::::: wi(y, z) 

The displacement behavior assumed for these elements allows for high-order 
through-thickness behavior in each layer. The displacement behavior is sum
marized as follows (see Fig. 2): 

a) The through-thickness distributions in the ith layer ui (y, z), vi (y, z), 
and wi (y, z) are of order z3 , zS, and Z2 ,respectively. 

b) The displacements vary linearly with y between element nodes 
1 (y ::::: 0) and 2 (y t:S 1). 

c) Continuity of displacements v and w along interlayer boundaries is 
exactly satisfied. 

d) An element composed of N layers will have (ION + 4) degree of 
freedom. The assumed stress behavior is summarized as follows: 

a) The through-thickness distributions for a~, a~, a~ z' a~ Y' and a~y 
within each layer are of order Z3 , zS , z4, z.3, af!.d z: ' res:{>ectively .. 

b) The in-plane distributions for a~, a~, a~z' a~y, and a~z are of order 
323 d 2 '1 y ,y, y ,y , an y , respectIve y. 

c) The stress equilibrium equations are exactly satisfied for all locations 
in the element. 
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a. Element Geometry. Layer Numbering Convention 

(v\: jth in-plane displacement (in y direction) for the ith layer 
J i at element node k. 

(w. )k: jth transverse displacement (in z direction) for the ith layer 
J at element node k. 

b. Element Degrees of Freedom for a Typical Layer 

Figure 2. - Plane strain multilayer element conventions and degrees of freedom. 

d) Continuity of tractions (in the case of stresses ox' 0yz and 0xz) along 
interlayer boundaries is satisfied exactly. 

e) The traction-free conditions at the upper and lower surfaces of the 
laminate are satisfied exactly (i.e., Oz = 0yz = 0xz = 0 at z = hI and hN+l)' 
At the traction-free edge a special element is required and the assumed stresses 
are the same as above but with additional constraint, i.e. 

f) the left edge of the element (y = 0) is taken as the traction-free edge 
and the traction-free conditions o~z = o~ = o!y =0 are satisfied exactly for 
all zin each layer. 

The expression for and formulation of the element stiffness matrix K 
can be found in [4] and [5]; here, an equivalent element load vector Q, corres
ponding to prescribed strain ex is defined. These relations are 

K = GT H- I G 

Q = ex GTH- 1 f 

where G represents the work done by assumed stresses (tractions) and displa
cements on the element boundary, H represents the complementary strain 
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energy corresponding to assumed stresses, and f is a vector resulting from the 
elimination of a~. 

To demonstrate the application of this approach, these two elements were 
used to analyze the problem of a four-layer symmetric cross-ply laminate 
subjected to a prescribed uniform in-plane normal strain ex [4]. This problem 
has been solved by many researchers with other methods. Results obtained in 
this study were compared with those from other studies. Two significant 
fmdings can be summarized here. First, [4] shows that the analysis leads to 
convergence of all observed stresses, including distributions at the free edge; 
this had not been accomplished previously. Secondly, the converged peak values 
calculated by the present approach are lower than those of other investigators. 
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RESUME 
(DIHaminage et resistance interlamellaire) 

Des composites multicouches a fibres croisees [(± 8)~/90]~ en graphite/epoxy 
T 300/5208 ont ete fabriques pour 8 = 5°, 15°, 25 ,35 et 45°. Des echan
tillons preleves sur ces materiaux ont ete testes jusqu'a l'initialisation d'une 
delamination. Les resultats experimentaux montrent que les contraintes de 
cisaillement interlamellaires jouent un role significatif dans Ie processus de 
delaminage. Par consequent, on peut conclure que les composites lamellaires 
[(± 8)2/90]s ne peuvent pas etre utilises pour la determination de la resistance 
interlamellaire. Vne analyse, plus precise que celles qui sont couramment dispo
nibles, ~st necessaire pour ameliorer Ie procede de dimensionnement de tels 
echantillons. Vne methode par elements finis, basee sur des contraintes hybrides 
et brievement evoquee ici, semble etre une approche prometteuse, mais un plus 
grand developpement est necessaire avant que Ie modele puisse etre utilise 
pour analyser l'etat de contrainte dans un echantillon en cours de delaminage 
ou pour ameliorer les procedes de dimensionnement pour de tels echantillons. 
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l'ecorce terrestre. Hermann, Paris, collection Methodes, 2e edition revue et corrigee, 1979. 



www.manaraa.com

482 

Symboles principaux 

Si' Sf Structure initiale, Structure fmale 
80 Stratification 
8 Schistosite 
S1' S2' S3 Surfaces representatives des modules elastiques 
e, eik Tenseur petite deformation 
H, hik Tenseur carre de la deformation fmie 
a,oik'~ 
s, SijkJl 
c, CijkJl 
h1,h2,h3 

Tenseur contrainte 
Tenseur elasticite 
Tenseur rigidite 
Composantes principales de H 

P.M Sirieys 

Deformations principales logarithmiques ( e; = ; Log hi) 

0 1 ' O2 , 0 3 Composantes principales de 0 

X, Y, Z Directions principales '" 

1 bar = 14 psi = 10 N/cm2 = 102 KPa 

1. Introduction 

L'etude de l'anisotropie mecanique des roches se presente comme un vaste sujet, 
compte tenu de la grande variete des milieux rocheux: variete dans Ie mode 
de formation, dans les compositions mineralogiques, dans les transformations 
naturelles. Les structures anisotropes observees sur Ie terrain resultent souvent 
d'une succession de deformations tectoniques ; l'etude mecanique experiment ale 
d'un echantillon en laboratoire se presente alors comme une nouvelle defor
mation qui se superpose aux precedentes, y compris celIe lors de son extraction. 

L'echelle est en outre un facteur essentiel dans l'etude des mecanismes 
anisotropes mis en jeu ; les resultats experimentaux sur Ie comportement aniso
trope des roches et massifs sont analyses ici aux echelles macroscopiques et 
mesoscopiques. Cet examen debute par une analyse sommaire des structures 
rocheuses, de l'influence de leur histoire, genetique et tectonique et de la 
caracterisation de leur anisotropie structurale; en suite est abordee l'etude de 
l'anisotropie de comportement dans les domaines des petites deformations 
(dilatation thermique, elasticite, inelasticite, dilatance), des deformations 
finies (plasticite) et des deformations discontinues (rupture); enfm sont 
indiquees des correlations entre anisotropies. n n'a pas ete effectue d'etude 
systematique de roches particulieres mais les reponses a certains types de 
sollicitations font intervenir des groupements de roches, generalement 
fonction de leur passe tectonique. 
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2. Structures initiales 

Les structures actuelles des roches et des massifs, observables sur echantillon 
ou sur Ie terrain, sont Ie resultat de toute leur histoire, decomposee habi
tuellement en deux parties: celIe concernant Ie mode de fonnation des 
roches (structures initiales) et celIe concernant la defonnation naturelle 
(structures tectoniques). La superposition des mecanismes de mise en place, 
de ceux de deformation naturelle et des transfonnations metamorphiques induit 
une anisotropie dans Ie milieu actuel. On distingue deux types fondamentaux 
(Fig. I) de structures initiales : 

La structure planaire est constituee par une famille de plans paralleles, 
un plan de Ia structure est caracterise par 2 directions d'axes geometriques a et b 
orthogonales. Exemples: litage, orientation preferentielle des grains dans un 
plan, orientation preferentielle des frontieres de grains (Fig. I b). 

La structure lineaire est constituee par des elements, ou amas de grains, 
tous allonges dans la meme direction et equants nonnalement a cette direction 
appelee axe geometrique b (Fig. Ic). Exemples: intersection de litages, orien
tation preferentielle de fossiles ou de mineraux prismatiques allonges ayant 
une direction con stante , de grains plats paralIeles a une direction constante 
(Fig. Id). 

a b 

L 

c d 

Figure 1. -- Structures initiales (d'apres Turner et Weiss (45)). 
a et b : Structures planaires. (a : litage, b : orientation planaire des frontieres de 

grains). c et d : Structures lineaires. (c : amas de grains allonges, d : elements plats paral· 
ldes a L). 

17 
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Les elements d'une structure sont ainsi dermis par les trois axes abc 
(c etant normal au plan a b). La structure se compose parfois de plusieurs sous
structures al b l CI, a2 b2 C2 qui ont leur propre incidence sur Ie comportement 
mecanique. On distingue (Fig. 2) des elements structuraux de localisation 
(litage) et des elements· structuraux d'orientation, eventuellement non 
confondus, entrafnant alors des sous-structures de localisation et d'orientation. 

a b 

c d 

Figure 2. - Elements structuraux d'orientation et de localisation (d'apres Turner et Weiss 
[45]). -

a : orientation preferentielle S I' b : localisation prCferentielle S2 ' c : sous-structures 
d'orientation et de localisation identiques, d : sous-structures Sl et S2 distinctes. 

La structure initiale des roches sedimentaires est de type planaire, carac
terisee par la stratification (ou litage) horizontale par suite du depot dans Ie 
champ gravitaire; celle des roches ignees est de type planaire (cas de lit age ou 
strates composites, d'ecoulement stratifie ou d'orientation planaire des 
mineraux) ou de type lineaire (cas de lineation d'ecoulement, d'orientation 
lineaire des grains). 

Cinq classes de symetrie caracterisent les structures initiales (Fig. 3): 
Sl - Symetrie spherique - (isotropie) - La roche se presente comme un 

milieu pseudo-isotrope (absence d'axes a b c). C'est Ie cas, pour les roches sedi
mentaires, d'agregats de grains equants (par exemple un gres massif avec des 
grains sensiblement spheriques), pour les roches ignees, d'agregats avec une 
Elrientation sensiblement aleatoire des grains (par exemple des granites ou des 
basaltes). 
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Figure 3. - Symetrie des stntctures initiales (d'apres Turner et Weiss [45]). 
a : symetrie axiaie, lineation b; b : symetrie axiaie, structure pianaire normaie 

a c; c : symetrie orthorhombique, axes abc; d : symetrie monoclinique, sous-structures 
al b cI et a2b c2 ; e : symetrie triclinique, sous-structures al b l cI et a2b2c2' 

S2 - Symetrie axiale - (symetrie de revolution, isotropie transverse) -
(Fig. 3a - 3b) - La roche presente un plan de symetrie (appete plan isotrope) 
et un axe de revolution normal a ce plan, qui est soit l'axe c d'une structure 
planaire (cas de sediments stratifies, calcaires par exemple), soit l'axe b d'une 
structure lineaire, par exemple les laves. 

S3 - Symetrie orthorhombique - (Fig. 3c) - La roche presente trois 
plans de symetrie tri-orthogonaux, d'intersections a, b, c: les trois axes de la 
structure. C'est Ie cas d'une structure planaire avec une lineation b dans Ie plan 
a b (par exemple des sediments lites avec lineation ou des agregats cristallins avec 
strates et lineation). 

S4 - Symetrie monoclinique - (Fig. 3d) - La roche presente un plan de 
symetrie. C'est Ie cas de deux sous-structures planaires a l b c1 et a2 b c2 
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ayant un axe b commun, par exemple des sediments lites comportant une 
structure lineaire d'orientation ou des agregats comportant des structures 
d'ecoulement lineaire et laminaire. 

85 - 8ymetrie tric1inique - (Fig. 3e) - La roche ne presente pas 
d'element de symetrie. C'est Ie cas de deux sous-structures a1 b 1 c1 et a2 b2 C2 

non coaxiales. Par exemple sediments lites contenant des structures d 'ecou
lement non lineaires ou d'agregats. 

Ces structures initiales sont parfois observees sur Ie terrain, dans la mesure 
ou e1les n'ont pas subi de deformation posterieure a cel1e de leur formation lors 
de leur mise en place. 

3. Structures tectoniques 

Les deformations tectoniques modifient l'anisotropie des structures initiales. 
La nature et les mecanismes de ces deformations dependent des conditions 
thermodynamiques de pression et temperature. On definit [26] trois etages 
structuraux (Fig. 4a) pour lesquels la deformation est de type fragile, ductile ou 
visqueux. Des experiences sur un calcaire (Fig. 4b) montrent, en outre, que la 
transition fragile-ductile n'est pas, dans Ie diagramme (p, T), la meme en 
compression qu'en traction. 

p 

I 
I 

I 
/ 

I 
/ 

DU~ILE 
I 

I 
I 

I 
I 

I 
I 

I 

a 

Figure 4. - Etages structuraux. 
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a : les trois domaines d'apres Mattauer [26]). (T = temperature, p = pression); 
b : Transition fragile-ductile (d'apres Heard in Turner et Weiss [45]) du calcaire de 
Solenhofen, distincte en compression (C) et en traction (E) (T = temperature, p = pres
sion de confinement. z = profondeur). 
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3.1. Deformation continue finie (Tectonique soup/e) 

Les deformations naturelles finies de type continu se sont effectuees lors des 
orogeneses pour lesquelles les conditions pression-temperature permettaient 
un ecoulement continuo Chronologiquement, on distingue essentiellement, en 
Europe, les orogeneses antecambriennes, caledonienne, hercynienne, alpine. 
Ces deformations viscoplastiques ont pu atteindre des valeurs tres elevees a des 
vitesses estimees de l'ordre de 10- 14 sec- 1 . Par reorientation de grains et 
mine raux , deformation de grains, creation de nouveaux mineraux dans des 
directions preferentielles e1les ont modifie les caracteres et les symetries des 
structures initiales. 

Une deformation homogene finie resulte d'une transformation T, 
reliant dans un referentiel (xi) les coordonnees actuelles ~ aux coordonnees 
initiales X d'un point, qui s'ecrit, en ecriture symbolique, sous la forme: 

~=TX (1) 

Cette transformation se decompose [16] de deux fa~ons (decomposition polaire 
droite et gauche) en un produit d'une deformation par une rotation: 

T = RD = D'R (2) 

La deformation est caracterisee par son carre: 

(3a) 

H = 0'2 = TtT (3b) 

D est la deformation avant rotation, 0' la deformation apres rotation, tT la 
transposee de T. Pour une transformation homogene T, R, 0 et D' sont 
constants dans Ie volume considere; dans Ie cas d'une transformation hete
rogene, on utilise la transformation lineaire tangente definie par Tik = ~i k. 

Une deformation pure (D = 0') est caracterisee par 3 parametres d'ori~n
tation dans (Xi) (on utilise generalement pour (Xi) Ie referentiel geographique) 
et 3 parametres d'intensite qui se reduisent a 2 car la deformation tectonique 
peut etre consideree comme isovolume. En adopt ant la deformation loga
rithmique, la relation d'invariance de volume s'ecrit : 

avec e = Log h, h = composante principale de H, et : 



www.manaraa.com

488 

w 

a 

N 

E 

s 

P.M Sirieys 

Figure S. - Caracterisation d'une deforma-
tionpure. . 

a : diagramme stereographique : 
orientation de D (X, Y, Z = directions 
principales) ; b : diagramme ternaire : para
metres caracteristiques d'une deformation 
isovolume (el> e2. e3). (ex •. ~). (q. j.I). 
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La deformation fmie isovolume est donc imagee a l'aide de deux 
diagrammes: Ie diagramme stereographique (Fig. Sa) qui fournit son orien
tation dans Ie referentiel geographique, et Ie diagramme ternaire (Fig. Sb) qui 
permet de caracteriser sa grandeur par deux parametres lies aux second et 
troisieme invariants du deviateur de deformation, l'intensite q et Ie coefficient 
IJ. (pata.trietre de Lode). 
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q = om = 2 (o? + {32 + cxf3)1/2 

{3-cx 
/1=--

{3+cx 

avec 3cx = e l - e2 

3{3 = e2 - e3 

489 

(4a) 

(4b) 

On utilise parfois '" defini par tan", = /1/.../3, appele phase. Une deformation est 
dite monophasee lorsque "', c'est-a-dire /1, est reste constant au cours de son 
evolution, el1e est schisteuse pour /1 > 0 et fibreuse pour /1 < O. 

Dans un milieu initial isotrope une deformation schisteuse induit une 
structure planaire, une deformation fibreuse induit une structure lineaire. La 
symetrie de ces structures est orthorhombique, sauf dans Ie cas /1 = ± 1 OU elle 
est de revolution. 

Dans une transformation rotationnelle, les axes principaux de la defor
mation toument au cours de la transformation. L' axe de rotation etant en gene
ral quelconque par rapport au triedre principal de D, la transformation tecto
nique depend de 8 parametres: 3 parametres d'orientation de D, 2 d'intensite 
de D, 2 d'orientation de R, 1 d'intensite de R. Lorsque l'axe de rotation coin
cide constamment avec un axe principal de D Ie nombre de parametres de T 
s'abaisse. Un exemple de ce cas, frequemment observe sur Ie terrain, est Ie glisse
ment simple (Fig. 6) caracterise en deformation plane par la transformation G 
qui s'exprime dans (Xi) tel que Xl est la direction de glissement par: 

(5) 

5 

o x, 0 x, 
a b 

Figure 6. - Le glissement simple. 
a : champ des deplacements ; b : la schistosite S. 
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(1 etant Ie taux de glissement). Les elements caracteristiques de G sont : 
l'orientation (j par rapport it Xl de Ia deformation D' apres rotation, mate
rialisee sur Ie terrain par Ia schistosite de flux, Ia rotation 41 des directions 
principaIes, Ia valeur el de Ia deformation principale logarithmique majeure, 
ils dependent du seul parametre 1 par: 

_ 2 
tan21P=- (6a) 

1 

1 
tan 41 = --

2 
(6b) 

_ 1 
Sh e l = - (6c) 

2 

La structure resultante ne depend pas seulement de la deformation 
finie, mais egalement du chemin suivi par cette deformation, c'est-a-dire de 
la deformation infinitesimale. Pour une deformation monophasee la defor
mation infinitesimale a constamment Ie meme parametre fJ, celui de D dont 
l'evolution est alors representee par un trajet lineaire dans Ie diagramme ter
naire. Lorsque fJ varie au cours de Delle est dite polyphasee. Les structures 
resultantes et l'anisotropie de la roche sont etroitement liees a ce chemin. 

Ces resultats concernent une deformation homogene, ils peuvent 
s'appliquer aussi a une deformation moyenne (ou deformation image, ou 
deformation regionale) caracterisant une deformation heterogene a petites 
fluctuations, dans Ie cas du plissement par exemple. 

3.2. De/ormation discontinue (Tectonique cassante) 

3.2.1. Failles 
A pression et temperature moyennes, la deformation plastique se localise 

sur des surfaces, planes en deformation homogene. II en resulte des disconti
nuites de deplacements tangentiels, la formation de plans d'anisotropie et de 
structures planaires. Ce mecanisme est celui de la genese des failles qui sont 
susceptibles d'etre ulterieurement reactivees et d'entrainer de nouvelles dis
continuites de deplacements, comme dans Ie cas des seismes. 

Dans un milieu initial isotrope (et homogene) une deformation homo
gene induit un systeme discret de plans de glissement, dont l'orientation 
depend de celIe des tenseurs tectoniques limites, c'est-a-dire verifiant Ie 
critere d'ecoulement du milieu envisage. Dans Ie cas d'une loi elementaire 
lineaire (Ioi de Coulomb) ce systeme de plans comporte deux familles passant 
par l'axe principal relatif a la contrainte principale intermediaire, d 'angle 
diedre egal a 2fJ = .,,/2 - 41 (41 etant l'angle de frottement interne). Le milieu 
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.. , 
/// 

d 

Figure 7. - Structure pianaire /aillee. 
a : stries s sur un plan de faille; b : failles normales, (11 vertical; c : chevauchements, 

(13 vertical; d : decrochements senestres, (12 vertical. 

se deforme alors selon un schema de blocs. Lors d'une seule famille de plans 
mobilisee la deformation continue image, ou deformation moyenne, est ro
tationnelIe, du type de glissement simple G. Sur ces surfaces planes, la direc
tion de glissement est caracterisee par la strie de glissement (Fig. 7a). Les dis
continuites des deplacements sont caracterisees par les rejets, vecteurs coli
neaires a la strie de glissement. Les structures (ou sous-structures) ainsi creees 
sont de type planaire avec une direction preferentielIe, celIe de la strie, donc 
a symetrie orthorhombique. Des exemples geologiques frequents [37] sont ceux 
des tenseurs tectoniques ayant une direction principale verticale, susceptibles 
d'engendrer trois types de structures courantes : les failles normales (a 01 

vertical et extension horizontale) (Fig. 7b), leschevauchements (a 03 vertical 
et contraction horizontale) (Fig.7c) et les decrochements (a (]2 vertical et 
rejets horizontaux) (Fig. 7d). 

3.2.2. Diaclases 
A basse pression et temperature, les roches ont un comportement fragile, 

leur deformation s'effectue par discontinuite de la compo sante normale du 
vecteur deplacement, et non de la composante tangentielle comme dans Ie 
cas des failles. Ce mecanisme s'accompagne d'une variation de volume posi
tive (expansion) contrairement a celui de jeu ou rejeu des failles qui est iso
volume. Le milieu initialement isotrope presente alors une famille discr~te 
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de surfaces de discontinuite, planes en champ homogene, les diaclases d'exten
sion, orientees selon YZ (nonnales a la direction principale majeure d'extension 
X), sa structure est de type planaire a symetrie de revolution. 

Des tenseurs tectoniques a directions principales constantes peuvent 
conduire, sous l'effet de la relaxation, a deux ou meme trois families [22] de 
diaclases alors sensiblement triorthogonales comme on l'observe, par exemple, 
(Fig. 8) dans des massifs calcaires, greseux ou granitiques. La symetrie est 
alors orthorhombique. 

a 

c 

s 
b 

d 

Figure 8. - Families de diaclases (d'apres Laurent et Allard (22)). 
a : calcaires de Pagny (Meuse) ; b : Gres du Cap Frehel (Cotes du Nord) ; c : Granite 

de la Bresse (Vosges); d : granite de Ligron (Massif Armoricain). (So = stratification). 

4. Structures actuelles (Superposition des deformations tectoniques) 

Les etudes de terrains montrent que leur histoire tectonique est une super
position de ces divers mecanismes. La structure du milieu actuel est donc Ie 
re suIt at , sur les structures initiales, des deformations tectoniques successives, 
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souples et/ou cassantes; sa symetrie depend du caractere passif ou actif de 
la structure initiale. Turner et Weiss [45] enoncent trois principes fonda
mentaux: 

1) Lorsque les elements d'une structure initiale sont cinematiquement 
passifs, la symetrie mecanique de cette structure est spherique, Ie milieu initial 
est considere comme isotrope. 

2) Lorsque les elements de la structure initiale sont cinematiquement 
actifs, la symetrie mecanique de la structure initiale est identique a la symetrie 
geometrique. 

3) Lorsque certains elements de la structure initiale sont passifs et les 
autres actifs, deux cas se presentent : 
- Si les sous-structures actives ont meme symetrie (structure homotactique) 

la symetrie mecanique est identique ala symetrie geometrique. 
- Si les sous-structures ont des symetries differentes (structure heterotactique) 

la symetrie mecanique cOIncide avec la symetrie geometrique commune aux 
sous-structures actives. 

a 

Figure 9. - Structures tectoniques (d'apres Turner et Weiss [45]). 
a : structure initiale Sj passive, axiale, tenseur contrainte ~, orthorhombique, de

formation moyenne D orthorhombique, structure finale Sr, monoclinique ; b : structure 
initiale st active, orthorhombique, tenseur contrainte ~, orthorhombique, transforma
tion T : deformation pure D et rotation R coaxiale Ii D, structure finale Sf monoclinique 
(une sous-structure imp osee, une sous-structure heritee). 
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Envisageons trois exemples : 

Exemple 1: Vne structure initiale Si passive (Fig.9a) a symetrie axiale est 
soumise a tenseur contrainte orthorhombique, tel qu'une direction principale 
(L) de.20 soit contenue dans Ie plan isotrope de Si. La deformation (moyenne) 
est de type orthorhombique (coaxiale a ~), la structure finale est monoclinique 
d'axe L, commun a~et Sj. 

Exemple 2: Cas du Calcaire de Pagny (Fig. 8a). La structure initiale Sj de 
type planaire, a stratification So subhorizontale a symetrie de revolution a 
ete soumise a des tenseurs tectoniques induisant deux familIes de diaclases 
verticales orthogonales, la structure resultante est sensiblement orthorhombique. 

Exemple 3: Vne structure initiale Sj active (Fig. 9b) a symetrie orthorhom
bique est soumise a un tenseur contrainte orthorhombique, tel qu'un plan 
principal de ,. soit plan de symetrie de Sj. La transformation rotation
nelle (moyenne) est de type monoclinique, l'axe de rotation R est coaxial a 
une direction principale de la deformation pure D. La structure finale est 
monoclinique, comport ant une SOllS-structure imposee et une SOllS-structure 
heritee. 

Les classes de symetrie des structures actuelles sont donc, comme celles 
des structures initiales, au nombre de cinq, mais d'un ordre generalement 
inferieur. 

5. Caracterisation de l'anisotropie structurale 

L'anisotropie structurale etant definie geometriquement, son importance a 
ete quantifiee par plusieurs processus: 

1) Anisotropie morphologique - (Statistique d'orientation d'eIements) 
-(Fig. 10 et Tl)- Le milieu est caracterise par la proportion d'elements rigides 
(par rapport a leur environnement) allonges ou plats, en fonction de leur orien
tation. Pour des gneiss [44] on utilise des elements allonges de feldspath, dont 
les mesures d'orientation par rapport a la structure foliee, fournissent les dia
grammes de repartition. Pour les argiles [7] on utilise l'intensite (en diffracto
metrie X) des raies de Kaolin, qui est proportionnelle au nombre de particules 
orientees parallelement a la surface analysee, et ron obtient les diagrammes 
de variation des pics le/lo des raies 001 et 002. Les resultats de ces mesures 
statistiques d'orientation sont reproduits sur des diagrammes de frequences 
cumuIees (Fig. 10). 

2) Anisotropie cristalline - (Statistique d'orientation de l'axe optique 
d'une espece minerale de la roche analysee). 

On ne s'interesse pas a la forme des grains, mais a leur orientation cris
tallographique par celIe de leur axe optique. La repartition des axes optiques 
du quartz est frequemment etudiee. 
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Figure 10. - Orientation morphologique des grains. 
a: gneiss des Cammazes (d'apnls Sirieys et Debat [44)) ; b: Kaolin consolide en 

laboratoire (d'apres Boehler [7)) - (F, F 1, F2 = frequence cumulee, 8 = orientation). 

TABLE 1. Anisotropie d'Orientation Morphologique des Grains. 

Reference 
Roche 

() 
0 15 30 45 60 75 90 Auteurs degres 

[ 44] Gneiss F% 67 86,5 93,5 97 98 100 

(7] Argile F t % 38,8 57,8 69,9 80,2 88,8 94 100 

consolidee F2 % 43,7 61,2 72,9 82,6 90,4 95,3 100 

3) La defonnation finie - Lorsque la derniere phase de defonnation 
finie plastique est preponderante, ayant eventuellement efface les precedentes 
par reorientation des grains, c'est son intensite qui pourra servir d'element 
quantitatif pour caracteriser l'anisotropie structurale. Cette deformation peut 
etre detenninee a l'aide de marqueurs tels que les elements de l'anisotropie 
morphologique [44], des populations de fossiles ou la geometrie des plis. 

4) L'indice de qualite micro petrographique K - On utilise [34], pour 
une roche, un coefficient tenant compte de la proportion de mineraux ayant 
une influence favorable sur son comportement et celle des mineraux alteres, 
favorisant Ie glissement, et microfissures ayant une influence defavorable sur 
Ie comportement mecanique, appeIe indice de qualite micro¢trographique. 
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Ce coefficient mesure sur echantillons de Granite et Dolerite varie avec l'orien
tation selon une forme ellipsoldale. 

Le but de ces divers pro cedes de caracterisation de l'anisotropie struc
turale est sa correlation avec l'anisotropie des caracteristiques mecaniques. 

Finalement l'anisotropie structurale qui integre l'histoire de la roche 
ou du massif se caracterise a l'aide d'une part des elements structuraux et 
leur symetrie, d'autre part d'elements quantitatifs resultant d'analyses sta
tistiques de marqueurs. La succession des phases de deformation c'est-a-dire 
orientation, intensite et chemin de la deformation, quand il est accessible, 
sont des elements essentiels dans l'etude des structures tectoniques et de leur 
anisotropie. 

6. Anisotropie de dilatation therrnique 

La petite deformation de la roche resultant d'une elevation de la temperature 
est caracterisee par un tenseur du second ordre symetrique, c'est-a-dire par 
6 parametres: 3 d'orientation du triedre principal et 3 d'intensite. 

Figure 11. 
thermjque 
[8a)), 

Ml: calcaire de Marquise nature!, 
M2: calcaire de Marquise deforme en 
laboratoire, V = calcaire de Vilette, 
SB: marbre de Saint-Beat, MC: calc
schiste du Mont-Cenis 

50 

60 

D,S 

70 

-1 
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Des mesures d'anisotropie de Ia dilatation thermique ont ete effectuees 
[8a] sur des Calcaires natureis dans trois directions perpendiculaires, corres
pondant aux directions preferentielles structurales, utilisees dans Ie decou
page des blocs en carriere d'extraction et sur des roches calcaires apres de
formation plastique en Iaboratoire (T2 et Fig. 11). 

6.1. Roches naturelles 

Les Calcaires de Marquise et de Vilette, avec des coefficients d'anisotropie 
de dilatation thermique ql (cf. Annexe) egaux respectivement a 3,87 % et 
5,71 %, montrent une repartition sensiblement aleatoire des cristaux de calcite ; 
Ie Marbre de Saint-Beat et Ie Calcaire metamorphique du Mont-Cenis, avec 
des coefficients ql egaux respectivement a 19,9 et 30 %, font apparaitre une 
orientation plus ou moins marquee. 

6.2. Roche apres de/ormation plastique 

Les experiences ont ete realisees sur Ie Calcaire de Marquise, sensiblement 
isotrope initialement. La deformation plastique effectuee sous Pc = 5 kb et, 
dans Ia direction C, a3 = 10 kb, a ete egale en moyenne a e1 = e2 = 0,26 

TABLE 2. Anisotropie de dilatation therrnique. 

Reference Roche Qm ql 
Auteurs (Provenance) 10-6 degres C- 1 % /1 

Calcaire 
(Vilette) 18,27 5,71 - 0,36 

Marbre 
(St-Beat) 18,55 19,9 0,006 

[8] a Calcschiste 
(Mont-Cenis) 15,43 30 - 0,11 

Calcaire 
(Marquise) 
naturel 9,28 3,87 - 0,13 

Calcaire 
(Marquise) 
deforme en 
laboratoire 11,62 59,27 - 0,69 
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et, dans la direction C, e3 = - 0,52 (valeurs moyennes en deformation 10-

garithmique). Cette deformation de revolution a fait passer les 3 composantes 
des dilatations initialement egales a 8,99, 9,26 et 9,61 x 10-6 par degre C, 
a : 9,06,7,37 et, dans la direction C, 18,45.10-6 par degre C. La dilatation 
moyenne a varie de 9,28 a 11,62.10-6 par degre C, mais surtout est apparue 
une anisotropie caracterisee par un coefficient ql maintenant egal a 59 % et 
un coefficient J..I. de - 0,69 mont rant une symetrie proche de la symetrie de 
revolution, de me me axe que celui de la deformation plastique. Ces resultats 
indiquent une orientation preferentielle des axes optiques des cristaux suivant 
une direction parallele it celle de la compression et contraction majeure. 
La deformation plastique a reoriente les cristaux suivant une direction 
preferentielle. 

7. Anisotropie elastique 

Les roches, dans leur etat actuel, ont un comportement sous charge qui verifie 
de maniere approchee (cf. § 10) les lois de l'Elasticite. C'est seulement pour 
la deformation initiale que l'on peut mettre en evidence une loi lineaire entre 
les tenseurs contrainte a et petite deformation ~ qui s'exprime par: 

(7a) 
ou 

(7b) 

Les tenseurs du 4e ordre s et c symetriques en i et j, en k et Q et en ij 
et kQ sont appeIes [29] tenseur elasticite et tenseur rigidite. De nombreuses 
experiences, en laboratoire et in situ, ont ete realisees sur des roches tnls variees 
pour caracteriser leur anisotropie elastique. Les tests sur echantillons necessitent 
un grand nombre d'essais et une interpretation statistique du fait de l'impor
tante heterogeneite des roches. Le nombre de constantes elastiques a mesurer 
depend du type de structure. 

7.1. Structures pseudo-isotropes 

On ne peut envisager une stricte isotropie elastique des roches du fait meme 
de leur mode de formation, mais parfois les lois elastiques isotropes : 

1+11 II 

€ik = -E- aik - E amm °ik (8a) 

ou 
(8b) 
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sont applicables, avec une bonne approximation, aussi qualifie-t-on ces roches 
de pseudo-isotropes, caracterisees par 2 constantes elastiques E et v (ou A et Jl.). 

7.2. Symetrie de revolution 

Le referentiel (xi) utilise est constitue par 2 axes orthogonaux quelconques 
XY dans Ie plan istrope S et Z normal it S. Le tenseur s est invariant 
dans une transmutation par symetrie par rapport au plan S et par ro
tation aut~ur de Z. En adoptant la notation de Nye [29] telle que 

suu -- s11' sU33 -+ s13' s3333 -- s33 et 4s1313 --+ S44' les 
composantes du tenseur elasticite s s'expriment dans (xi) par: 

Su S12 s13 0 0 0 

S11 S13 0 0 0 

s33 0 0 0 
(9) 

s44 0 0 

S44 0 

sym 2(su - S12) 

s comporte 5 composantes independantes dont la determination s'effectue 
Ii l'aide de deux types d'essais : 

- Les essais coaxiaux, tels que (I et e ont une direction principale 
confondue avec Z, permettent la determination des 4 coefficients Ii indices 
1, 2 et 3. Des compressions paralleles et normales Ii Z fournissent deux mo
dules d'Young. E33 = 1/833 et Ell = 1/s11 et deux coefficients de Poisson 
V13 =-S13/833 etv12 = -812 /'&11. 

Les essais obliques, tels que des compressions monoaxiales, pour les
quelles Z n'est pas direction principale de (I et de e, permettent d'obtenir 
Ie cinquieme coefficient S44' inverse de G13 , module de cisaillement dans 
XZ. Dans Ie referentiel (x~) avec X~ colineaire it ai' les composantes du 
tenseur elastique s'expriment en fonction de ses composantes dans (xi) par 
les relations de transmutation d'un tenseur du 4e ordre, la composante 
S'1111 notamment s'exprime par: 

(10) 

expression dans laquelle les aik sont les cosinus directeurs de (x~) par rapport 
Ii (Xl). En posant () = (X~ ,Z) et en utilisant la notation precedente, on 
obtient: 
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Figure 12. - Anisotropie elastique. 
a: cisaillement structural de module G13; b: cisaillement astructural de module 

G12 ; c : courbes meridiennes des surfaces 81 des modules elastiques ; d : surface 81 des 
modules elastiques des roches schisteuses. 
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Une compression monoaxiale orientee de () fournit Ie module Eo = l/S~I. 
Une seule mesure, theoriquement, suffirait pour determiner G13 , en pratique 
on effectue plusieurs compressions monoaxiales sous differents angles () et la 
dispersion des resultats des mesures, surabondantes, est traitee par la methode 
des moindres carres. 

L'anisotropie elastique est visualisee par des surfaces representatives 
S en reportant dans la direction de mesure une quantite fonction du module 
d'Young Eo. Ces surfaces S etant de revolution autour de OZ, on etudie leur 
meridienne. On utilise souvent la surface SI representative du module d'Young 
Eo pour laquelle Ie rayon vecteur est proportionnel au module. L'allure de 
S 1 est tres influencee par Ie module G 13 . En variables reduites obtenues en 
posant : K = E3/El (K < 1 pour une structure planaire, K > 1 pour une 
structure lineaire), la meridienne de SI a une forme caracterisee par Ie coef
ficient adimensionnel G13/G I2 (Fig. 12c). Pour les valeurs K < I, des valeurs 
moderees de ce coefficient fournissent une meridienne reguliere, a croissance 
continue de type C1 (d'allure voisine d'une ellipse), des valeurs elevees donnent 
une courbe C2 a maximum, des valeurs faibles donnent une meridienne C3 a 
minimum. 

On utilise parfois [29] la surface S2 pour laquelle Ie rayon vecteur est 
proportionnel a S~1 c'est-a-dire a !'inverse du module. 

Un troisieme type de surface representative S3 peut tHre obtenu [42] 
en utilisant la racine quatrieme du module Eo, soit EJ/4, lorsque entre les 
coefficients elastiques on a la relation: 

(11) 

appeIee relation d'anisotropie restreinte, qui ramene de 5 a 4 Ie nombre de 
constantes elastiques independantes. L'equation de transmutation (10') 
s'exprime alors par: 

(12) 

Ie point image du module, dont Ie rayon vecteur est egal a r = l/s'U 4 decrit 
une ellipse (d'axes OX et OZ dont les demi-axes sont E!/4 et E~4) qui est la 
meridienne de la surface S3 definie par (12). 

L'anisotropie des modules est caracterisee par deux parametres : 
K = E3/El , obtenu par les essais coaxiaux, (K < 1 avec les roches schisteuses 
et K > 1 avec les roches fibreuses), et un second parametre tel que d [35], 
defini par: 

(13) 
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qui caracterise l'allure de la meridienne C de S1 dont l'equation est alors : 

E3 
Eo = ---~---:-........ ----~ 

1 + d sin2 () cos2 () - (1 - K) sin4 () 

K donne l'excentricite et d la forme, avec ou sans extremum, de la courbe C; 
d traduit l'influence du module de cisaillement G13 : d petit (G 13 grand) fournit 
une courbe C2 Ii maximum, d grand (G 13 petit) fournit une courbe C3 Ii mi
nimum. L'anisotropie restreinte (II) s'exprime par: d = 2( v'K - 1), l'isotropie 
par: K = 1, d = O. 

Pour une orientation () distincte de 0 et Tr/2, Jl et .€ ne sont pas coaxiaux, 
leur difference d'orientation, appeIee dephasage, est une fonction de () et des 
constantes elastiques en valeurs relatives, elle s'exprime en fonction de (), K 
et d [35]. Selon les valeurs relatives de K et d, il peut, ou non, exister une 
direction de coaxialite ( distincte de 0 et Tr /2) pour la valeur () 0 telle que 
sin ()o = .jd/2(d + 1 - K). 

TABLE 3. Anisotropie elastique des Roches Schisteuses. Meridiennes des 
surfaces des Modules. 

Reference Roche N° K d v12 /V 13 Auteurs (Provenance) 

Schiste 
(Portugal) SOl 0,782 0,320 1,27 
(essais de S 02 0,535 - 0,294 0,89 
laboratoire) S 03 0,315 0,155 2 

[36] 
Schiste 
Greywacke 
(Portugal) S 04 0,383 4,24 
(essais S 05 0,213 2,52 
in situ) S 06 0,23 

Schistes 
[8] c ardoisiers S 07 0,75 

(Travassac) 
-

Schistes 
[8] b ardoisiers S 08 0,47 2,18 

(Fumay) 

Schistes 
[ 41] ardoisiers S 09 0,49 2,83 

(Lacaune) 
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Pour les roches, les meridiennes C des surfaces SI sont generalement 
soit de type C1, regulieres, voisines d'une ellipse, soit de type C3 a minimum. 
Vne argile naturelle [7] est caracterisee par une courbe de type C 1 avec un 
coefficient K = 0,45. Avec les roches schisteuses, les meridiennes de SI sont 
des courbes de type C3 . Les coefficients K mesures (T3) evoluent de 0,2 a 
0,8, les rapports G12/G13 compris entre 1,4 a 3,5 entrainent des coefficients 
d eleves. Ce resultat sur les courbes de type C 3 s'explique par la presence 
d'un feuilletage de la roche qui entraine du fait du glissement "facile" dans 
S un coefficient G 13 inferieur a G 12 (Fig. 12a et 12b). Ce feuilletage des 
roches schisteuses resulte de deformations tectoniques tres elevees. Les 
calculs de deformations sur les Gneiss [44] ont fourni des valeurs de contrac
tions de l'ordre de 66 %, on peut meme envisager des valeurs superieures pour 
les schistes ardoisiers. C'est finalement ce feuilletage (analogie avec un empi
lement de tres minces plaquettes) qui, entrainant un glissement facile sur les 
plans S, introduit un minimum dans la courbe des modules et done une me
ridienne de type C3 . 

7.3. Symetrie orthorhombique 

Le tenseur elastique s'exprime dans Ie referentiel (Xi) constitue par les 3 plans 
de symetrie triorthogonaux par : 

S11 s12 s13 0 0 0 

S22 s23 0 0 0 

s33 0 0 0 
(15) 

s44 0 0 

sss 0 

sym 

faisant intervenir 9 composantes independantes. II est invariant dans une trans
mutation par symetrie par rapport aux 3 plans XY, YZ, ZX. 

Vne anisotropie apparait dans Ie plan XY, lorsqu'elle est peu intense 
les structures rocheuses sont dites a faible orthorhombicite et assimilees a 
des structures de revolution. Les essais coaxiaux fournissent les 6 coefficients 
d'indices 1, 2 et 3, les trois autres etant obtenus par les essais obliques. 11 
convient de mesurer en outre, par rapport au cas de revolution; S22 = 1/E2, 
S23 = - V23 /E2 , Sss = 1/G23 , S66 = 1/G I2 · Les 9 parametres peuvent etre 
obtenus par des compressions monoaxiales, les essais obliques etant caracteri,ses 
par deux angles d'orientation, les resultats etant egalement traites par la me
thode des moindres carres. 
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L'anisotropie est visualisee par les surfaces S1 des modules et caracterisee, 
lorsque S1 est un ellipsoi'de, par les coefficients q et 11 (cf. annexe) et lorsque 
SI est une surface plus complexe par q et 11 de l'ellipsoi'de circonscrit et deux 
parametres supplementaires. 

Les resultats experirnentaux different selon que l'on etudie des roches 
deformees naturellement telles que Granites et DoIerites et Ies roches feuilletees 
telles que les Schistes. 

Pour les Granites et DoIerites [15] [32] [34] les surfaces SI des modules 
elastiques sont assirnilables a des ellipsoi'des (T4 et Fig. 13). Les coefficients 
de variations, deduits de la methode des moindres carres, qui permettent de 
juger de la validite de l'assirnilation a un ellipsoi'de, ont des valeurs tres accep
tables. L'anisotropie, douce, est alors definie uniquement par les essais coaxiaux. 
Les modules moyens evoluent de 300 a 700 kb. L'intensite des deviateurs 
logarithmiques se situe entre 5 et 25.10- 2 ce qui montre une anisotropie 
faible, c'est-a-dire Ie peu d'influence de la deformation tectonique (peut etre 
meme enregistre-t-on uniquement l'anisotropie de formation). L'orthorhom
bicite est caracterisee par Ie coefficient 11 (si 11 tend vers ± 1, on se rapproche 
de la symetrie de revolution). Sur les 13 roches analysees, dans la litterature 
consultee, 11 ont un coefficient 11 negatif, c'est-a-dire une anisotropie elas-

(10-2) 1 

50 

0.8 

0 

0,6 

0 
0 

0 0,4 o schistes 

• granites 

0 0,2 

0 tIL .. 0 

_0,2 

_0,4 

_0,6 

60 

Figure 13. - Coefficients d'anisotropie elastique. Intensite q, et phase J.I (. granites, Resul
tats d'apres [l5), (32) et (34) ; D Schistes, Resultats d'apres (25) et [33]), 
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TABLE 4. Coefficients d'anisotropie elastique. 

Reference Roche N° q(10-2) 
Auteurs (Provenance) 

~I 

Granite G1 23,5 - 0,25 

(Alvarenga) G2 19,4 -0,139 

Granite G3 11,68 - 0,10 

[32] (Alto G4 13,9 - 0,152 

Lindoso) Gs 1l,8 ° 
Granite G6 5,6 - 0,144 

(Vilarinho) G7 9,1 - 0,72 

[34] 
Granite 
Gneissique Gs 4,8 - 0,12 

Granite (sous 
Pc =: 0,06 Kb) 

[15] 
(Barre) G9 20 - 0,13 

(Stanstead) GlO 27 - 0,39 

(Laurentian) Gu 9,2 0,51 

[34] Dolerite 
D1 4,8 - 0,12 

D2 4,8 - 0,16 

Schistes Sl 51 0,52 

S2 48 0,808 

[33] ardoisiers S3 30,8 0,886 

Micaschistes 
a biotite S4 15,1 0,68 

Phyllades 
(Revin) Ss 39,2 0,746 

[25] 
Schistes 
(Cheylas) S6 30,5 - 0,068 
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tique fibreuse. Ce resultat meriterait d'etre relie a l'histoire de la formation 
de ces roches. 

Pour les roches pnlsentant une structure a foliation tres prononcee, la 
surface Sl des modules (comme observe dans Ie cas de revolution) ne peut 
pas etre assimilee a un ellipsolde, il convient [33] d'avoir recours a une 
quartique d'equation : 

X2 y2 Z2 X2 Z2 y2 Z2 
- +-+-+--+---1 
Q2 m2 n2 p4 t4- (16) 

dans les axes de la structure. Dans Ie plan XY la courbe des modules est du 
type C I de forme elliptique (la relation (16) ne fait pas intervenir de terme 
en X2 y2), mais dans un plan radial quelconque la courbe obtenue est de 
type C3 , avec minimum, traduisant Ie glissement facile sur les plans struc
turaux. L'ellipsolde circonscrit a la quartique apporte des informations sur 
l'anisotropie elastique, ici plus violente, avec des coefficients q atteignant 
50.10-2. Les coefficients IJ., evidemment positifs, sont superieurs a 0.5. 
L'orthorhombicite est moderee, dans Ie plan de foliation XY Ie rapport axial 
de l'ellipse des modules qui suffit a caracteriser l'anisotropie dans ce plan 
varie de 0,62 a 0.85. En plus des coefficients q et IJ. il convient de definir 
deux nouveaux coefficients, tels que p/m et tin par exemple, qui caracterisent 
l'influence des coefficients S44 et Sss. Dans un plan radialIa courbe des mo
dules est du type C3 et Ie rapport axial de son ellipse circonscrite atteint des 
valeurs beaucoup plus faibles, jusqu'a 0,2. Ces roches ont certainement subi 
des deformations tectoniques naturelles beaucoup plus intenses que les Granites 
et DoIerites precedents. 

7.4. Structure monoclinique 

Dans Ie referentiel (Xi)' avec x3 normal au plan de symetrie, Ie tenseur elastique 
s est invariant dans une transmutation par symetrie par rapport au plan Xl x2 ; 
il comporte 13 composantes independantes. Des mesures ont ete effectuees 
[25] sur des schistes dont la structure lineaire comporte deux sous-structures, 
at LC I (schistosite) et a2 LC2 (stratification), L etant une lineation d'intersection 
de la schistosite S et de la stratification Sf o. Les essais ont ete realises dans les 
3 directions triorthogonales : Let, dans Ie plan normal a L, les deux bissectrices 
de S et Sf o. Le coefficient q egal a 30.10-2 se situe dans Ie groupe des valeurs 
des roches schisteuses, Ie parametre IJ. est Iegerement negatif (ellipsolde de type 
allonge). Sans doute des essais obliques auraient fourni une courbe de modules 
dans un plan normal a L de forme C~ a deux minimas. 

Dans tous les cas de structures isotropes et anisotropes, les coefficients 
elastiques ne sont pas des constantes absolues, ils varient avec la deformation 
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(cf. § 10) et avec la pression de confinement Pc' Par mecanisme de serrage 
des grains et de fermeture des fissures, on observe generalement un accrois
sement de la rigidite du milieu, les modules axiaux croissent avec Pc' 

Pour les schistes [5] les modules de cisaillement G croissent avec Pc plus 
rapidement que les modules axiaux. Ces modules de cisaillement [24] passent 
par un maximum (un pic) vers 1 a 1,2 kb pour se stabiliser, apres une legere 
de croissance sur un palier. Toutefois, l'anisotropie decroit lorsque Pc augmente. 
Cette croissance plus rapide des coefficients G [5] peut faire passer la courbe C 
des modules du type C3 au type C1 . Cette variation de l'anisotropie [24] se 
stabiliserait pour Pc de l'ordre de 2 kb. Observons que ces resultats de labo
ratoire enregistrent les effets de la decompression anisotrope due a l'extraction 
de la roche de son milieu, la pression Pc pouvant dans certains cas la rapprocher 
partiellement de son etat nature!. 

En conclusion, l'anisotropie elastique des roches a structures planaires 
ou lineaires a symetrie orthorhombique ou axiale de type Granites et DoIerites, 
est relativement faible, et caracterisee par des surfaces SI ellipsoldales a courbes 
axiales des modules de type C 1 , les valeurs q sont relativement peu tllevees. 
Pour les roches Schisteuses, l'anisotropie est generalement plus intense, les 
valeurs q sont plus importantes, les courbes axiales de modules du type C3 a 
minimum du fait du glissement facile sur Ie feuilletage et les surfaces SI du 
4 e ordre. Les fortes deformations tectoniques sont responsables de cette in
tense anisotropie. Dans les deux cas l'anisotropie elastique diminue, jusqu'a 
un palier, quand la pression isotrope croit. 

8. Plasticitc 

L'etude structurale a montrc Ie role important de la plasticite sur l'anisotroqie 
des roches. Deux types d'anisotropie liee a la deformation plastique des roches 
apparaissent selon qu'elle s'effectue avec diminution de volume, sous l'effet 
d'une pression isotrope, ou a partir d'un seuil de contrainte, fonction de la 
pression et la temperature, de maniere isovolume. 

8.1. Deformation plastique anisovolume 

Des roches tendres, poreuses, dont la densite est tres inferieure a celIe des 
grains constituants, soumises a une pression isotrope (Fig. 14) subissent une 
notable diminution de volume irreversible (fermeture des pores par glissement 
inter- ou intragranulaire). Ce mecanisme notamment observe sur des calcaires 
grossiers [17], des craies [13], des gnls calcaires [31], une diatomite [3], fait 
apparaitre un seuil (correspondant parfois a la destruction de la structure) 
a partir duquel la deformation croit plus rapidement avec la pression jusqu'a 
une troisieme phase de raidissement general. L'anisotropie de ce mecanisme 
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0,3 

c 

a: craie de densite 1,63 (d'apres Dayre, Dessenne et Wack (13] - (p = pression 
isotrope, < 1 = deformation axiale) ; b: calcarenite C de densite 1,4 et tuf T de densite 1,1 
(d'apres Pellegrino (31)) - (p = pression isotrope, 80 = variation de volume) ; c: diatomite 

AV 
de densite 0,6 (d'aprtls Allirot et Boehler (3)) - (p = pression isotrope, - = variation de 

V 
volume): d: meme diatomite qu'en c (d'apnls Allirot (1)) - (p = pression isotrope, 
a = <3/<1 = coefficient d'anisotropie). 
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a ete etudiee sur la diatomite [1] ; la structure, de type planaire de revolution, 
est active; la deformation comporte deux contractions sensiblement egales 
dans la stratification So, la troisieme, normale a So, est beaucoup plus elevee, 
Ie coefficient d'anisotropie (Fig. 14d) a = E3/El croit et semble se stabiliser 
vers Pc = 0,4 kb a la valeur 17. Cette deformation plastique anisotrope a 
pour effet de modifier les proprietes anisotropes de cette roche (l'anisotropie 
elastique et l'anisotropie de resistance croissent avec p dans Ie domaine 0-
60 bars); e1le joue un role analogue a celui de la deformation tectonique 
naturelle. 

8.2. Plasticite isovolume 

Sous l'action conjuguee d'une pression isotrope et d'un deviateur de contrainte, 
a partir d'un seuil de contraintes, apparait la deformation plastique isovolume 
avec les roches compactes, a faible porosite. Avec les roches poreuses, la va
riation de volume qui se manifeste lors de l'ecoulement initial tend a s'annuler 
au cours de la deformation. Le seuil, ou limite d'ecoulement, est caracterise 
par une relation f (Uik) = O. 

Pour une roche pseudo-isotrope, fest independante de l'orientation 
de ~ et assez bien representee par une fonction du second ordre en up u2 ' U 3 

dont la representation dans l'espace des contraintes E3 a l'allure d'un para
bolo ide de revolution, ou d'un cOne pour certaines roches particulieres. Dans 
l'ecoulement plastique initial, la deformation isovolume verifie les equations 
de linearite de Saint-Venant entre la deformation infmitesimale et Ie deviateur 
de contrainte, elle induit une anisotropie de la roche (cf. § 4). 

Pour une roche anisotrope, Ie critere d'ecoulement f fait intervenir, en 
outre, l'orientation du tenseur par rapport a la structure; il depend alors, dans 
Ie cas general, de 6 parametres. Les mecanismes de deformation plastique sont 
plus varies que ceux des roches isotropes, ils dependent du caractere actif ou 
passif de la structure. 

8.2.1. Les seuils 
Les resultats experimentaux sur la deformation plastique des roches 

anisotropes font apparaitre deux groupes de roches quant a leur comportement 
plastique : celles a faible anisotropie mecanique telles que granites, dolerites, 
calcaires compacts, argiles consolidees, celles d'anisotropie plus violente, telles 
que schistes, schistes ardoisiers, calcaires dolomitiques. 

a) Les granites etudies [15], [32] ont des resistances en compression 
monoaxiale caracterisees par des surfaces s' assimilables a des ellipsoides. 
Leur anisotropie de seuil est donc definie par les coefficients q et /J. (Fig. ISc 
et TS), les valeurs de q sont faibles, inferieures a 15 %, les coefficients /J. sont 
variables. Ces ellipsoldes sont evidemment de revolution pour les structures 
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Figure 15. - Anisotropie plastique des seuils. 
a: courbes effort-deformation des schistes de Green River (d'aprt!s Mc Lamore et 

Gray (241 sous differentes pressions de confinement, evoluant de 1 a 25 . 103 psi) ; b : 
surfaces limites de resistance du 4° ordre des roches schisteuses (d'apres Peres-Rodriguez 
(33 J) ; c : coefficients d'anisotropie q et Po des surfaces limites de resistance de Granites et de 
Schistes - • granites, 0 schistes. 
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axiales. Toutefois, les axes extnimaux de ces ellipsoldes sont inverses par 
rapport a ceux definissant l'anisotropie elastique. Des dolerites et des calcaires 
compacts conduisent a des conclusions analogues. 

Pour une roche argileuse prealablement consolidee sous deformation 
monoaxiale (egale a €1 = 51 %, sous a1 = 78,4 N/cm2) on obtient [7] ega
lement un ellipsolde sensiblement de revolution, dont l'anisotropie est ca
racterisee par q = 8,8.10-2 et JJ. = - 1. 

TABLE 5. Coefficients d' Anisotropie de Resistance 

Reference Roche N° q(lO-2) 
Auteurs (Provenance) JJ. 

Granite G1 7,65 0,68 
(Alvarenga) G2 15,07 0,21 

Granite G3 3,31 - 0,47 
[32] (Alto G4 1,82 0,85 

Lindoso) Gs 10,1 0,45 

Granite G6 4,79 0,26 
(Vilarinho) G7 8,94 - 0,71 

[34] 
Granite 
Gneissique Gs 12,72 0,65 

Granite 

[IS] (Barre) G9 4,68 - 0,49 
(Stanstead) GIO 4,24 0,06 
(Laurentian) Gll 

Granite 
[8] b (Corbigny) G12 6,37 - 0,43 

(Senones) G13 1,2 0,22 

Schistes SI 35,21 - 0,22 
S2 13,47 0,06 

[33] ardoisiers S3 21,62 0,17 

Micaschiste 
a biotite S4 8,42 0,98 

b) Les roches a plans de foliation ont fait l'objet de nombreuses etudes. 
La plasticite des schistes [24] se developpe d'autant mieux que la pression 
de confinement est elevee, les courbes effort-deformation (Fig. 1 Sa) pre
sentent une allure avec pic d'autant moins accuse que Pc est elevee, se rap
prochant ainsi de la plasticite parfaite. 
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Figure 16. - Anisotropie plastique des roches a structure pIanaire.' Resistance en fonction 
de I'orientation. 

a: phyllite (d'apres Donath (14)) ; b: schiste (d'apres Mc Lamore et Gray (24)); 
c: ca1caire dolomitique (d'apres Mc Gill et Raney [23]) ; d: schistes ardoisiers (d'apres Saint· 
Leu, Lerau et Sirieys [41]) . 
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L'anisotropie de resistance de Schistes (deja analyses elastiquement) 
[33] est beaucoup plus intense (Fig. 15c et T5) que pour les Granites, Calcaires, 
Argile precedents, les rapports entre resistances extremales pouvant atteindre 
les valeurs 4. Leur surface limite de resistance S' (Fig. 15b) est representee 
par une quartique, d'equation analogue a celie des modules elastiques (eq. 16), 
qui presente dans un plan normal a S une courbe de resistance avec un mi
nimum tres accuse et dans S une courbe reguliere pouvant etre assimilee a 
une ellipse. Ces courbes de resistance (at - a3 ) en fonction de {3 (orientation 
de at avec la structure) a minimum (Fig. 16) ont egalement ete observees 
sur des Phyllites [14], des Schistes [24] [27], des Calcaires dolomitiques [23], des 
Schistes ardoisiers [12], [5], [41], des Schistes cristallins [4]. Le minimum 
est frequemment situe pour des valeurs {3 voisines de 30° ; par ailleurs l'ani-
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Figure 17. - Anisotropie plastique des roches schis
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confinement. 

60 

50 
~ 

10 

0 
5 10 15 20 25 

Pc 3 
---'--+- (10 psi) 

a: phyllite (d'apres Donath (14)); b: schiste 0 '--_-:-:-_--::'':-_-=':::--' 
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sotropie, definie par Ie rapport (a l - a3 ) mini/Cal - a3 ) maxi decroit 
lorsque la pression de confinement croit. Cette anisotropie disparaitrait, en 
extrapolant les resultats experimentaux [24] , pour Pc = 5,3 kb. 

Pour une orientation {3 fixee la resistance (Fig. 17) varie lineairement 
avec a3 c'est-a-dire avec la pression de confmement, ce qui conduit a une 
theorie des criteres d'ecoulement de forme lineaire avec la pression isotrope. 

Les seuils de deformation plastique, fonctions des contraintes principales 
et aussi de l'orientation des tenseurs contraintes, peuvent s'exprimer par 
des criteres d'ecoulement sous forme de loi phenomenologique. Olszak et 
Urbanowski [30] proposent un critere du type: 

(17) 

pour lequel les symetries de HijkQ dependent de ceDes de la structure. Boehler 
et Sawczuk [6] a partir de la transformation: 

et en notant Sjj Ie deviateur de Uij ,a et c deux constantes, proposent : 

uii + a .JSij Sjj = c (18) 

Cette anisotropie peut egalement etre envisagee pour les roches feuil
letees a partir d'une loi elementaire reliant les composantes des vecteurs 
contraintes : 

(19) 

sur les surfaces de glissement. Pour les structures et les tenseurs contraintes 
de revolution, Ie critere s'exprime alors par une relation de la forme: 

(20) 

Les donnees experimentales sur les roches feuilletees sont susceptibles 
de deux modes d'interpretation, selon qU'on envisage une anisotropie de type 
continu ou discontinu. 

1) Anisotropie continue 
La deformation plastique apparait par glissements irreversibles sur les 

surfaces de cisaillement, les lois elementaires sur ces surfaces etant de type 
lineaire : 

7' = 7'0 + a tan ~ (19a) 
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L'anisotropie de la loi eIementaire (19a) s'exprirne en envisageant des 
constantes physiques TO et <I> fonctions de {3. Ainsi les resultats experimen
taux (Fig. 16a et b) obtenus sur des phyllites [14], des schistes et des schistes 
ardoisiers [24] conduisent-ils it des variations reproduites sur la figure 18. 
Parfois l'angle <I> peut etre considere comme constant (Fig. 18b). 

Les lois de variation de TO et <I> sont donnees [24] par des relations de 
forme generale : 

TO = A - B[cos 2(11' - (3)]m 

tan <I> = e - D[cos 2(11' - (3)t 

(21a) 

(21b) 

A, B, e, D, m, n, sont des constantes, {3 l'orientation de 0 1 par rapport it Ia 
structure, II' Ia valeur de {3 rendant 110 et/ou tan <I> minimal. Jaeger [19] a propose 
des relations (21) avec m:=. 1 et D = 0, c'est-it-dire que <I> est constant et la 
cohesion varie sinusoidalement avec l'orientation. Donath [14] propose 
m = n = 1 c'est-~-dire des variations sinusoid ales pour TO et tan <1>. 

Dans tous les cas, l'equation du critere prend la forme: 

ou Kp = (1 + sin <1»/(1 - sin <1» et H = TO cot <I> varient avec (3. 

2) Anisotropie discontinue 
Les resultats experirnentaux sur les seuils de resistance dans Ie cas de 

structures planaires peuvent etre interpretes [42] par la theorie de l'anisotropie 
discontinue qui tient compte du type de surfaces de glissement irreversibies 
obtenues, structurales ou astructurales, donc du caractere actif ou passif de 
la structure. Pour certaines plages d'orientation dites plages astructurales, la 
structure est passive, les surfaces de cisaillement sont imposees par Ie tenseur 
G, la resistance varie continument avec {3 selon une loi representee par les 
equations (20a) et (21) avec m = n = 1. Pour certaines plages d'orientation 
{3, dites plages structurales, la structure est active, Ie glissement irreversible 
s'effectue selon des plans structuraux. Le critere, caracterisant Ie seuil, est 
alors constitue de deux lois physiques, relatives, chacune d'elles, au meca
nisme de deformation irreversible apparaissant au seuil : La Ioi de type continu 
caracterisee par les equations (20) et (21) avec m = n = 1 et des rapports 
d'anisotropie B/A et Die relativement faibles (anisotropie douce) et la loi 
caracterisant Ie glissement structural definie a partir d'une loi elementaire 
de forme lineaire : 

T = TO + a tan <I> (19b) 
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To et <I> etant des constantes physiques caracteristiques du cisaillement struc
tural, sur S. L'application d'un etat de contrainte isotrope suggere que : 
To cot (j) = To cot <1>. La critere correspondant (it cette loi elementaire) prend 
la forme: 
at + H = Kp(a3 + H) (20b) 

it condition d'envisager un coefficient Kp (analogue au coefficient de pression 
passive du cas isotrope) dependant de 13, valable uniquement pour la plage 
de glissement structural, defini par: 

sin (213 + X<p) + sin <P 
K = -...:....;..-~:"----=-

p sin (213 + X<I» - sin <I> 

(x = 1, cisaillement dextre, X = - 1, cisaillement senestre). 
Le critere global est donc caracterise par l'ensemble de ces deux lois 

anisotropes (20a) et (20b). Souvent meme on est conduit a negliger l'aniso
tropie continue dans la plage astructurale en regard de la violente anisotropie 
introduite par Ie glissement structural, c'est-a-dire a considerer B = D = O. 
L'ensemble des deux lois (Fig. 19) comporte alors un critere isotrope et un 
critere anisotrope correspondant chacun a un mecanisme distinct. Dans la 
plage astructurale la resistance est constante d'ou Ie nom de courbes a 
"plateaux" donne aux courbes de resistance du type de la figure 16c. 

Dans les deux cas, d'anisotropie continue ou discontinue, on observe 
qu'une croissance de la pression isotrope entraine une decroissance de l'ani
sotropie de seuil, definie comme Ie rapport entre resistance minimale et 
maximale. 

8.2.2. Mecanismes de fa deformation pfastique 
Les lois de la deformation plastique dependent donc de la pression 

isotrope et de l'orientation 13 (Fig. 20), les mecanismes de deformation font, 
en outre, apparaitre des instabilites et des heterogeneites des champs de 
deformation. 

a) Le glissement astructural s'effectue pour des structures anisotropes 
dont la surface des resistances est caracterisee par un ellipsoide et egalement 
pour des structures planaires schisteuses pour des valeurs de 13 exterieures a 
la plage structurale. L'orientation des surfaces de glissement est imposee par 
Ie tenseuf des contraintes (Fig. 20a). 

b) Le glissement structural s'effectue pour des structures planaires (dont 
la surface S' est caracterisee par une quartique) dans la plage structurale. Aux 
faibles pressions de confmement Pc un seul plan de cisaillement apparait; 
lorsque Pc eroit, au contraire, apparaissent un grand nombre de plans de glisse
ment, la deformation est alors du type glissement simple, elle s'apparente au 
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a : lois elementaires de cisaillement, structural sur les plans S (1'0 et CiI)et astructural 
sur un plan distinct de S (TO et ell). La resistance varie entre aT et or, Ie lieu des poles des 
cercles de Mohr decrit abc d lorsque J3 varie de 0 a 11/2 ; b : resistance en fonction de p 
pour diffeten,tes valeurs de 03. Les plages structurales et astructurales. 

glissement plastique des metaux [21]. Dans ce mecanisme, qui met en jeu une 
relation entre Ie tenseur contrainteo et une transformation rotationnelle T, la 
structure toume au cours de la deformation plastique (analogie avec Ie glisse
ment cristallograpbique). Les tenseurs contraintes 0 et deformation incremen
tale ~ ne sont plus necessairement coaxiaux. Cobbold (10] met en evidence, 
dans Ie cas de la deformation plane, pour une structure orthorhombique, un 
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tenseur d 'anisotropie Cmnij , reliant " et E., caracterise par deux valeurs princi
pales N 1 et Ql telles que la non-coaxialite s'exprime par: 

Q1 
tan 2ex = - tan 21 

Nl 

(ex,1 = orientations des tenseurs " et E.). 

(22) 

c) Des phenomenes d'instabilite de la contraction, dans Ie cas du glis
sement structural, conduisent a des mecanismes de deformation plastique 
heterogene tels que Ie plissement ou Ie pliage (kind-band). Le plissement 
est observe dans les milieux stratifies, notamment les stratifies heterogenes 
(series rythmiques) constitues de couches alternees de rigidites differentes, 
ainsi que dans les milieux ayant acquis une schistosite par deformation plas
tique tectonique anterieure. Le plissement (Fig.20c) resultant d'un meca
nisme de flambement, s'effectue en trois stades: deformation homogene, 
acquisition d'une longueur d'onde, enfin deformation homogene d'un milieu 
ondule avec accroissement des amplitudes. Le pliage (Fig.20d) se caracterise 
par une localisation de la deformation plastique, lorsque la rotation de la struc
ture dans Ie glissement plastique est empechee par des effets de parois (couches 
rigides des milieux naturels, ou plateaux de presses au laboratoire). Le rae-

a 

b 

Figure 20. - Mecanismes de de/ormation 
plastique. 

a: cisai11ement astructural; b: glis
sement plastique continu structural; c : plis
sement; d: pJiage: kinks-bands; e: pJiage: 
kinks conjugmls. 

c 

d 

ft· 
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courcissement s'effectue par rotation locale de la structure, dans la kink-zone 
qui se developpe au cours de la deformation finie. Pour f3 = 0 on peut obtenir 
(Fig. 20c) des kinks conjugues. 

9. La rupture fragile 

A l'etage structural "faible pression-basse temperature", Ie comportement d'une 
roche devient fragile, il se manifeste par apparition de fissures intra- ou inter
granulaires qui au cours de la deformation inelastique (cf. § 10) se relient et 
conduisent a des surfaces de rupture. 

Pour un milieu pseudo-isotrope, a l'echelle macroscopique, les surfaces 
de rupture extensives sont globalement normales a I'extension principale 
majeure, elles s'orientent, en champ homogene, selon des surfaces isostatiques 
(Fig. 21). Une compression monoaxiale produit une rupture en colonnette 
(un degre de liberte pour la surface de rupture), en compressions biaxiales des 
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Figure 21. - Rupture fragile des roches isotropes: ruptures extensives orientees suivant 
l'isostatique mineure. 

a: compression monoaxiale; b: compression biaxiale; c: compression diametrale ; 
d: anneaux soumis a une pression interieure; e: compression monoaxiale sur eprouvette 
excavee. 
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plaques se fissurent parallelement it leurs grandes faces, en traction indirecte, 
selon la technique de l'essai bresilien (compression diametrale) la rupture est 
une surface axiale. Des anneaux de Granites soumis a une compression inte
rieure [42] se rompent suivant des plans radiaux (etoile a trois branches). Des 
eprouvettes excavees [43] se fissurent dans la direction normale a la fibre 
tendue de l'eprouvette. Jaeger [20] propose divers criteres de rupture fragile, 
notamrnent Ie critere d'extension maximale: € 1 max = €o' Les ruptures fragiles 
de cisaillement sont orientees par l'angle j.J. (cf § 3.2) et se manifestent par l'appa
rition d'un plan unique de rupture. Ces cisaillements sont expliques par une 
prefissuration isotrope. 

En milieu anisotrope (Fig. 22) les mecanismes de rupture fragile dependent 
du caractere actif ou passif de la structure. Les essais de compression (Fig. 22a et 
b) sur des roches it structure planaire, telles que des schistes ardoisiers, effectues it 

a b c 
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I 
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t 
Figure 22. - Rupture fragile des roches anisotropes. 

a: compression monoaxiale: rupture extensive astructurale; b: compression 
monoaxiale: rupture extensive structurale; c: anneaux, rupture extensive structurale; 
d: compression monoaxiale sur eprouvette excavee prefissuree, bifurcation de la fissuration; 
e: rupture mixte d'angle moyen 6 < (3. 
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{3 = 0 et 90° et au vOlsmage de ces valeurs peuvent provoquer des ruptures 
extensives, structurales pour {3 = 0, astructurales pour {3 = 1Tj2, elles font alors 
apparaftre une nouvelle structure dans Ie milieu. Les essais de traction indirecte 
(Fig. 22c) sur anneaux provoquent une rupture orientee par la structure. 11 
convient de considerer pour ces milieux, un critere d'extension maximale struc
tural de type (ey)max = e~, utilise lorsque la rupture emprunte une surface 
structurale. 

L'anisotropie d'une structure a fissuration initiale orientee, resultant d'une 
deformation fissurante anterieure, par exemple parallele aux diaclases, peut 
influer sur la nouvelle fissuration (structure active). Une prefissuration dans une 
eprouvette excavee [43] reoriente la nouvelle fissure jusqu'a un angle de 20° 
environ (Fig. 22d). Ce mecanisme, connu sous Ie nom de "bifurcation de la fissu
ration" depend de la densite et de la longueur moyenne de la fissuration initiale, 
il est reponsable des ruptures mixtes [12] telles que la surface de rupture est 
composee d'eiements structuraux et astructuraux. Finalement selon l'orien
tation de " la nouvelle fissuration peut, soit emprunter l'ancienne (fissuration 
structurale) soit la reorienter (bifurcation) soit superposer une structure inde
pendante (structure initiale passive). 

10. IneIasticite, Dilatance et Sollicitations Cycliques 

La petite deformation n'est pas rigoureusement lineaire. Les experiences sur 
trois types de Granites [15] montrent que les modules initiaux evoluent, les 
modules tangents croissent avec la petite deformation axiale (sous l'effet de 
fermeture des pores et de serrage des grains). Par contre, l'anisotropie decroit 
lorsque la contrainte axiale passe de 0,06 a 1 kb, on observe (Fig. 23) une 
important diminution de q, ainsi qu'une variation de J.l. 

La structure cristalline des roches (mono ou polyminerales) entraine une 
heterogeneite des deformations sous charges uniformes. Contraintes et defor
mations peuvent atteindre localement les seuils de rupture fragile pour certains 
mineraux composants favorablement orientes dans Ie milieu pseudo-isotrope. 
Ces mecanismes de fissuration intracristalline, eventuellement intercristalline, 
s'accompagnent d'une deformation, a dilatation volumique positive, qui se 
superpose a la deformation elastique du milieu. La deformation totale s'ecrit 
donc: 

(23) 

en notant E.la deformation totale, e la deformation elastique, et"f la deformation 
inelastique, dilatante. Le premier invariant 'Yii de "f est positif, il caracterise la 
dilatance. Cette deformation inelastique comporte une partie reversible par 
fermeture des fissures qui viennent d'etre creees, et une partie irreversible car 
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Figure 23. - Intilasticite, Evolution de l'anisotropie elastique avec la deformation, (d'apres 
Douglas et Voight [15]) (S = granite de Stantead, B = granite de Barre, L = granite de 
Laurentian), 

ces fissures refennees, it levres juxtaposees, entrainent une defonnation penna
nente. La dilatance est donc la manifestation de l'apparition d'une structure 
de microfissuration associee a la structure initiale. 

La dilatance apparait apres un seuil de contrainte, Ie seuil de dila
tance (Fig. 24) caracterise, pour une roche pseudo-isotrope, par une loi 
fl (aI' a2 , a3 ) = 0, representee dans l'espace des contraintes [9] [40] par 
une surface D interieure a la surface de rupture fragile F. Suivant la nature de la 
roche cette surface D est plus ou moins proche de F. En compression mono
axiale par exemple [38] Ie seul rapporte it la resistance it la rupture est de 30'% 
pour un Granite et nul pour un Marbre. 

La loi de la dilatance est caracterisee par une relation entre I'evolution de 
la deformation dilatante et la defonnation elastique. Nur [28] relie la defor-
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Figure 24. - Seuil de dilatance. (D = surface limite de dilatance, F = surface limite de 
rupture fragile). 

• ., ( 0' 1 + aS- 3 1/2 a: granodionte (d 'apres Cherry, Schock et Sweet (9) p = ---2- ,Y = "4 (J 2) , 
J2 = second invariant du d6viateur de O'ik) ; b: granite du Sidobre (d'apres Saint-Leu et 
Sirieys (40» (p = pression de confinement. 0' 1 = contrainte axiale). 

mation dilatante au tenseur contrainte (c'est-a-dire au tenseur deformation 
elastique) par une relation, dans Ie cas biaxial, de la forme: 

'Y = (1 + K) 6 1~/2 (24) 

oil 'Y = 'Yii' 12 est Ie second invariant de (]ik' 6 et K des constantes. Cette equa
tion se ramene dans Ie cas monoaxial a : 

(24') 

l'exposant n dans (24) et (24') etant egal Ii 2 pour la dilatance microfissurale. 
Les resultats experimentaux sur un Granite et un Marbre [38] sont en accord 
avec cette theorie, les courbes de dilatance sont assimilables Ii des paraboles. 

La deformation microfissurante 'Y comporte une partie deviatoire 'Y;k 
dont l'orientation depend de l'orientation de (]ik et eventuellement de la 
structure lorsqu'elle est active. Ce mecanisme de dilatance est donc un meca
nisme anisotrope [18] [39], dont l'anisotropie evolue au cours de la deformation. 

La stabilite des mecanismes de deformations irreversibles a ete analysee 
experimentalement sous chargements cycliques (Fig. 25) : 
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Lors des essais de compression-decompression monoaxiales sur des roches 
microfissurables telles que Granite et Marbre [39] pour lesquelles Ie premier test 
atteint Ie domaine de dilatance, les cycles successifs effectues au-dessous d'un 
seuil ont tous Ie meme effet, celui d'ouvrir et fermer les fissures (dit parfois de 
"respiration des fissures"). Au-dessus de ce seuil par contre, chaque cycle accroit 
la fissuration par accroissement de longueur et/ou nombre des fissures, la roche 
subit alors Ie phenomene de fatigue, elle s'affaiblit progressivement, en meme 
temps que s'accroit la dilatance et l'anisotropie de la structure induite. 

Pour des cycles sous pression isotrope effectues sur une roche poreuse, la 
Diatomite [2] : Sous une pression inferieure au seuil de modification de struc
ture, la variation de volume (1a contractance) se stabilise des Ie 5° cycle, avec un 
coefficient d'anisotropie constant, voisin de 17. Sous pression superieure au 
seuil, cette variation de volume croft avec Ie nombre de cycles (elle passe de 
12 a 22,7 % du premier au sixieme cycle), avec un coefficient d'anisotropie 
qui se stabilise vers 13,7. 

11. Correlations entre anisotropies 

D'autres lois physiques anisotropes ont ete etudiees, notamment la vitesse du 
son (pour les roches schisteuses les vitesses des ondes longitudinales sont plus 
elevees dans la direction de la schistosite que normalement a cette schistosite) 
et la susceptibilite magnetique. 11 etait alors naturel de comparer ces aniso
tropies, c'est-a-dire d'effectuer des correlations entre les caracteres d'aniso
tropie de differentes lois physiques. Deux cas de correlations sont examines ici, 
Elasticite-Resistance et Dilatation thermique-Susceptibilite magnetique. 

Les anisotropies elastiques et de resistances sont caracterisees par les 
surfaces des modules et des resistances qui, pour les roches schisteuses, sont 
des quartiques presentant des minimums tres accuses. La correlation [34] a 
porte sur les orientations et les excentricites des ellipsoi'des circonscrits aces 
quartiques. Us ont un axe commun confondu avec la normale Z ala schistosite ; 
dans Ie plan de schistosite, par contre, ils presentent une non-coaxialite, les 
ecarts pouvant atteindre des valeurs importantes. Mais surtout ces ellipsofdes 
circonscrits ne sont pas de meme nature, ils sont de type allonge selon Z pour 
la resistance et aplati pour l'elasticite. 

La susceptibilite magnetique qui relie l'intensite d'aimantation a celIe 
du champ magnetique, est caracterisee par un tenseur symetrique du second 
ordre note 1/1 ik' La correlation entre anisotropie de susceptibilite magnetique et 
de dilatation thermique a ete effectuee [11] sur des echantillons de roches 
calcitiques. Pour Ie Calcaire de Marquise (comme deja note en dilatation 
thermique)l'anisotropiede 1/Iik,definie para = (1/11 -1/13)/(1/11 + 1/1 2 + 1/13)/3, 
croft avec la deformation plastique (elle varie de 0,5 a 2,4 % lorsqu'est effectuee 
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une deformation plastique sous Pc = 5 kb et a I - a 3 = 5 kb). D'autre part, 
les essais effectues sur 7 roches calcitiques deformees naturellement montrent 
des ecarts angulaires entre les directions principales de ~ et ~ (les meilleures 
cofncidences etant comprises entre 2 et 24°). En outre, il n'y a identite entre 
meme type d'ellipsoide, allonge ou aplati, que dans 4 cas sur 7, sans qu'il yait 
pour autant cofncidence entre axes majeurs ou mineurs. Le fait que les massifs 
d'ou sont preleves ces echantillons ont ete affectes par plusieurs phases tecto
niques pourrait etre, selon les auteurs, un element d'explication de ces ecarts 
et inversions d'axes. 

12. Conclusions 

L'anisotropie mecanique des roches est etroitement liee a leurs structures qui 
resultent du mode de formation et des deformations tectoniques. Le caractere 
actif ou passif d'une structure est un element essentiel de cette anisotropie, il 
conditionne les divers mecanismes de deformation plastique (Ie rejeu des failles 
qui provo que les seismes en est un exemple naturel). 

Les anisotropies ont ete quantifiees par des quantiUs adimensionnelles qui 
representent les ecarts reduits par rapport aux cas isotropes, elles ont permis 
de preciser l'ampleur des phenomenes et de comparer divers types de roches. 
On a observe notamment que les roches a structures feuilletees, ayant subi 
d'importantes deformations plastiques, presentent un cas plus caracteristique 
d'anisotropie. Des correlations ont pu etre effectuees entre anisotropies des 
differentes lois physiques, sous les aspects direction et intensite. 

Actuellement, des recherches actives sur l'anisotropie mecanique des 
roches sont engagees notamment sur I'etude de Ia transition ductile-fragile, sur 
l'evolution de l'anisotropie avec la deformation plastique et enfin sur les lois 
de comportement, dites lois phenomenologiques, qui doivent rendre compte 
des divers mecanismes de deformation. 

Annexe - Les coefficients d'anisotroqie 

I) Lorsque l'anisotropie est caracterisee par un tenseur symetrique du second 
ordre aik (tel que €ik ou l/Iik) on definit les coefficients d'anisotropie k et f.l. 
a l'aide des invariants du tenseur et de son deviateur, de composantes princi
pales (aI' a2' a3) et (a'l' a~, a~) : 
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k caracterise l'intensite de l'anisotropie et Jl (parametre de Lode) sa phase. 
2 

Sur la figure 11 est reportee la quantite ql = ..j3 k. Le coefficient k peut 

etre aussi visualise dans Ie plan de Mohr par un angle IPa tel que 

2 
pour Jl = ± 1, k = .J3 sin IPa' 

Le taux d'anisotropie de susceptibilite [11] utilise, egal a 

2) Pour les Modules elastiques et les Resistances l'anisotropie est imagee 
par un ellipsoide ou une quartique dont on etudie l'ellipsoide circonscrit et 
caracterisee par 1es coefficients q et Jl (coefficients d'anisotropie logarithmiques) 
definis par les equations (26). 

x, Y, Z = derni-axes de l'ellipsofde (avec X;;;' Y ;;;. Z) 

x, y,z = logarithmes decimaux de X, Y, Z. 

t = (x + Y + z)/3 

x', y', z' = x - t, Y - t, Z - t (quantites adimensionnelles). 

0:, {3 tels que 30: = x' - y' et 3{3 = y' - z' sont positifs. 

q = 2(0:2 + {32 + 0:(3)1/2 

Jl = ({3 - 0:)/(j3 + 0:) 

(26a) 

(26b) 
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Ces coefficients q et p., sans dimension, appeles intensite et phase de l'aniso
tropie, permettent de donner une image de l'anisotropie dans un diagramme 
ternaire, de comparer les roches et, pour une meme roche, differentes lois 
anisotropes. 

Les coefficients utilises par les differents auteurs s'expriment en fonction 
de ces quantites (q, p.) ou (0:, (3): 

aM' at [32]: log aM = 3 (0: + (3) 

log at = 2 0: + {3 

Z 1 
K [35] : K = - = - dans Ie cas p. = 1 

X aM 
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ABSTRACT 

The mechanical anisotropy of rocks is connected to their structure, genetic 
and tectonic, acquired in the course of their history. Observations and expe
rimental results studied in this paper refer, on the one hand, to the structural 
anisotropy genesis and, on the other hand, to the anisotropic characteristics 
of rocks in the present state. The studied laws of anisotropic behaviour refer 
to thermal strain, elasticity, elastic limit, plasticity, micro cracking and failure. 
Comparisons on the anisotropy of several rocks are made by the aid of coef
ficients represented in ternary diagrams. Lastly, correlations between different 
laws of anisotropic behaviour of the same rock are examined. 
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au -dela de la Limite Elastique 
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Blireall de Recherches Ge%giqlles et Minieres. Paris. France. 

1. Introduction 

Je me propose d'etudier un modele de corps anisotrope, constitue par l'alter
nance de couches paralleles de corps isotropes differents, parfaitement adherents 
Ie long de leurs surfaces de contact. 

II est clair que ce modele ne constitue qu'un cas particulier, et que d'autres 
formes d'anisotropie mecanique existent. II suffit d'evoquer la matiere cris
talline, avec ses proprietes vectorielles discontinues, ou Ie cas d'un agregat 
cristallin, dans lequel les orientations des grains cristallins ne seraient pas dis
tribuees d'une maniere uniformement aleatoire, mais avec une frequence supe
rieure a la moyenne autour de certaines orientations privilegiees. Aussi bien les 
coefficients elastiques, que les conditions de rupture, refletent cette anisotropie, 
J'evoquerai sirnplement Ie cas de certains granites, ou les cristaux de feldspath 
font un angle petit avec un certain plan, qui est macroscopiquement un plan de 
rupture privilegie ("feuille" des carriers), parce que la rupture suit les clivages 
des cristaux de feldspath. 

2. Regime elastique 

Revenons au modele stratifie. Aussi bien les contraintes que les deformations 
peuvent se defmir de deux manieres: soit a une echelle fine, en distinguant 
ce qui se passe a l'interieur de chaque strate (et que nous noterons avec l'indice 
correspondant, eij ou aij), soit globalement en definissant contrainte ou defor
mation pour un element de volume, grand par rapport a l'epaisseur des strates. 
Les composantes moyennes de la contrainte ou de la deformation sont alors les 
moyennes des valeurs relatives aux differentes strates, ponderees dans Ie rapport 
des epaisseurs relatives. Nous nous bomerons a supposer que ces epaisseurs 
relatives, a, c'est-a-dire la proportion de chaque constituant dans l'epaisseur sur 
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laquelle porte la moyenne, reste stable, sans avoir a preciser autrement les epais
seurs individuelles des strates. 

Si les axes xOy sont paralleles au plan de stratification (ce que nous 
supposerons toujours par la suite), on voit immediatement que les trois compo
santes de la contrainte qui s'exerce sur Ie plan de stratification, a33 , a13 et a23 

sont egales pour les diverses strates, et egales a leur moyenne. 11 en est de 
meme pour les composantes de la deformations du plan de stratification, ell' 

E22 et E12 • 

Pour les autres composantes, nous aurons a distinguer les valeurs indivi
duelles pour chaque assise et la valeur moyenne : 

aij ou Eij = aEij + ~Et + ... = LaEij (l) 

Connaissant les coefficients de Lame, A8 et J.L8 pour chaque assise, on 
trouve les composantes de la matrice Cij donnant les composantes de la 
contrainte en fonction de celles de la deformation (E 11 ' E22 ' E 33' E23 ' E 13' E 12). 

Inversement, on calcule les coefficients Sij donnant la deformation en fonction 
de la contrainte. 

L--
A + 2J.L 

C = C = L aA jL _a_ . 
23 13 A + 2J.L A + 2J.L ' 

(2) 

(3) 
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On notera que ces coefficients ne dependent que de cinq parametres inde
pendants, quel que soit Ie nombre de couches differentes. 

Ceci peut d'ailleurs se demontrer directement, compte tenu de la symetrie 
du milieu. Toutefois, Ie milieu stratifie ne represente pas Ie cas Ie plus general 
d'une telle symetrie - on s'en rend compte en comparant les valeurs relatives 
des coefficients C44 et C66 , et on peut envisager egalement Ie cas de fibres 
(paralleles 11 Oz), de natures differentes, et dont on admettra que les sections 
peuvent etre suffisamment aleatoires pour que la symetrie de revolution soit 
respectee. Les composantes identiques pour les differents constituants sont alors 
all' 0 22 et 0 12 pour la contrainte, e 33 , e23 et e 13 pour la deformation. Pour 
les autres, la valeur moyenne s'obtient par une ponderation dans Ie rapport des 
sections et on calcule - par elirnination- les coefficients Cij et Sij caracterisant 
Ie comportement global. 

1 
C11 = C22 =-- + ---

a a 
L- L--

11 X+11 

C =L + L-- L--' 
al1(3X + 211) ( aX )2/ a 

33 X + 11 X + 11 X + 11 ' 

2 
C66 =--= Cl1 - C12 

a 
L-

11 

1 [(,<, ~)21 '<' al1(n + 211) + '<' a(X + 211)]. S 11 = S22 = -,... ,... ,... 
4 X + 11 X + 11 I1(X + 11) , 

(4) 

all (n + 211) 
S33 = IlL; (5) 

X+11 

S23 = S13 = - 2. '<' ~/'<' al1(n + 211) " ,...,... S12 = Sl1 - S66 ; 
2 X+11 X+11 

1 a 
S44 = Sss = 1/2 Lal1; S = - L -

66 2 11' 
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Dans un cas comme dans l'autre, il n'y a aucune difficulte, connaissant les 
composantes moyennes de la contrainte, a calculer les contraintes locales dans 
chacune des strates, ou des fibres. II est clair que la pression moyenne sera en 
general differente pour les differents constituants. 

Vne application essentielle de l'elasticite est la propagation des ondes 
sonores. Si la longueur d'onde est grande par rapport a l'epaisseur des strates, on 
trouvera trois types d'ondes, correspondant a des deplacements particulaires 
sensiblement longitudinaux (onde P), transversal dans un plan passant par 
Oz (SV), transversal et perpendiculaire a Oz (SH) dont les vitesses dependront de 
!'angle de la surface d'onde avec Oz. 

Si la longueur d'onde etait de l'ordre de l'epaisseur des strates, ou plus 
petite, il faudrait analyser les reflexions et refractions sur les surfaces 
d'accollement, qui se traduiraient globalement par une certaine diffusion et une 
absorption, voire des interferences. 

Vne autre application est Ie probleme de Boussinesq: Comment se repar
tissent les contraintes sous une charge ponctuelle ? II y a des raisons de penser 
qu'elles sont plus concentrees dans un milieu stratifie, et moins dans un milieu 
fibre. 

3. La rupture 

II serait theoriquement possible d'aborder l'etude de la rupture a partir de la 
repartition elastique des contraintes. Empiriquement, on sait que la limite de 
rupture varie souvent dans Ie meme sens que les coefficients elastiques, mais 
il n'y a pas de relation definie. On ne peut done guere envisager une discussion 
des cas ou la rupture apparaft d'abord dans Ie constituant Ie plus raide, ou dans 
celui ou les coefficients d'elasticite sont les plus faibles. 

Cette discussion n'aurait d'ailleur guere de sens, car il est rare que la 
distribution des contraintes, determinee par les lois de l'elasticite a partir d'un 
etat naturel sans contrainte, regne jusqu'a la rupture. Tres souvent, un certain 
flu age sous charge modifie cette distribution. 

4. Distribution des contraintes par relaxation 

Pour les formations geologiques, la notion d'etat nature I sans contrainte n'a 
aucun sens. Les roches se sont formees dans Ie champ de pesanteur, qui est 
responsable de l'essentiel des contraintes. Suivre l'evolution de celles-ci, 
depuis la formation de la roche, en passant par toutes les transformations qui ont 
pu se produire, devient vite inextricable. 

Dans cette longue evolution, un role essentiel est joue par Ie fluage, qui 
permet un relachement des contraintes (relaxation). Cette relaxation peut etre 
plus ou moins rapide, et done plus ou moins complete, par rapport aux condi-
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tions qui regnent actuellement, c'est-a-dire aux contraintes determinees par Ie 
relief. 

Suivre une relaxation partielle des contraintes, dans Ie cadre changeant 
d'un relief que l'erosion modifie, et sous l'action de forces internes, connues 
seulement par leurs effets, serait inextricable. Tout ce que 1'0n peut envisager 
est d'admettre une relaxation totale des contraintes, qui peut etre suivie d'une 
phase d'erosion assez rapide pour que Ie comportement des roches soit 
elastique. 

J'ai montre ailleurs (Goguel, 1942, 1943) qu'on peut etudier l'evolution 
des contraintes a la suite du flu age en donnant de celui-ci une definition assez 
large; on admettra qu'il ne produit que des deformations infiniment petites, 
du meme ordre que les deformations elastiques, si bien qu'il ne modifie pas la 
geometrie ; pour que la loi du fluage soit permanente, on doit admettre qu'il se 
fait a volume constant. On admettra que, pour un corps isotrope, Ie tenseur de 
deformation par fluage est semblable au tenseur de contrainte, et que Ie 
coefficient de proportionnalite 'P est fonction seulement de C, Ie deuxieme 
invariant du deviateur etant C2 . 

Moyennant ces hypotheses, qui sont tres peu restrictives, on demontre 
que, en posant 

<p(C) = Ie 'P(C) CdC 
o 

(6) 

l'mtegrale I = f If <P dV etendue a tout Ie volume V ou un fluage est possible, 

ne peut que diminuer, les contraintes etant astreintes a rester en equilibre avec 
les forces exterieures. En particulier, si on peut trouver une distribution des 
contraintes rendant I minimum, on peut admettre que c'est la limite vers laquelle 
tendra Ie fluage. 

Si, parmi les conditions aux limites, en figuraient de geometriques (par 
exemple: appui contre une surface rigide), il faudrait prendre comme inconnues 
les contraintes sur cette surface, et les determiner par la condition de rendre I 
minimum. 

Cette loi variationnelle s'applique aussi bien a un ensemble forme de 
roches differentes, a condition de prendre dans Ie volume OCCupil par chacune 
d'elles, la fonction <P correspondante. II n'y a done aucune difficulte a 
l'appliquer au modele de roche anisotrope par stratification que nous etudions 
ici. 

Le lecteur s'etonnera peut etre d'une contradiction apparente, entre ce 
regime de la relaxation, et celui de la deformation plastique, qui sera examine 
par la suite; precisons que notre calcul ne pretend pas decrire revolution des 
contraintes au cours de la relaxation - ce qu'on pourra essayer de faire dans Ie 
modele de la deformation plastique - mais seulement indiquer une condition 
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glob ale (diminution de I), d'ou resulte l'existence d'un etat limite pour la dis
tribution des contraintes, dont on n'est pas sur qu'il soit effectivement atteint. 
C'est cet etat limite que nous allons etudier. 

Nous nous bornerons a envisager un volume limite de cette roche, pour 
lequel nous supposons les contraintes moyennes determinees (en realite, la 
relaxation peut entrafner aussi une redistribution a grande echelle des 
ccontraintes), et nous allons examiner comment la contrainte se partage entre 
les strates alternantes. 

Ce partage ne depend pas des coefficients elastiques, mais uniquement 
du rapport des vitesses de fluage, lPa (Ca) et IPb (Cb) pour les valeurs de 
contraintes qui seront effectivement realisees. En effet, dans Ie volume que 
nous considerons, et ou nous supposons la contrainte moyenne determinee 
et uniforme, Ie partage de cette contrainte entre les strates doit etre tel que : 

(7) 

A designant une variation resultant d'une modification de distribution de la 
contrainte entre les strates. Mais : 

(8) 

s. La rupture apres redistribution des contraintes par relaxation 

S'il existe une couche relativement mince (ex petit), proche de sa limite de 
rupture, ou Ie fluage soit relativement rapide (lPa grand), la distribution des 
contraintes sera telle que Ca y soit petit; ceci entraine que aft et a~2 soient 
proches de a 33 et que a~2 soit petit. Mais Ie cisaillement sur Ie plan de stra
tification a 13 et a 23 est impose, et c'est lui qui determinera la valeur de Ca. 
La rupture succedant a la relaxation des contraintes ne peut etre qu'un cisail
lement des lits plastiques, paralIelement a la stratification. 

Si la contrainte glob ale est telle que cette composante de cisaillement 
soit faible ou nulle, elle se reparti entre les strates, et si ~ est proche de l'unite, 
la contrainte dans la couche b est voisine de la contrainte globale, et la rupture 
dependra des proprietes de cette couche, sans que l'orientation de la contrainte 
ait beaucoup d'effet. 

Globalement, on observera donc une rupture selon deux modes : soit 
par cisaillement des Hts tendres, qui depend du cisaillement sur Ie plan de stra
tification, donc de l'orientation de la contrainte, soit par rupture des bancs 
epais, pour une contrainte dependant peu de l'oriei1tation. 

Supposons maintenant que les lits minces (Q petit), soient constitues 
par la roche dure, au fluage Ie plus lent. La contrainte dans les Hts epais (~ 
proche de l'uniU) est proche de la contrainte moyenne. Pour la distribution 
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des contraintes resultant de la relaxation, Ca est beaucoup plus grand que 
Cb (proche de Cm). Cela signifie que a~l et a~2 seront tres differents de 
a33 , et a~2 important. 

Dans Ie cas particulier 011 la contrainte a33 est superieure a aTt et a ar2' 
a~l et a~2 peuvent etre tres petits, voire negatifs, et correspondre a une trac
tion, a laquelle la roche peut ne pas resister: on observe effectivement la rup
ture par traction des Hts isoles resistants (c'est Ie boudinage). 

Si au contraire a33 est la plus faible compo sante , a~l et a~2 peuvent 
etre tres grands, et ces Hts resistants peuvent flamber - contrairement a notre 
hypothese de travail selon laquelle la contrainte moyenneest distribuee d'une 
maniere uniforme. C'est un point sur lequel nous reviendrons. 

6. La pression moyenne et son influence sur I'eau d'impregnation 

II est clair que la pression moyenne (all + a22 + a 33)/3 est differente dans 
les differentes strates, ce qui etait d'ailleurs deja Ie cas en regime elastique 
(egalement, nous Ie verrons, en regime de deformation plastique). Si les 
roches sont poreuses, et impregnees d'une eau a une pression hydraulique 
localement uniforme, qui peut tenir certains elements en solution (calcite, 
silice, eventuellement gypse, etc.), son comportement, et en particulier 
l'eventualite de cristalIisation, depend de la pression moyenne. Par consequent, 
la maniere dont ces cristalHsations se repartissent dans les differents Hts depend 
de la contrainte. Par exemple, s'il existe des lits durs, relativement minces, 
perpendiculairement a la pression maximale a33 , on a vu que au et a22 etaient 
tres faibles et pouvaient meme correspondre a des tractions. Des recristalIisa
tions secondaires se produiront facilement dans les fentes ouvertes par de 
telles tractions. 

7. Relaxation suivie d'erosion 

Lorsque la surface superieure est horizontale, et si les densites des roches sont 
uniformes, la distribution limite des contraintes par relaxation est facile a 
trouver: elle correspond a une pression hydrostatique, fonction de la seule 
profondeur. 

Supposons que cet etat ait ete atteint, et que se produise une erosion 
assez rapide pour que Ie fluage ne joue pas, mais que la modification des 
contraintes se fasse elastiquement. 

On obtiendra les nouvelles contraintes en ajoutant : 

1) une pression hydrostatique proportionnelle a la profondeur, 
2) l'effet elastique d'une traction normale, s'exeryant sur la nouvelle 

surface d'erosion, et egale a la pression hydrostatique initiale a la meme 
profondeur sous la surface primitive. 
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Cette traction s'exer9ant sur un ensemble stratifie produira des contraintes 
inegales dans les strates alerternantes, et plus fortes dans celles oil les coef
ficients d'elasticite sont les plus eleves. Au total, au voisinage de la nouvelle 
surfaced'erosion, il existe des tractions dans les bancs rigides, tractions sous 
l'effet desquelles ils se fissurent, comme on Ie constate effectivement. Un tel 
modele peut etre tres utile, dans nombre de problemes techniques de travaux 
publics en montagne. 

8. Ecoulement plastique : Ja refraction de Ja schistosite 

Nous n'avons envisage jusqu'ici qu'un fluage infmiment petit, ne se traduisant 
que par des modifications dans la distribution des contraintes. 

Lorsqu'on atteint la limite elastique apparente, la deformation plastique 
se produit, et elle modifie la texture de la roche; cette modification se traduit 
par l'apparition d'une schistosite, dont Ie plan est perpendicuJaire a la direction 
de compression maximale. Dans ce plan, on discerne parfois une lineation, 
suivant la direction d'extension maximale. On peut admettre que cette de
formation est lente, et que Ia contrainte depasse de peu Ie seuil de pJasticite; 
il est naturel de caracteriser celui-ci par la valeur du 2e invariant du deviateur 
(ou sa racine carre). 

Si les strates qui alternent ne sont pas d'une nature completement dif
ferente, elles peuvent atteindre simultanement ce regime de deformation 
plastique, mais avec des valeurs du seuil de plasticite differentes (pour f"Ixer 
les idees, indiquons qu'on peut trouver des rapports atteignant 2 a 3). Les 
contraintes sont donc differentes dans les strates qui alternent. Outre les 
trois composantes communes, il faut tenir compte de ce que la deformation 
des plans de stratification est identique pour les diverses strates. Le tenseur 
de vitesse de deformation est, dans chaque strate, semblable au tenseur du 
deviateur, mais avec un coefficient de proportionnalite indetermine (il depend 
du faible ecart entre Ie deviateur de la contrainte, et la valeur correspondant 
au seuil). 

De ces hypotheses resulte que les directions principales sont differentes 
dans les differentes strates, et donc egalement les directions de schistosite. 

Cette particularite, ou refraction de la schistosite (step of the cleavage, 
en anglais) a ete observee depuis longtemps. Une theorie simplifiee, a deux 
dimensions, en avait ete donnee, conduisant au calcul du rapport des seuils 
de plasticite. 

J'ai observe, dans 1'0isans, il y a une douzaine d'annees, que les plans 
de schistosite des differentes strates pouvaient ne pas couper Ie plan de stra
tification suivant la meme direction. Une theorie complete, a trois dimensions, 
etait donc necessaire, et on peut esperer tirer de l'observation des indications 
sur l'orientation de la contrainte et sa nature (rapport des composantes prin-
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cipales). La coherence des n:sultats serait une confIrmation des hypotheses 
mises en reuvre. 

11 est evident que la contrainte ne pourra etre deduite des observations 
d'angle que a un facteur inconnu pres, et a une pression hydrostatique additive 
pres. 11 reste - pour la contrainte moyenne et pour chacun des milieux - quatre 
parametres, trois pour l'orientation et Ie rapport des composantes principales 
du deviateur ("nature" de la contrainte). J'ai pu etablir un ensemble de dia
grammes qui permettent de determiner ces grandeurs, a partir des observations 
de terrain. Le detail de ces calculs (qui sortent du theme de l'anisotropie) sera 
publie ai1leurs (GOGUEL, 1982). 

9. Instabilite d'une distribution unifonne 

11 nous reste a examiner une question tres importante, qui est ceile de la sta
bilite d'une distribution unifonne. 

Implicitement, dans tout calcul de mecanique des solides, on suppose 
que contrainte et deformation varient d'une maniere continue, et se corres
pondent d'une maniere univoque. Meme pour une substance isotrope, ce n'est 
plus vrai au moment de la rupture. Au moins certaines formes de rupture 
peuvent s'interpreter en considerant la matiere comme formee d'elements, 
couples en serie-parailele. Si les proprietes de certains elements s'ecartent 
aleatoirement de la valeur moyenne, la nature de la relation contrainte
deformation tend a limiter l'effet de ces fluctuations : si un element est 
plus deformable, la contrainte se reporte sur ses voisins, et eile est plus faible 
pour lui. 

11 n'en est plus de me me si la derivee de la relation contrainte-deformation 
change de signe : Le couplage des elements de volume juxtaposes ne regularise 
plus la distribution, mais les irregularites tendent a s'accentuer, jusqu'li degenerer 
en rupture. 

Un cas tres instructif est celui de l'acier doux, ou, li la limite elastique, 
une certaine deformation s'accompagne d'une chute de contrainte. Une dis
tribution uniforme de la contrainte n'est plus stable, d'ou l'individualisation 
des lignes, ou plutot bandes, de Liiders (ou Hartmann), dont la forme resulte 
de l'accolement des domaines deformes ou non deformes, suivant Ie plan qui 
reste invariant dans cette deformation. Lorsque la deformation se poursuit, 
la contrainte augmente li nouveau, si bien que l'instabilite ne va pas jusqu'li 
la rupture. 

Des instabilites de la deformation uniforme jouent un role tres important 
pour des milieux stratifies fortement contrastes. Sous l'action d'une contrainte 
uniforme, on peut toujours imaginer une deformation uniforme, contrainte et 
deformation se repartissant entre les strates. 
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Mais il peut egalement se produire une deformation plus complexe, non 
uniforme, dans laquelle les lits resistants se plissent, sans beaucoup se deformer 
dans leur plan tandis que les lits mous permettent un glissement relatif des 
precedents. 

Nous allons aborder l'etude de ces instabilites, entrainant les plissements, 
pour les differentes lois de comportement que nous avons envisagees, a com
mencer par Ie regime elastique, pour lequell'amorce de plissement est l'analogue 
d'un flambement ; il ne peut s'agir, bien entendu, que de l'amorce de ce pheno
mene, dont l'accentuation entraine la sortie du regime elastique. 

Le flambement peut tout aussi bien se produire ~ sinon plus facilement ~ 
a partir d'une distribution des contraintes qui ne resulte pas de ce jeu de l'elas
ticite (a partir d'un etat naturel sans contrainte), mais d'une redistribution 
des contraintes determinee par Ie fluage, dont nous avons vu qu'elle peut 
entrainer une compression des bancs durs, tres superieure a celIe des bancs 
mous qui les encadrent. 

Vne fois Ie flambement declenche, l'amplification de la deformation 
entraine en general Ie depassement de la limite elastique, et la suite de la de
formation doit s'etudier avec un autre modele. Nous etudierons celui de la 
plasticite, en Ie supposant valable pour les deux categories de bancs, et nous 
verrons que des considerations energetiques permettent de justifier l'hypo
these fondee sur l'observation ~ d'un plissement de la masse stratifiee, et 
d'en preciser certaines modalites. Mais il faudrait aussi envisager Ie cas oil, 
a la suite du flambement, la sortie du domaine elastique correspondrait a 
une rupture. Si celle-ci se produisait dans les bancs mous, elle ne pourrait 
guere correspondre qu'a un cisaillement parallele a la stratification, avec 
ensuite un frottement, jouant Ie meme role que la valeur limite du cisaille
ment en regime plastique. II faut cependant envisager Ie cas OU, la pression 
perpendiculaire a la stratification devenant negative, la rupture conduirait 
a une ouverture des feuillets; cela n'est guere a envisager dans les applications 
geologiques. 

Si la rupture se produit dans les bancs durs, la compression longitudi
nale aura pour effet de les faire se redoubler, par penetration dans les bancs 
mous. Le detail de tels phenomenes ne peut guere etre analyse. 

10. Flambement en regime elastique 

Le flambement peut apparaitre en regime elastique, lorsque la compression 
maxim ale est dans Ie plan de stratification; elle peut se decrire comme un 
flambement des bancs raides, auquel les couches molles qui les separent ne 
peuvent s'opposer, et s'etudie de la meme maniere. L'amorce seule du flam
bement a lieu en regime elastique. 
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Considerons donc un milieu stratifie constitue d'un milieu a raide, en 
couches d'epaisseur ea , alternant avec un milieu b mou, d'epaisseur eb . On 
supposera, pour simplifier, les coefficients de Poisson egaux a 1/4, donc : 

(9) 

En posant: 

(10) 

on trouve: 

C13 = C23 = p; C44 = C55 = 2p; C66 = 2m; Sl1 = S22 = 2/5 m; 

1 1 
S33 = - + -15 ; S12 = -1/20m = S13 = S23; S44 = S55 = 1/2 P ; 

3p m 

S66 = 1/2 m (11) 

Si les contraintes resultent d'une deformation elastique a partir d'un 
etat naturel sans contraintes, on a : 

(12) 

et comme Jla > m > Jlb, a~l est tres superieur a aTI, et a~l tres inferieur. 
Mais notre analyse est aussi valable si la distribution des contraintes 

resulte d'une adaptation par fluage, et nous avons vu qu'il peut en resulter 
des valeurs de a~l tres superieures a a~l' la "raideur" du milieu a tenant 
cette fois a la lenteur du fluage, par rapport au milieu b, et non plus a la 
valeur du module elastique. Nous avons tous present a l'esprit des exemples 
ou les deux choses vont de pair, mais on ne peut affirmer qu'il en sera 
toujours ainsi. 

L'etude du flambement - que nous supposons semblable dans tous 
les bancs alternants - suit la demarche cIassique, mais il faut tenir compte 
de l'effet des intercallations moUes sur les bancs durs, qui tend a s'y opposer 
(Fig. 1). 
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Figure l. - Colcul du flam bement en regime elastique. 

Soit t(x) Ie profil pris par un banc quelconque, a partir de sa position 
initiale, au cours du flambement. Le moment de la compression longitudinale, 
ea x a~l par unite de largeur, au point x, est donne par t x ea a~l . 

Glob ale ment, Ie gauchissement correspondant a la deviation ( des bancs, 
I 

correspond a une deformation ET3 = "2 t'. Mais cette deformation se repartit 

tres inegalement entre les deux sortes de bancs, puisque : 

amP 
E13 = E13 X Ii 

Jl 
(13) 

E~3 est beaucoup plus faible - dans Ie rapport de modules - que E~3' ce qui 
justifie l'etude du flambement des bancs durs a l'approxirnation de Saint
Venant, c'est-a-dire en les traitant comme des poutres flechies, dont les sec
tions droites restent planes. 

Neanmoins, les bancs mous exercent une composante de cisaillement 
sur les stratifications, 

(14) 

qui se traduit, pour l'unite de largeur, et la longueur dx, de banc dur, par un 
couple ea p( dx. 

Enfin la courbure til du banc dur est liee au moment flechissant Jr( par: 

(15) 

Au total, en ecrivant que ce moment flechissant est egal a la somme 
des couples s'exer~ant sur la partie de la poutre situee d'un cote du point 
considere, il vient 

(16) 
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ou 

equation qui comporte des solutions de la fonne : 

~ = sin (x x (17) 

pour que Ie flambement soit possible, il faut que la longueur libre, entre deux 
encastrements, soit superieure ala derni longueur d'onde, 

Q = !!.- e / a~l _ E.. 
2 i.J Ila Ila 

(18) 

ce qui sera toujours possible, s'agissant d'un milieu indefini, et nous apporte 
une information sur la fonne que prendra Ie flambement. 

Mais aussi, et surtout, il faut que la quantite sous Ie radical soit positive. 
lei nous devons distinguer, dans la discussion, les deux cas, d'une distribution 
des contraintes due a l'elastieite, ou au fluage. 

Dans Ie premier cas, il ne suffit pas que la contrainte ~1 soit suffisam
ment grande, il faut encore que l'hypothese du regime tHastique soit verifiee. 
La condition 

(19) 

compare une contrainte et un module, et on sait que Ie regime elastique n'est 
valable que pour des contraintes tres inferieures au module. Posons : 

(20) 

R etant grand (de l'ordre de 100, pour fixer les idees). Mais nous avons a 
comparer une contrainte dans les bancs les plus raides, et un module global, 
qui est une moyenne harmonique ponderee. 

II est toujours possible d'imaginer un modele stratifie, pour lequel Ie 
rapport des modules soit de l'ordre de R, et pour lequel Ie flambement sera 
possible, quel que soit Ie rapport des epaisseurs. 

Supposons maintenant que la structure fme du milieu stratifie soit in
discernable. Nous observons un milieu anisotrope, qui nous parait homogene, 
et dont nous pouvons mesurer les coefficients elastiques, Cij ou Sij ou dans 



www.manaraa.com

546 J. Gogue/ 

Ie cas simplifie que nous envisageons m et p (c'est-a-dire C66 = 2m, et 
C44 = C55 = 2p). 

On calcule facilement que 

m 
-;;;'1 + o:(R -1) 
p 

(21) 

si m et p sont connus, on pourra toujours construire un modele stratifie 
rendant compte de leurs valeurs, en prenant des bancs rigides suffisamment 
minces (0: petit). On trouve ensuite facilement les modules a leur attribuer : 

m f.l8 f.lb 2 
- = I + o:{3 - (1 --) 
p f.lb f.l8 

(22) 

ce qui conduit a un rapport f.l8/f.lb voisin de R. Si la distribution des contraintes 
resulte du flu age , ~1 peut prendre une valeur elevee, si aTt est superieur a 
a33 et si Ie milieu a ne permet qu'un flu age nul ou tres lent, ceci indepen
demment des valeurs des modules. Mais ceux-ci doivent etre assez contrastes 
pour que a~l soit superieur a p, et les calculs ci-dessus restent valables. 

Si Ie flambement - c'est-a-dire une instabilite de la distribution uni
forme de la deformation, pour une contrainte uniforme - peut se produire 
dans Ie milieu stratifie, la meme instabilite doit exister pour Ie milieu homo
gene, caracterise par Ies memes coefficients elastiques, en l'espece m et p. 
D'apres la formule precedente, pour un rapport donne m/p, on peut toujours 
imaginer un milieu stratifie, qui en rende compte. Si ron fixe un maximum 
pour Ie rapport f.l8/f.lb, on sera conduit a prendre une valeur suffisamment 
petite, pour 0: ou {3. 

La deuxieme condition - fixant une borne superieure I/R a la defor
mation pour la limite elastique - qui nous imposait de prendre 0: petit, n'a 
pas de signification, lorsqu'il s'agit seulement de construire un modele ideal 
pour representer globalement Ie comportement d'un corps - tel un cristal
dont la structure reelle est toute differente, et pour lequel la sortie du do
maine elastique s'exprime generalement par une rupture par clivage. 

Pour certains micas (biotite, phlogopite), Ie rapport C 66 /C 44' qui est 
l'equivalent de m/p, peut atteindre 13. On construirait facilement un modele 
stratifie ayant un comportement global equivalent, avec des lits durs minces 
(0: de 1'0rdre de 0,1), et des modules elastiques dans un rapport 100, qui 
donnerait lieu a flambement, pour une limite elastique des bancs durs qui 
ne serait que Ie centieme de leur module. 

Cela nous autorise-t-il Ii prevoir que Ie mica, comprime parallelement 
a son clivage, est susceptible de presenter une instabilite analogue a un flam
bement, tout en restant dans Ie domaine elastique ? 
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11. Application a la deformation des cristaux 

Mais, que I que soit Ie modele envisage, modele stratifie, ou cristal homogene, 
une telle instabilite se traduit par une augmentation brutale de la deformation, 
qui fait sortir du domaine elastique. Cela conduira, pour Ie cristal, a des rup
tures suivant les plans de clivage, suivies de glissements des lamelles ainsi 
separees : ce que 1'0n observe effectivement pour certains cristaux (micas, 
peridot), dans des roches deformees; on y decrit des "kinks", mode de de
formation defini pour des complexes stratifies, et sur lequel nous allons 
revenir. 

L'amorce, en regime elastique, d'une telle deformation, nous parait 
donc pouvoir etre attribuee a une instabilite de la deformation, pour une 
contrainte uniforme, dont les seules valeurs des constantes elastiques pour 
un milieu uniforme doivent pouvoir rendre compte, sans qu'il soit necessaire 
d'imaginer pour Ie cristall'equivalent de la structure stratifiee, que nous avons 
utilisee pour analyser une telle instabilite. 

U. Plissement d'une masse stratifiee 

Revenons au modele stratifie, pour etudier son plissement, lorsque celui-ci 
atteint une grande amplitude, qu'il ait ete amorce par un flambement en 
regime elastique, ou a la suite d'une redistribution des contraintes par re
laxation. Le plissement pourrait d'ailleurs aussi apparaitre directement dans 
Ie regime plastique. Celui-ci est Ie plus commode pour etudier l'evolution du 
plissement; on suppose que, pour chacun des constituants, la grandeur C 
(racine carre du 2e invariant du deviateur) atteint, ou depasse de peu, une 
valeur caracteristique S, ou seuil de plasticite, et que Ie tenseur de deforma
tion est semblable au tenseur qui mesure Ie deviateur. 

Nous avons deja utilise Ie modele de la plasticite dans un cas ou Ie 
rapport des seuils de plasticite pouvait ne pas etre tres different de 1 (pour 
fixer les idees, de 1/2 a 2), et ou les differentes sortes de banes se deformaient 
d'une maniere analogue, avec apparition de schistosites, qui ne differaient 
que par leurs directions. 

Mais ici, nous supposons qu'il y a un grand contraste entre les bancs -
dont nous verrons plus loin comment on peut l'estimer. II en resulte que les 
bancs durs s'incurvent, sans que leur epaisseur varie, et que les bancs mous 
subissent un cisaillement parallele a la stratification, qui peut atteindre une 
amplitude notable. 

L'observation montre l'extreme frequence d'un tel type de deformation, 
a toutes les echelles, de puis celIe des schistes cristallins, a lits sub-millimetriques, 
jusqu'aux formations sedimentaires dessinant des plis d'echelle kilometrique, 
ainsi que l'extreme variete de forme de ces plis. 

19 
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Il nous apparait tres difficile de suivre la transition du regime elastique 
au regime plastique. Nous aborderons la question autrement. Si on connait 
la forme des plis, repondant aux caracteristiques indiquees ci-dessus, et les 
seuils de plasticite caracteristiques de chacun des constituants, il est facile 
de calculer Ie travail total absorbee par Ies deformations. 

De I'expression du travail pour l'unite de volume, en regime plastique : 

W = 2 SV J"i:, e~; - "i:, e'll e;2 (23) 

on tire facilement pour trois cas elementaires : 
Dans Ie cas d'un ecrasement, dans Ie rapport a1/aO ' en symetrie axiale : 

(24) 

et a epaisseur constante : 

(25) 

Dans Ie cas de Ia torsion d'un banc, d'epaisseur e, et de Iargeur Q, d'un 
angle a: 

(26) 

expression qui ne depend pas du rayon de courbure. 
Pour un cisaillement : 

"(9 = 2s dS (27) 

ou s est Ia surface affectee, d Ie deplacement. Cette expression ne depend, 
ni de I'epaisseur, ni de la maniere dont Ie cisaillement se repartit entre Ies 
differents lits. 11 en resulte que Ie cisaillement Ie long d'une couche peut 
entrainer des variations d'epaisseur, sans travail supplementaire. 

11 est donc facile, pour toute forme de plis, de calculer Ie travail total 
absorbe, mais l'expression trouvee contiendra les seuils de plasticite des dif
ferentes sortes de roches, dont la valeur est generalement tres mal connue. 
L'interet de cette estimation de l'energie est qu'eUe permet de comparer 
differentes formes de plis, a priori possibles. 

Envisageons un complement de deformation de faible amplitude, 
part ant du meme etat initial, entrainant Ia meme deformation globale, mais 
qui peut se repartir de differentes manieres entre les differents lits plisses. 
11 est evident que la deformation qui se produit reeUement est ceUe pour 
laqueUe Ie travail absorbe est Ie plus faible. 
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Envisageons maintenant une deformation de grande amplitude, 11 partir 
d'un meme (hat initial (par exemple, stratification plane), et entrafnant la 
meme deformation globale. Dire que, de toutes les deformations possibles (11 
supposer qu'on puisse les denombrer), celle qui se produit effectivement est 
celle qui absorbe Ie moindre travail n'est pas rigoureux, car on pourrait envisager 
une deformation qui demanderait, au depart, plus d'energie qu'une autre, (et 
ne se declencherait donc pas), bien que par la suite elle se poursuive facilement, 
au point d'absorber au total moins de travail. Cet enonce constitue neanmoins 
une approximation commode. 

On peut d'ailleurs l'utiliser de deux fa90ns. Si on connaissait effectivement 
les seuils de plasticites des differentes roches, et si on pouvait denombrer toutes 
les formes de plissements, on pourrait essayer de comprendre leur determinisme. 

Mais on peut egalement, observant un systeme de plis, chercher quels 
doivent etre les rapports des seuils de plasticite, pour que ces plis se soient 
formes, plut6t que d'autres que nous pouvons imaginer. Cette deuxieme 
demarche est souvent la plus feconde; elle nous permet, en particulier, 
d'estimer les rapports des seuils de plasticite de differents constituants, ou de 
leur fixer des bornes. 

Suivant ce principe general, on presentera deux exemples. La forme de pli 
la plus simple possible est Ie "kink", dans lequel un panneau de largeur constante 
est incline, entre deux blocs restes indeformes. On calcule facilement Ie travail 
absorbe, pour chacune des etapes successives de la deformation (Fig. 2) 

'(9 = QE(S,ea + S2 x 4L tg~) (28) 

pour l'epaisseur E et la largeur Q. 

0'0~'; 
:' .... ~ E'L" 

". .: i·. 
I L·.............. .La: ~ 
I .••• '-, _____ t 

X '""- Lease:.( ,. I 
~- -- ---- ---- -- ------>1 

Figure 2. - Schema de Kink, pour Ie ealcul du travail absorbe, et du rapport des seuils de 
plasticite de banes et des joints, a partir des angles de deux "Kinks" voisins. 



www.manaraa.com

550 J. GogueZ 

La derivee de cette expression, par rapport a la contraction resultant du 
jeu du kink est: 

-=QE 81 --+8 
dX Lsina 2 
d'l!) ( e (29) 

8i on a des raisons de penser que deux kinks voisins ont atteint en meme 
temps leur etat final, c'est qu'ils absorbaient Ie meme travail, pour la meme 
deformation glob ale marginale. 8i leurs largeurs different, ainsi que leurs angles, 
on peut de cette egalite deduire Ie rapport des seuils de plasticite des bancs et 
des joints. 

(30) 

(31) 

Nous avons trouve, pour Ie Cretace superieur (calcaires tres lites) des Alpes 
Maritimes, des rapports de lOa 25. 

Si on a affaire a des pHs de forme tres compliquee - tels qu'on peut les 
observer dans un flysch - on peut essayer de les caracteriser statistiquement. 
Nous ferons Ie calcul pour un banc, d'epaisseur e, redresse d'un angle a entre 
deux charnieres distantes de L, sans insister sur la maniere dont on pourrait, 
statistiquement, calculer la moyenne pour un systeme complexe de plis (Fig. 3). 

(32) 

/"I~ ? ~ /" /" 
/ 

~ - /' /" 
-- -- --

~ • 111111111111111111111 £~I~'!'.l~j!'.'.'!~ii.' ~~'.i ~ I!~).e r .. 
- -=- L ----- -- " /"" ... ···1 ~ 

" 1 

Figure 3. - Comparaison du travail absorbe, pour une meme deformation globale, par une 
compression uniforme et par plissement. 
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alors que, dans l'hypothese d'une compression uniforme, l'expression du 
travail serait : 

(33) 

L 
On constate que, pourvu que - so it grand, et les lits tnls contrastes 

e 
(Sa/Sb petit), Ie travail absorbe est beaucoup plus faible, que ce qu'il serait pour 
une deformation uniforme. Celle-ci apparait donc comme instable, par rapport 
au plissement qui entrafne une deformation glob ale equivalente. 

13. Conclusion 

Telle est peut tHre la conclusion esse.ntielle a retenir. L'anisotropie ne se traduit 
pas seulement par Ie maniement d'equations un peu plus compliquees que 
l'isotropie, mais elle peut mettre en defaut l'hypothese, si repandue qu'elle en 
devient implicite, de la continuite et de la regularite de la relation tensorielle 
entre contrainte et deformation. 
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ABSTRACT 

A model for an anisotropic body is build by stratification of isotropic layers. 
The values of the global elastic parameters are computed. One can also consider 
a model build with parallel fibres. The same model can be used to compute the 
distribution of stress by relaxation, and after plastic deformation. An even 
distribution of strain, as an effect of uniform stress, may be unstable in the 
elastic field (buckling) and, much more, in the plastic field, where folding plays 
a major part. 
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1. Introduction 

Pre-fracture planes, or joints, are common features in natural rock masses, 
and have a significant effect on the overall mechanical response [3, 4], 
necessarily anisotropic. Major joints often occur as sets of approximately 
regularly spaced parallel planes, with a variety of orientations, which extend over 
great distances. Joint spacing ranges from centimetres to metres, and in many 
cases is small compared with the length scale of interest. It is then possible to 
construct a continuum model which describes the gross response of individual 
joints over a representative rock element with dimensions of several joint 
spacings [5]. Since joint thickness is much smaller than joint spacing, and 
misalignment of a block structure formed by intersecting joint sets commonly 
limits joint displacement magnitudes to joint thickness, the overall displacements 
are small compared with the representative element size. Thus strains associated 
with the continuous joint displacement fields are infmitesimal, and an 
additive strain decomposition is obtained for normal and tangential motions 
within each joint set, and for motions of different joint sets. In addition there is 
a strain contribution from the intact block material. 

For elastic rock and elastic (reversible) joint response in closure and slip, 
the continuum model defines an anisotroqic elastic medium with moduli 
depending on the rock moduli, joint stiffnesses, and joint orientations [6]. 
Various weak and strong anisotropies arise as rock and joint moduli magnitudes 
differ in particular ways [7]. Allowing joint slip (irreversible) when a slip 
criterion on the joint tractions is satisfied leads to an anisotropic elastic-slip 
theory analogous to an elastic-plastic theory with non-associated flow rule [5]. 
The latter gives rise to non-interleaving bulk and shear plane wave speeds in 
elastic and slip regions, with consequent unsatisfactory wave interaction features 
[8]. For some joint orientations and slip conditions there are no real propagation 
speeds. 

Goodman [1, 2] notes that joint closure under normal pressure is not 
recovered on unloading, and Similarly that tangential slip under shear traction is 
largely irreversible. A conventional elastic joint theory then becomes invalid 
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once unloading occurs. Here, closure and slip, with accompanying dilation, are 
described by time-independent rate laws during appropriate loading conditions, 
with no recovery during unloading. Since gross block structure or irregular joint 
planes inhibit continued slip, a slip-hardening factor is introduced. These laws 
for the response of a single joint are incorporated into a continuum model for 
the gross response [5]. A single joint set allows three distinct modes of joint 
motion: closure, no slip (c), slip and dilation, no closure (sd), slip and dilation, 
and closure (sdc), in addition to pure block deformation (b). For two joint 
sets the possible combinations of the single set motions plus block deformation 
allow ten distinct modes. This model is more complex than a two-mode elastic
plastic theory, though without the complication of a yield condition, but 
appears to be a minimal description of the joint motion effects. 

The strain component histories arising from a cycle of simple shear stress 
on a single joint set are presented to illustrate the effects of joint orientation 
and relative closure, slip, and dilation factors, in the absence of block 
deformation. 

2. Joint closure, slip and dilation 

Consider first a single joint in a rock element, and let an be the normal traction 
relative to the initial seating pressure with Un the normal displacement dis
continuity across the joint, and r the tangential traction in a fIXed direction 
with US the tangential displacement discontinuity in the same direction. 
Figure 1 shows the qualitative joint responses presented by Goodman [1, 2]. 
In (a), which illustrates the response to a shear traction cycle at constant 
pressure, any peak strength and subsequent stress drop is neglected, leaving a 
monotonic loading curve. The unloading path neglects all recovery, and the 
reloading path shown with constant translation along the US axis illustrates a 
model in which dr/d US depends only on r independent of previous slip. 
Alternative history dependence may be used. It is also noted [1, 2] that the slip 
decreases as pressure increases or equivalently as the joint closes_ While (a) 
relates to an unrestricted joint, within a block structure slip in a given direction 
will be increasingly inhibited as the net slip in that direction increases. 

Following [5]; introduce a slip hardening parameter by 

(1) 

where US is the displacement discontinuity in the joint plane, v is a unit vector 
defming the direction of the current shear traction":, and 8 is a joint thickness 
magnitude so that qv is of order unity_Similarly, a closure parameter of order 
unity is given by 

qn = - Un /8, Un = Un n, (2) 
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Figure 1. - Joint motions: (aj slip, (bj closure, (cj dilation. 
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where n is a unit normal vector to the joint plane. Thus, assuming that the 
current slip direction (velocity) is parallel to the traction, the simplest time
independent description of the above features is the seperable law 

(3) 

where H is the Heaviside unit function. The superposed· denotes rate with 
respect to any increasing loading parameter, which may be time, and the slip 
velocity becomes zero when -t. II = i .;;;; 0 as required by the irreversibility 
postulate. geT) is an increasing function, h(qv) a decreaSing function, and 
f(qn) a decreasing function. Note that 

(4) 

so that qll depends on the history of directions II during slip, but for slip 
in a fIxed joint plane direction II, the increase in cSqv is Simply the increase 
in IUsl. The restriction of slip by block rotation causing local closing of the 
joint [1,2] is accounted for by the decreasing function f(qn)' 

Normal displacement decreases (closure) as pressure - un increases, 
at zero tangential traction, as shown in (b), and is not recovered as the 
pressure is removed. It is supposed that the slope dUn/dUn is an increasing 
function of the closure qn' independent of the closure history, and independent 
of the shear traction_ In addition, normal displacement increases (dilatancy) 
as slip takes place at constant pressure, shown in (c), and it is supposed that the 
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two mechanisms are independent and additive. Dilatancy decreases as the 
pressure increases, or equivalently as qn increases, and the slope dUn /d Us is 
zero at qv = 0 and fIrst increases then decreases as qv increases. The most 
simple law for the combined effects is 

(5) 

where Q(qn) is decreasing and k(qv)' r(qn) are decreasing, both order unity, 
and a is a magnitude factor for dilation compared with slip. 

3. Continuum model 

It is supposed that the stress is approximately uniform over a representative 
element containing several joints with common properties for each set. The 
net infInitesimal displacement across the element due to the displacement 
discontinuities across the joints is equivalent to the change in a continuous 
displacement fIeld, conveniently separated into a normal field un (x)n and 
tangential fIeld US(x) for each joint set [5]. Then 

(6) 

where Un (x), US (x) are mean joint displacements over an element centred 
at x, determined by the relations (1) - (5) in terms of mean stresses over the 
element. Focussing attention on a single joint set with normal n and unit 
orthogonal in-plane vectors s l' S2 as shown in Figure 2, the corresponding 
infinitesimal strain decomposition is 

(7) 

where eb is the strain in the intact block material and 

There are corresponding additive strains for each joint set defIned by its own 
triad (s1' S2' n), in general with different laws (3), (5). 

1 
?=-

2 
I a' S I a: (v ® n + n ® l'). (9) 
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Figure 2. - Joint set geometry. 

The relations (1) - (5), with interpretations (6), give 

I auS·1 1 . . 
- = - g(r) h(q,,) f(qn) r H(r), 
an d 

. d aun . d 11 auS I auS
• ·t q=---q=- -+-v 

n 8 an' "8 an an" 
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(10) 

(11) 

(12) 

The block strain eb is given by the intact rock properties, commonly an 
isotropic elastic law, but the laws (10), (11) are strictly anisotropic. 

Four distinct modes of deformation are possible: 

(b): pure block deformation f ~O, an ;;a. 0; 

(c): joint closure f ~O, an <0; 
(13) 

(sd): slip and dilation f >0, an;;a. 0; 

(sdc): slip, dilation, and closure f >0, an <0; 

with the latter three accompanied by block deformation in general. Each of the 
latter three modes is possible for each joint set, so for N joint sets there are 
3N + 1 distinct modes, to be contrasted with a convention two-mode elastic
plastic theory. However, the mode criteria shown in (13) are simpler than a 
yield condition and plastic flow validity. 
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4. Simple shear illustration 

Consider an element with a single joint set given by 

s = sl = (sin 8, - cos 8,0), s2 = (0,0,1), n = (oos 8, sin 8,0) 

0";;;8<11", (14) 

in rectangular Cartesian axes OX1 x2 X3 subject to a simple shear stress a 12 = T, 
other aij = 0. The loading is a continuous two-stage cycle: 

I: 0";;; T .,;;; Tm T > 0; II:Tm~T~O, T<O; (15) 

so oonvenient increasing loading parameters are T in stage I and T m - T in 
stage II. There is no motion in the OX3 direction. In ° Xl x2, 

(
sin 28 - cos 28) 

(s ® n + n ® s) = 
- cos 28 - sin 28 

( 

oos28 

(n ® n) = 1 

7S = -Toos28, an = Tsin28. 

- sin 2fJ 
2 

~ sin 28) 
(16) 

sin28 

(17) 

It is supposed that the initial seating pressure is sufficient to prevent the actual 
normal joint stress becoming tensile. In this plane motion' = ms (m = ± 1), 
j" = 0, moos 28 .,;;; 0, 

T = m.,..s = - mT cos 28, (18) 

. d aun 

qn = -"5 an' . d I aaun's 
,. 

q" ="5 (19) 

Thus, in stage I with loading rate defIned by d/dT, 

° .,;;; 8 .,;;; 11"/2 : i ~ 0, an ~ 0, (sd); 
(20) 

11"/2<0<11": T~O, an<o, (sdc); 
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while in stage II with loading rate defmed by - did T, 

0";;'(J";;'rr/2: i-..;;.O, an";;'O, (c); 
(21) 

rr/2<(J<rr: i-..;;.O, an;;;;'O, (b); 

with i- == ° for (J = rr/4 and 3rr/4, and an == ° for (J = ° and rr/2. All four 
modes occur if values of (J in both fIrst and second quadrants are considered. 
For values of (J in ° ..;;. (J ..;;. rr/2 symmetric about (J = rr/4 and in rr/2 < (J < rr 
symmetric about 3rr/4, ell ~ e22 and e12 is the same. Examples are presented 

5rr 
for the two values (J = rrla and (J = -, demonstrating modes (sd) - (c) 

a 
and (sdc) - (b). The intact material is assumed rigid so that the unloading mode 
(b) leaves strain unchanged. 

For illustration, the increasing function g and decreasing functions 
h, f, Q, k, r, are assumed to be exponentials, in qualitative agreement with the 
responses described earlier. Scaling stress and strain so that T and e are order 
unity, (10), (11), (17) - (19), then give for stage I, 

and for stage II, 

dqll = I cos 2(J leT Icos20 I-qll-qn , (22) 
dT 

d~ = ° dqn = ° (rr/2 < (J < rr), 
dT 'dT 

dqn -q ( 
d T = - Xe n sin 2(J (0 ..;;. (J ..;;. rr/2) , 23) 

where X measures the initial shear modulus relative to the initial closure 
modulus. Integrating (22)1 from T = qn = Ck = ° gives 

qn = Qn {I - pX sin 2(JT - a [1 - (1 + qll) e -qlln, (24) 
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then (22)2 is solved numerically for 'tv (T). T can be expressed analytically in 
terms of qv for p = 0. If q~ , ~ are the values at Tm , then in stage II, 

qv == q~ , qn == q~ (1T12 < () < 1T), 
m 

qn = Qn {eqn + X sin 2() (Tm - T)} (0";;; () ..;;; 1T12). 
(25) 

The strain histories ell' e12 , e22 can now be evaluated, and are shown 
in Figures 3-6 for (0:, X) = (0, 05), (1, 05), (05, 1) and (1,1) respectively to 
demonstrate the effects of dilatancy (0:) and closure rate to shear rate (A), 
with unloading from Tm = 2. For both values of () the same qualitative 
patterns appear for each (0:, X) pair, and the main contrast is between the two 
values of () (symmetric about 1T12) with their different mode combinations. 
There is a marked difference from an elastic cycle because of the irreversible 
slip and closure response adopted in the model. 
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RESUME 
(Glissement, ouverture et fermeture des joints dans une masse rocheuse a joints 
reguliers) 

La presence d'un ou de plusieurs ensembles de joints paralleles f€!gulierement 
espaces dans une masse rocheuse provoque une anisotropie mecanique globale. 
Le glissement sur un plan de joint est generalement accompagne par une ouver
ture du joint; la fermeture du joint apparaft sous une pression normale. De tels 
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mouvements de joints sont hautement irreversibles et un mod~le, neglige ant 
enti~rement toute reponse elastique, est propose. Ce mod~le est introduit dans 
une description continue pour des echelles de longueurs grandes par rapport a 
l'espacement des joints. Pour un seul ensemble de joints, on obtient quatre 
modes de deformations correspondant a: i) deformation des blocs pure, ii) glis
sement et ouverture, iii) glissement, ouverture et fermeture, iv) fermeture, en 
opposition avec la reponse a deux modes d'une theorie elasto-plastique. Pour 
deux ensembles, il y a dix modes. Un cycle en cisaillement pur illustre les effets 
pour un seul ensemble de joints. 
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1. Introduction 

Cette etude s'inscrit dans Ie cadre d'une Action TMmatique Programmee 
financee par l'Institut National d' Astronomie et de Geophysique du Centre 
National de la Recherche Scientifique et concerne les transferts d'energie 
thermique a travers l'tkorce terrestre. L'objet de cette A.T.P. consiste en 
l'etude des proprietes geomecaniques de roches crista1lines isotropes (granites) 
et anisotropes (gneiss) ainsi que de roches volcaniques du type basalte micro
fissurees par effet thermique. Le comportement mecanique des roches en 
fonction de la temperature a surtout ete etudie jusqu'a present pour des raisons 
d'ordre geologique, en combinant hautes temperatures et hautes pressions de 
confinement. Ces recherches avaient pour but l'etude du comportement plas
tique des materiaux rocheux. Il existe, par contre, tnls peu de recherches 
concernant les caracteristiques mecaniques des roches fissurees par effet ther
mique. La temperature provoque, dans les roches, une fissuration induite par 
l'anisotropie de dilatation thermique de ses principaux mineraux. L'intensite 
de la fissuration produite peut etre caracterisee par la mesure de la celerite 
des ondes elastiques, encore appelee vitesse de propagation des ondes ultra
sonores. L'etude du comportement mecanique de la roche prefissuree ther
miquement est realisee par l'examen de l'evolution des deformations axiales, 
laterales et volumiques, en fonction du degre de fissuration, d'eprouvettes 
soumises a des charges monoaxiales. 

Les essais effectues dans Ie cadre du comportement des roches cristal
lines isotropes et anisotropes ont porte sur Ie granite de Remiremont (Vosges) 
et sur Ie gneiss de Saint-Evarzec (Finistere). Le granite de Remiremont a grains 
fins (0,5 a 1 mm) est forme de quartz (26 %), feldspaths (65 %) et de micas 
(9 %), il est a structure quasi isotrope (Fig. 1). Le gneiss de Saint-Evarzec est 
a grains tres fins « 0,1 mm), il est forme d'une alternance de tres minces 
lits de biotite associee a un peu de sphene et de Hts plus epais de quartz et 
feldspaths (Fig. 2). Localement, les feldspaths peuvent former des amas de 
quelques millimetres. Vne lineation tres nette de mica dans Ie plan de foliation 
permet de c1asser ce gneiss dans les roches a anisotropie planaire continue et a 



www.manaraa.com

566 F Hamand-Etienne, R. Haupert 

Figure 1. - Granite de Remiremont. 

Figure 2. - Gneiss de Saint-Evarzec. 

symetrie orthotrope. La composition mineralogique glob ale est voisine de celle 
du granite de Remiremont. 

Les eprouvettes ont ete portees a la temperature voulue a raison de 
50°C/h jusqu'a 300°C et ensuite a 100°C/h (des experiences preliminaires 
ayant montre que cette augmentation de vitesse ne conduit pas a des modi
fications suppiementaires du materiau) et elles ont ete maintenues a cette 
temperature pendant une duree de 5 h. Le retour a la temperature ambiante 
s'est effectue tres lentement. Les temperatures auxquelles les eprouvettes 
ont ete soumises sont respectivement 200,400,500,600 et 700°C. 

Les essais de compression ont ete effectues a l'aide d'une machine 
d'essai asservie en contr61ant la vitesse de deplacement axial au moyen de 
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capteurs places entre les plateaux de la presse. Tous les essais ont ete realises 
a vitesse de deformation axiale constante sur des eprouvettes cylindriques 
de 5 cm de diametre et de 10 cm de hauteur. Trois jauges axiales et trois 
jauges laterales de 2 cm de longueur active, coliees dans la partie centrale 
de l'eprouvette, permettent de mesurer les deformations axiales et laterales 
et, par suite, de calculer la deformation volumique. 

La rupture fragile des roches en compression est un processus qui se 
developpe progressivement avec I'augmentation de Ia charge appliquee et 
elie est accompagnee d'une emission de microbruits. Afin de detecter et 
d'enregistrer ces rnicrobruits, un systeme comprenant un acceierometre 
colle sur l'eprouvette et relie a un mesureur de vibration Bruel et Kjaer et 
a un enregistreur a reponse logarithrnique, a ete utilise. Nous enregistrons 
ainsi les amplitudes crete a crete des microbruits dans les frequences 
comprises entre 3 Hz et 15 kHz. 

2. Comportement mecanique du gneiss temoin 

Les caracteristiques d'anisotropie du gneiss sont reperees par les directions 
orthogonales 1, 2 et 3, Ie plan (1, 2) etant Ie plan de foliation et la direction 
1 celie de la lineation (Fig. 3). Les eprouvettes ont ete prelevees dans Ie 
meme bloc de gneiss en orientant leur axe, d'une part, suivant la direction 1 
(a = 0°), d'autre part, suivant la direction 3 (a = 90°), ainsi que selon la 
direction a = 45° dans Ie plan 1-3 (Fig. 3 et 4). Les mesures de la vitesse 

Figure 3. - Orientation des eprouvettes de gneiss 
(hauteur: 10 cm). 

Figure 4. - Structure du gneiss de Saint-Evarzec. 

a - Trace du plan de foliation 
b - Lineation. 

b 

a 
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de propagation des ondes longitudinales mettent en evidence les variations 
suivantes (valeurs moyennes de plusieurs mesures) : 

V (m/s) 4978 

a = 45° 

4957 4390 

On explique en general l'anisotropie de la vitesse de propagation des 
ondes par l'anisotropie de repartition de la fissuration [1], la vitesse la plus 
faible correspondant Ii la direction qui rencontre Ie plus d'obstac1es, donc 
Ie plus de fissures situees dans un plan perpendiculaire Ii la direction de pro
pagation. Dans ce cas, la resistance Ii la compression devrait etre plus forte 
suivant cette direction. Si la presence d'eventuelles fissures est plus sensible 
dans les mesures de vitesse du son effectuees suivant la direction 3, ce n'est 
pas Ie seul phenomene qui joue pour expliquer cette chute de vitesse. II faut 
faire intervenir egaiement l'influence de l'orientation des micas. Les plaquettes 
de mica se presentent orientees perpendiculairement Ii la direction 3, la celerite 
des ondes etant plus faible dans Ie mica que dans Ie quartz et Ie feldspath, 
leur influence est donc plus grande dans cette direction, ce qui conduit Ii une 
diminution glob ale de V suivant la direction 3. Les valeurs de la rtsistance Ii 
la compression mettent en evidence une forte anisotropie de cette resistance : 

Rc (bar) 2290 

a = 45° 

1282 

3 

a = 90° 

1954 

Un exemple de courbe contrainte-deformation axiale a-€a est donne pour 
chaque direction (Fig. 5). L'allure des courbes est differente selon la direction. 
Suivant la direction 1 (a = 0°), on note des decrochements correspondant Ii des 
chutes d'ecailles de materiau qui produisent d'ailleurs des bruits importants 
(Fig. 6). La ruine de l'eprouvette se produit fmalement au niveau du pic de la 
courbe a-ea par extension suivant la direction perpendiculaire Ii la foliation 
(Fig. 7). Dans la direction 3 (a = 90°), la courbe est pratiquement lineaire 
jusqu'au voisinage du pic oil il peut eventuellement se produire un petit 
ecaillage ; la rupture se propage tres brutalement provoquant la ruine de l'eprou
vette. Ce phenomene est extremement rapide et on n'enregistre que quelques 
micro bruits avant la desintegration de l'eprouvette (Fig. 6). Les eprouvettes 
tailIees suivant a = 45° mont rent un comportement identique a ceux des deux 
directions precedentes en ce qui concerne Ie debut de la courbe a-€a' Ensuite, 
il se produit brusquement un decrochement correspondant a l'amorce d'un 
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Figure 5. - Courbes contrainte - de/ormation 
axiale a-eo du gneiss pour les orientations 
Q = 0°, 45° et 90°.- vitesse de de/ormation 
e = 2.10- 6 s- 1. 

E 

S. IO -3 

Figure 6. - Diagramme d'enregistrement des amplitudes (m/s2) des microbruits emlS 
pendant l'essai de compression du gneiss pour les orientations 0< = 0°, 45° et 90°. 
La position des jIeches correspond a eelle des jJeehes de la figure 5. 

Figure 7. - Ruptures earaeteristiques 
des eprouvettes de gneiss (hauteur.-
10 em) 

1 
(X=O 
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cisaillement Ie long d'un plan de foliation. Le frottement provoque de 
nombreux microbruits generalises qui conduisent a un diagramme d'enregis
trement (Fig. 6) different des precedents. 

3. Fissuration induite par effet thermique 

Dne augmentation de temperature produit, d'une part, une variation diffe
rentielle des dimensions des mineraux dans les materiaux formes de cristaux 
a forte anisotropie de dilatation thermique (quartz et feldspath dans Ie 
gneiss et Ie granite) et, d'autre part, des defauts dans les cristaux. Ces dila
tations differentielles des grains de la roche donnent lieu, apr~s retour a 
la temperature ambiante, a la formation de microfissures. Cette micro
fissuration par effet thermique est essentiellement intergranulaire et provoque 
un dechaussement des grains [2], les microfissures se developpant a partir d'un 
seuil de micro fissuration thermique dont la valeur depend de la nature 
(composition mineralogique) des roches. 

Nous avons mis en evidence l'importance des fissures produites par 
traitement thermique dans Ie gneiss et Ie granite en representant sur la figure 8 
la variation du rapport VIVo, V designant la celerite des ondes elastiques 
longitudinales dans Ie materiau fissure et Vola celerite dans Ie meme materiau 
sain, en fonction de la temperature T. Les courbes de variation de V IV ~ sont 
lineaires pour Ie granite et les gneiss 1 et 3 jusqu'aux environs de 500 C et, 
en suite , elles presentent une forte discontinuite qui doit marquer un change
ment important dans l'evolution des defauts produits par effet thermique. 
Des experiences anterieures effectuees sur un granite a grain plus gros [3] 
donnent une droite de pente plus forte et presentant la meme discontinuite entre 
500 et 600°C. Les mineraux, surtout Ie quartz, augmentent de volume avec la 
temperature. A 573°C se produit un changement de phase du quartz qui 
provoque une brusque augmentation de volume, ce qui accel~re la microfis-

v 
Va 

• Gneiss 1 
• Gneiss 3 
+ Grani •• d. R.-nir.mcn. 

200 '00 500 600 700 

Figure 8. - Variation de fa celerite V des ondes elastiques longitudinales en fonction 
de fa temperature T de prejissuration pour Ie granite de Remiremont et les gneiss 1 et 
3 (V 0, ceierite relative au mater;au sain). 
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suration. Une elevation de temperature provoque, en plus des fissures, des 
defauts en forme de pore dans les cristaux [4]. les pentes des droites V IV 0 - T 
correspondant au gneiss 1 et au gneiss 3 ne sont pas identiques. le gneiss 3 
semble plus influence par Ie traitement thermique; il doit s'agir hi encore de 
l'influenee, preponderante suivant eette direction, de la biotite fortement 
transformee par l'action de la temperature. La droite relative au granite de 
Rerniremont est caracterisee par une pente plus forte que eelle du gneiss, elle 
correspond a une fissuration plus importante; cette difference est liee a la 
dimension plus elevee des cristaux dans Ie cas du granite. Un materiau isotrope 
ayant des grains de taille equivalente a celIe des mineraux du gneiss aurait une 
evolution intermediaire entre gneiss 1 et gneiss 3. 

4. Comportement mtkanique en fonction de Ia temperature de 
preflSsuration 

Pour etudier Ie comportement mecanique du granite de Remiremont et du gneiss 
suivant les directions 1 et 3, nous avons realise des essais de compression a la 
vitesse de deformation con stante € = 2.10-6 S-1. Grace a trois jauges colles 
parallelement a l'axe de l'eprouvette et a trois jauges collees suivant la circon
ferenee, on peut mesurer respectivement €a (deformation axiale) et €t (defor
mation transversale), calculer 8 (variation de volume) = €a + 2 €t et ensuite 
tracer les courbes a-€a' a-€t et a-8. D'une far;on generale, on distingue plusieurs 
domaines sur ces courbes (Fig. 9) : 

1) La phase de serrage ou de tassement des fissures. La courbe €a a sa 
concavite tournee vers Ie haut. La duree de cette phase est fonction des fissures 
susceptibles de se fermer. 

2) La phase de deformation lineaire. les courbes €t et, par suite, (J sont 
rectilignes. Cette phase est limitee par Ie seuil de microfracturation. 

3) La phase de developpement faible de la fracturation. La courbe €t 

n'est plus lineaire, tandis que Ia courbe €a demeure lineaire. 
4) La phase de developpement intense de la fracturation. La courbe 

€a n'est plus lineaire; €a et €t croissent rapidement. 

Le point reliltif au changement de sens de variation de (J correspond au 
debut de Ia dilatance du materiau. Ce point peut se trouver soit en phase 3, 
soit en phase 4. Le diagramme a-8 peut etre caracterise par Ie rapport de la 
surface limitee par l'axe a et la courbe (J, a la surface qui serait occupee par 
Ie meme materiau non dilatant (Fig. 9). Ce coefficient de dilatance, ega! a 1 pour 
un materiau non dilatant, est de 0,74 pour Ie granite de Remiremont, de 0,86 
pour Ie gneiss 1 et de 0,78 pour Ie gneiss 3. 

Les flgures 10 et 11 representent, pour les gneiss 1 et 3, les courbes a-€a 
relatives a differentes temperatures de microflSsuration. Dans l'ensemble, ces 
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a 

Figure 9. - Courbes contrainte (0) - deformation axiale (eal, laterale (ErJ et volumil{ue 
(0) ; schema theorique. 

courbes mettent en evidence l'importance de l'intensite de 1a ftssuration sur la 
deformabilite du materiau ainsi que sur la resistance ultime. La ftgure 12 donne, 
de maniere plus accentuee, Ie meme type de comportement pour Ie granite de 
Remiremont. La deformation correspondant a la phase de serrage augmente avec 
T, tandis que Ie module de deformation (pente de Ia partie lineaire des 
courbes u-€a) diminue avec T. Ces variations sont progressives jusqu'a 500°C 

a( bars) 

E 

Figure 10. - Courbes o-ea du gneiss 1 pour differentes temperatures de prefissuration 
(T, courbe temoin) ; E = 2.10-6 s-1. 
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a(bars) 
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Figure 11. - Courbes (Na du gneiss 3 pour differentes temperatures de prefissuration 
(T, courbe temoinj; e = 2.10-6 s-1. 

a (bars) 

-2 
10 

E 
-2 

2.10 

Figure 12. - Courbes a-ea du granite de Remiremont pour ciifferentes temperatures de 
prefissuration (T, courbe temoinj ; E = 10-6 s-l. 

et, ensuite, elles s'accenteuent brusquement. Ce phenomene est a rapprocher de 
la discontinuite observee sur la courbe VIVo - T. Pour Ie gneiss 3, l'amplitude 
de la phase de serrage (par rapport a l'eprouvette temoin) augmente plus 
rapidement que dans Ie cas du gneiss 1. Ce comportement est a mettre en 
relation avec l'ecrasement des fIssures orientees perpendiculairement a la direc
tion de compression dans Ie gneiss 3. Les eprouvettes taillees suivant cette 
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derniere direction presentent d'ailleurs des variations de hauteur, en fonction 
du traitement thermique anterieur, plus importantes que celles de direction 1. 
n faut noter egalement une diminution du module de deformation plus sensible 
pour Ie gneiss 3 que pour Ie gneiss 1. Quels que soient la direction de sollici
tation et Ie degre de micro fissuration, Ie gneiss presente un comportement 
fragile et nous n'avons dans aucun cas pu obtenir la courbe a-.e posterieure au 

a(bars) 

T 
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, 
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\ , \ , , \ 
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10 

Figure 13. - Courbes a-Et du gneiss 
1 pour differentes temperatures de 
prefissuration (T, courbe temoin); 
e = 2.10-6 s-1. 

2.10- 3 o 

a ( bars) 

-3 
to 

Figure 14. - Courbes a-Et du gneiss 3 pour diffe
rentes temperatures de prefissuration (T, courbe 
temoin); E = 2.1O-6s-1. 

E 
-3 

3 _10 

Figure 15. - Courbes a-et du granite de Remiremont pour differentes temperatures de 
prefissuration (T. courbe temoin); e = 1O-6s-1. 
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pic. Par contre, Ie granite de Remiremont peut se controler a partir d'une 
temperature de preftssuration de 600°C. 

Sur les ftgures 13, 14 et 15 sont portees les courbes o-€t et surles ftgures 
16, 17 et 18, les courbes O.{) respectivement pour les gneiss 1 et 3 et pour Ie 
granite de Remiremont. Ces courbes dif~rent rapidement du modele theorique 
avec la temperature; en effet, la partie lineaire de la courbe O.{) disparaft 

a(bars) 

_3 
3.10 

60 0 

-3 
4.10 

-3 
6.10 

-3 
7.10 

E 

Figure 16. - Courbes a-8 du gneiss 1 pour differentes temperatures de prefissuration 
(T. courbe temoin) .. e = 2.1O-6 s-1. 

a (bars) 

-3 
9.10 

£ 

Figure 17. - Courbes a-8 du gneiss 3 pour differentes temperatures de pre{lSsuration 
(T. courbe temoin) .. e =2.10-6 s-l. 
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Figure 18. - Courbes a-8 du granite de Remiremont pour differentes temperatures de 
prefissuration (T, courbe temoin) ; € = 10-6 s-l. 

tres vite avec l'intensite du traitement thermique. Les courbes a-€t ont (norma
lement), pour l'eprouvette temoin, une pente Ii l'origine negative. La valeur 
absolue de cette pente augmente avec la temperature T de prefIssuration et elle 
devient positive Ii partir de T = 400°C pour Ie granite de Remiremont et a 
partir de T = 500°C pour les gneiss 1 et 3. Cette contraction globale du 
materiau, en debut d'essai, evolue avec l'intensite du traitement thermique. On 
peut supposer qu'en plus de fIssures, il y a formation de pores dus au depart 
d'inclusions fluides. Le materiau est tres certainement fIssure et poreux. Les 
pores peuvent etre assirniles a des spheres. L'analyse de la repartition des 
contraintes autour d'une sphere creuse placee dans un materiau elastique soumis 
Ii une compression uniaxiale, montre que la contrainte tangentielle (au voisi
nage immediat de la sphere) situee dans Ie plan equatorial est une compression 
[5]. L'existence de ces contraintes de compression autour des pores pourrait 
expliquer la contraction glob ale du materiau jusqu'a ce que Ie seuil de contrainte 
necessaire Ii l'ecrasement des pores soit atteint. Ce phenomene est plus sensible 
pour Ie granite de Remiremont, roche Ii grain plus gros, done a pores plus 
irnportants. 

II ne semble pas y avoir de difference fondamentale entre les courbes 
a-et des gneiss 1 et 3; par c~ntre, les courbes a-fJ montrent des deformations 
plus irnportantes pour Ie gneiss 3, refletant ainsi les differences de defor
mation axiale. 
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5. Conclusion 

Le gneiss faisant l' objet de cette etude est une roche a anisotropie planaire 
continue et a grain tres fm. L'anisotropie est due a une alternance bien 
marquee de lits de biotite et de Hts de quartz et de feldspaths. Suivant les 
deux directions principales d'anisotropie du materiau a 1'etat naturel, Ie 
comportement mecanique se differencie par la ceIerite des ondes elastiques, par 
Ie mode de rupture et la resistance ultime (en compression simple). Pour ces 
deux directions, on observe un comportement analogue en deformation 
axiale; la methode utilisee pour la determination des deformations laterales 
ne permet pas de mettre en evidence une eventuelle difference en ce qui 
les concerne. 

L'influence de 1'effet thermique, mise en evidence au moyen de 
la c6lerite des ondes elastiques, est plus importante selon la direction 3, 
perpendiculaire au plan de foliation, que suivant la direction 1. Autrement 
dit, Ie nombre de fIssures perpendiculaires a la direction 3 est superieur 
a celui des fIssures perpendiculaires a la direction 1. Les fIssures thermiques 
se developpent plus facilement entre les feuillets de mica, ce qui expHque 
la formation d'un plus grand nombre de fIssures parallelement au plan de 
foliation. 11 en decoule une deformabilit6 axiale et volumique plus elevee 
du materiau prefIssure pour les eprouvettes orientees selon la direction 3, 
c'est-a-dire pour les eprouvettes perpendiculaires a la foliation. 
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ABSTRACT 

In the case of rocks composed of crystals, an increase in temperature produces 
differential changes in size and volume of the crystals. This results in 
microcracks whose intensity increases in proportion to the temperature. The 
present study deals with the mechanical behaviour under uniaxial compression 
(Le., variation in axial and lateral deformation) of gneiss samples prefractured 
at temperatures ranging from 200°C_700°C. The intensity of the microcracks 
was determined by measuring elastic-wave velocities. 
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1. Introduction 

It is recognized that almost all natural soil deposits show a certain amount of 
anisotropy that affects both the stress-strain relationships and the ultimate 
shear resistance [1, 2]. 

Among the causes of this behaviour, two seem to be of major importance 
[3], namely: a) the conditions under which the soil deposit was formed; 
b) the stress and strain histories which the deposit underwent after its formation. 
Both causes influence the relative position of the soil particles, their orientation 
and the way in which they are bonded together, or, in other words, the 
microscopic structure and fabric of the natural soil [4]. 

Under given conditions of deposition and/or stress and strain histories, 
the properties of soil fabric may vary with direction. As a consequence of 
the fabric anisotropy, an anisotropy of the soil mechanical characteristics shows 
up. Evidence of the correlation between the two anisotropies was given by 
various experimental studies (see, e.g. [5]). This correlation is particularly 
evident for soils having particles with plately shapes like clay or fme silt. In 
fact, it was observed in [6], [7] and [8] that isotropically consolidated specimens 
show random fabric and isotropic mechanical characteristics. On the other 
hand, anisotropically (or Ko) consolidated samples, in which most particles are 
oriented normally to the direction of the major principal stress, are usually 
characterized by anisotropy of the mechanical properties. 

The present paper contains a numerical and experimental study of the 
anisotropy induced by the stress and strain histories in samples of saturated 
cohesive soil undergoing one-dimensional consolidation. The reorientation of the 
soil particles during the skeleton loading process, and the subsequent fabric 
modification, are assumed as the basic causes of this induced anisotropy. 

In the numerical part of the study the soil is treated as a biphase medium 
and the consolidation problem is solved by means of a non-linear fmite diffe
rence technique. The soil is assumed isotropic at the initial stage of consoli-
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dation, as each sample is completely remolded before testing it. During the 
consolidation process two different relationships are taken into account for 
the volumetric and deviatoric stress-strain behaviours. For the volumetric 
behaviour, the classical linear law between void ratio (or volumetric defor
mation) and logarithm of volumetric effective stress is assumed. As to the 
deviatoric behaviour, it is considered that, when increasing the shear 
deformation, a certain amount of particle reorientation is produced, which in 
turn causes a decrease of the instantaneous or tangent shear modulus. In a 
one-dimensional consolidation test no shear deformation develops in the 
horizontal plane, thus the vertical shear resistance becomes different from the 
horizontal one and the initially isotropic specimen becomes non-isotropic. 

The soil skeleton behaviour is defmed by means of a non-linear elastic 
incremental scheme; therefore such effects as the development of anisotropic 
shear strength are not accounted for. 

The results of the numerical analysis are compared with those of 
laboratory oedometer tests while the soil parameters are derived from triaxial 
test data. On the basis of the numerical results, the variation of the horizontal 
and vertical tangent shear moduli in time is obtained. 

The mere intention of this study is to show how the stress and strain 
histories may produce anisotropy in a sample of cohesive soil and no attempt 
is made to formulate a general law for the anisotropic behaviour of soils. 

2. Soil skeleton stress strain relationship 

Consider a soil sample subjected to a compression triaxial test under drained 
conditions. Assume that the sample has been completely remolded before the 
test, and that it has been consolidated under a hydrostatic pressure. Thus, at 
the beginning of the shearing stage of the test, the soil has isotropic mechanical 
characteristics. 

The loading process of the sample is characterized by two equal principal 
effective stresses in the horizontal directions a'x = a~ and by the major 
principal effective stress a~ in the vertical direction. Assume that anisotropy 
of the soil fabric, and in turn anisotropy of the mechanical characteristics, is 
induced by the non-isotropic stress-strain history during the loading process. 
Since at every stage of the loading process a~ is equal to a~, a cross aniso
tropy is produced, i.e. the soil mechanical characteristics are the same in every 
direction belonging to a horizontal plane and differ from those in the vertical 
direction. Because of this simple type of anisotropy, and due to the particular 
loading conditions, the horizontal deformation in the x direction is equal to 
that in the y direction at every stage of the test, and the principal stress direc
tions coincide with those of principal strains. 
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Taking into account that a~ = a~ and that Ex = Ey ' the incremental 
stress-strain relationship for a soil skeleton element can be written in the form 

(1) 

where 

(2a, b, c) 

In order to defme the entries of the tangent constitutive matrix E it is 
convenient to express the sample stress and strain states by means of the 
quantities 

1 
a~ol = "3 (a~ + 2a~) , (3a) 

, , 
az - ax 

(3b) r= 
2 

Evol = Ez + 2Ex, (3c) 

'Y = Ez - Ex, (3d) 

where a~ol is the volumetric effective stress; 7 is the maximum shear stress; 
Evol is the volumetric deformation and 'Y is the maximum shear deformation. 

The general incremental relationship between the quantities defmed 
by Eqs. (3) can be expressed by the equation 

(4) 

where the coefficients aij depend upon the stress and strain histories. 
By substituting Eqs. (3) into Eq. (4), the following relationships between 

the coefficients aij and eij are obtained: 

(Sa) 
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2 2 
el2 = 2a ll - - a22 + - a2 l> 

3 3 
(5b) 

1 4 
e22 = 2all + - a22 - - a21 • 

3 3 
(5c) 

In addition, it can be shown that 

(6) 

Eqs. (5) imply that the entries of the matrix E are functions of the coeffi
cients aij which in turn can be determined on the basis of experimental data 
relating a~ol and 7 to evol and 'Y. Since only three out of the four coefficients aij 
are independent, for defIning the matrix E it will be enough to establish the 
three following experimental relationships: a~l vs. evo1 ; 7 vs. 'Y; 7 vs. evo1 . 

3. Triaxial test results 

For defming the variation of the coefficients of the matrix E with the stress 
and strain histories, a series of drained compression triaxial tests was performed 
on samples of silty clay soil characterized by the following index properties: 

Liquid limit wQ = 52 %; Plastic limit wp = 20 %; Plasticity index Ip = 32 %; 

Clay fraction = 42 %; Silt fraction = 58 %; Activity index = 0.76. 

Before testing, the soil was completely remolded at a water content higher 
than the liquid limit. A large sample (diameter about 12 cm and height about 
20 cm) was prepared and consolidated under a hydrostatic pressure of 
0.7 kg/cm2 • This first consolidation stage was performed in order to give to the 
remolded sample the resistance necessary for supporting its own weight while 
mantaining the original cylindrical shape. From the large sample six triaxial 
test specimens (3.9 cm x 7.8 cm) were trimmed and were consolidated in the 
triaxial cell under different all around pressures ranging from I to 8 kg/cm2 • In 
order to ensure an almost complete saturation of the samples they have been 
back pressurized before consolidation. A maximum back pressure value of 
3 kg/cm2 was applied in six to eight increments. In the last two increments a 
Skempton B coefficient of 0.95 7- 0.98 was measured for all samples. 

After consolidation, the drained triaxial tests were carried on by increasing 
the vertical load through small fmite increments and by decreaSing the cell 
pressure in such a way that the effective volumetric stress a~ol maintained a 
constant value, equal to the consolidation pressure, throught the test. In order 
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to ensure a complete excess pore pressure dissipation before the application 
of a new load increment, the load increment rate was computed according to 
Gibson [9]. The excess pore pressure dissipation was controlled by connecting 
one sample base to a pore pressure measuring device. Drainage was allowed 
laterally and at the other sample base. 

During the consolidation and shearing test stages the volume variation was 
evaluated by measuring the volume of water leaving the sample. A mechanical 
dial gauge measured the variation of sample height. 

The results of the triaxial tests are summarized in Figure I to 4. In all the 
figures the dashed lines represent the numerical interpretation of the experi
mental data. Figures 1 and 2 refer to data obtained during the consolidation 
stage, while Figures 3 and 4 refer to data obtained in the shearing stage. 

In Figure 1 the variation of the logarithm of the permeability coefficient 
K is reported versus the volumetric strain Evo!' The data show a linear pattern, 
thus the following relationship can be established between K and Evo! : 

o 
EVO! - EVO! 

K == KO 10 Ck (7) 

In Eq. (7) KO and E~o! are the coordinates of a reference point and Ck is 
an experimental coefficient; for the soil under examination Ck has a value 
of 0.262. 

5. 

-10 . 

• 5 

.1 

.0 

10. 20. 

(tvol-t~OI) % 

30. 

Figure 1. - Relationship between the permeability coefficient K and the volumetric 
deformation EvO!' 
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Figure 2 shows the well known linear relationship between the logarithm 
of the volumetric effective stress a~Ol and the volumetric strain Evol' The experi
mental data can be approximated by means of the law 

Evol- Evol 
, - ,0 10 c e a vol - avol (8) 

where a~~l and E~ol are the coordinates of a reference point and, in the present 
case, Cc = 0.209. 

10. 

5. 

1. 
-10. 

I /.5 

Cc / 

)1 
I 

/ 
I 

/ 
c! 

I 
/ 

10. 20. 

Figure 2. - Relationship between the effective volumetric stress a~ol and the volumetric 
strain Evol' 

The relationship between the maximum shear stress T (normalized with 
respect to the consolidation pressure a~ = a~ol) and the maximum shear defor
mation r is reported in Figure 3. A reasonably good approximation of the 
experimental data can be obtained by means of the following exponential 
equation: 

T n 
-, = al (r. 100) + a 2 (r. 100) . (9) 
ac 

The following values of the coefficients of Eq. (9) were computed by means of a 
best fitting least square algorithm: al = - 0.026, a2 = 0.172; n = 0.61. 
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Figure 3. - Relationship between the maximum shear stress T, divided by the consolid· 
ation pressure G~, and the maximum shear deformation 'Y. 

In Figure 4 the relationship between the volumetric strain and the 
dimensionless maximum shear stress is shown and approximated by means of 
the equation 

whe're: a3 = 0.1; a4 = 0.13; as = 0.0003; ill = 3.45. 

T 
c=' c 

.5 

o. 

• o~ _ 1, kg/em ' 
'" ~ 1.5 . . . 
o • .. . 

2. 
4. 
6 . 

8-

Eyol" 

(10) 

Figure 4. - Relationship between the maximum shear stress T, divided by the consolid· 
ation pressure G~, and the volumetric strain eval' 
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Eqs. (8), (9) and (10) defme the effective stress-strain behaviour of a soil 
element subjected to increasing volumetric and deviatoric stresses. In fact, 
deriving Eqs. (8) and (10) with respect to €yol' and Eq. (9) with respect to 'Y, 
the following expressions for the coefficients aij of Eq. (4) are obtained: 

Qn 10 €Yol- €~ol 
,0 10 c 

all = aYol -c- C 

C 

1 

a21 = a~ [SO a4 (€yol .100) 2 + 100 as m (€yol .100)m -1], 

a22 =a~ [100a l + 100a2n('Y.100)n-I]. 

(11a) 

(Ub) 

(UC) 

Substituting Eqs. (11) into Eqs. (5), one finally obtains the coefficients 
of the constitutive matrix E. 

4. Numerical approach 

For checking whether the relationships obtained in the preceding section give 
a reasonable approximation of the soil behaviour, the displacement vs. time 
curve of a laboratory oedometer test have been compared with that obtained by 
a numerical analysis based on the above relationships. In addition to this 
comparison, the numerical results allow for defining the variation of vertical and 
horizontal tangent shear moduli during consolidation. In this section the 
procedure adopted for the numerical analysis is briefly outlined. 

As well known, the behaviour of a soil element undergoing one
dimensional consolidation, neglecting the viscous effects, is governed by the 
equation (see e.g. [10)) 

(12) 

where z is the direction in which both pore fluid flow and soil deformation €z 

take place; Kz is the coefficient of permeability; u is th pore pressure in excess 
of the steady state and hydrostatic values; 'Yw is the unit weight of the pore 
fluid; t is the time. 

Since €x = €y = 0, the following incremental stress-strain relationship can 
be derived from Eqs. (2): 

(13a, b) 
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Assume that the numerical integration of Eq. (12) is carried out by means 
of a step by step procedure in which the material parameters are assumed 
constant during each time step, while possible changes are allowed between a 
step and the next. On the basis of this assumption, Eq. (13a) can be derived 
with respect to time, assuming e 11 to be constant along a generic time inte
gration step, 

aa~ a€z 
-=e -at 11 at . (14) 

Taking into account the relation between total and effective stresses (i.e. 
a = a' + u), one can rewrite Eq. (14) in the form 

aa~ au a€z 
---= e -
at at 11 at' 

(15) 

where az is the total stress applied in the z direction. 
Assume that the soil element loading process is subdivided into a series 

of instantaneous load increments separated by given time intervals. Along 
each interval az remains constant, thus aaz/at vanishes and the following 
expression is obtained from Eq. (15): . 

a€z 1 au -=---
at ell at 

(16) 

Substituting Eq. (16) into Eq. (12), one fmally obtains the following 
expression: 

(17) 

Eq. (17) can be easily integrated, adopting a fmite difference discreti
zation scheme both in the space and time domains. 

Consider a soil sample limited at its upper and lower ends by pervious and 
impervious boundaries, respectively. The sample is discretized by means of 
n - 1 elements and n nodes at which the pore pressure u is defmed; assume a 
linear variation of u in each element (Fig. 5). Adopting a central difference 
scheme for aujaz and a2u/az2 and a forward scheme for au/at, the following 
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pervious 
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Figure S. - Finite difference scheme for the one-dimensional consolidation test. 

equation, relating for the generic node i, the pore pressure at time t + t:. t to 
that at time t, is obtained from Eq. (17) 

(l8a) 

F or node 1, situated on the impervious boundary, the condition 
(au(z, t)/az)z=o = 0 has to be imposed. Then Eq_ (18a) Simplifies to the 
following form: 

(18b) 

For node n, situated on the pervious boundary, the conditions(un)t.,o a 0 
and (au(z, t)/at)z=h = 0 have to be considered. Thus, the fmite difference 
equation reduces to 

(l8c) 

The system of equations obtained by writing Eqs. (18) for each mesh node 
allows for the numerical integration of Eq. (17), when the initial distribution 



www.manaraa.com

Anisotropic Consolidation of Initially Isotropic Soil 591 

of pore pressure due to the external load increment is known. Note that, 
because of the simple nature of the problem at hand, the resulting system of 
equations is uncoupled; thus the solution can be carried out with an extremely 
limited computational effort. 

In the present study, a constant initial pore pressure distribution equal 
to the increment of external load has been assumed throughout the sample, i.e. 
Au~=o = Aoz • Only for the node n, on the drainage boundary, Au~ =0 = 0 
was assumed. 

As usual when dealing with the numerical integration of consolidation 
equations, the values of the time increments and of the element size play a 
major role in the accuracy of the fmal results [11]. 

The choice of the element size has been made by considering that at 
the beginning of the consolidation process a discontinuity of the pore pressure 
distribution takes place at the sample drainage boundary. In fact, just after 
the load application, the pore pressure is different from zero at every sample 
point, except for the point on the drainage boundary where u = O. Since 
the adopted model assumes linear variation of u within the elements, theore
tically the height of the elements facing the drainage boundary should tend 
to zero in order to approximate the pore pressure discontinuity. In practice, 
an acceptable accuracy is achieved when the height of these elements has 
order of magnitude about one or two times smaller than that of the sample 
height. 

As to the time increments, it can be observed that when their value is 
too large the computed pore pressure tends to oscillate both along the z 
direction and during time. With a rather empirical approach, in the present 
study the time increment values were decreased until the oscillations did not 
affect the first three digits ofthe pore pressure values. 

Because of the very small value of the time increments adopted, the 
assumption that material properties are constant within each time step did 
not produce noticeable errors. In fact, only a negligible violation of the non
linear stress-strain and permeability-strain relationships was observed at the 
end of the numerical analysis. 

Having computed the pore pressure distribution at a given time, we 
can evaluate the deformation increments by means of Eq. (16), rewritten in 
the form 

et"':At_et .=_(2..)t (U!+At_U!) 
Z,I Z,I ~. I I ' 

11 I 

(19) 

and then the corresponding increments of effective stress can be obtained 
from Eqs. (13). 
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5. Oedometer versus numerical results 

In order to bring out the influence of the stress and strain histories on the 
anisotropy of cohesive soils, a one-dimensional consolidation test was per
formed on a sample of the silty clay under examination. Before testing, the 
oedometer specimen was remolded at a water content (wi = 60 %) higher 
than the liquid limit. This initial condition made it possible to consider the 
soil as isotropic at the beginning of consolidation. In order to avoid excessive 
deformation, due to the high initial water content and compressibility, a low 
value of the vertical pressure, az = 0.50 kg/cm2 , was applied to the sample. 
In Figure 6 the dots represent the vertical deformation (normalized with 
respect to that at the end of primary consolidation) during time, obtained 
by the oedometer test . 

• 5 

o experimental data 

numerical analysis 

1.0 

10 105 t (sec) 

Figure 6. - Total vertical deformation of the oedometer specimen vs. time, comparison 
between experimental and numerical data. (t:.hep = variation of sample height at the 
end of primary consolidation). 

The laboratory test was simulated by means of a numerical analysis 
based on the fmite difference procedure and on the non-linear stress-strain 
relationships described in the preceding sections. In the analysis the initial 
sample condition was defined by the effective stress state due to the soil's 
own weight. In Figure 6 the solid line represents the settlement versus time 
curve obtained by the numerical analysis. 

A reasonable agreement was observed between experimental and numerical 
data. Their difference tends to increase towards the end of primary consolid-
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ation, due to the influence of secondary compression that was not accounted 
for in the finite difference calculations. On the basis of these results it can be 
concluded that the stress-strain relationships adopted for the soil skeleton 
approximate with acceptable accuracy the real soil behaviour. 

Other diagrams obtained from the numerical analysis are shown in 
Figures 7, 8 and 9. In Figure 7 the ratio between vertical and horizontal ef
fective stresses, a~/ a~, is reported versus time, at two different locations in 
the soil sample. From the curves it appears that the ratio does not vary mono
tonously with time. This behaviour is a consequence of the stress-strain laws 
adopted in the analysis. According to these laws, the volumetric stiffness of 
the soil skeleton increases with increasing volumetric stress while two opposite 
effects influence the variation of the vertical tangent shear modulus Gz • 

A ftrst effect produces a decrease of Gz with increasing shear deformation 
(effect a); on the other hand an increase of Gz is produced by increasing vo
lumetric effective stress (effect b). The diagram in Figure 8 shows that effect 

Figure 7. - Ratio between vertical and horizontal effective stress vs. time . 
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Figure 8. - Variation of the vertical shear modulus during time. 
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a prevails on effect b during the early stage of consolidation while, towards 
the end of consolidation, effect b is predominant. The simultaneous variations 
of the volumetric and deviatoric resistances, together with the soil dilatancy 
allowed for by Eq. (10), produce the a~/a~ plot of Figure 7. 

The increasing anisotropy of the soil during consolidation is illustrated 
in Figure 9, where the ratio between the vertical and the horizontal tangent 
shear moduli is reported versus time. As expected, the ratio decreases during 
consolidation. In fact, both Gz and Gx increase with increasing a~ol' while 
only Gz decreases with 'Y since the shear deformation is not present in the 
horizontal plane. Therefore, even though the soil is isotropic at the beginning 
of consolidation, the non-homogeneous distribution of shear deformations 
produces an anisotropy whose effects, in terms of tangent shear moduli, are 
shown in Figure 9. 
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Figure 9. - Ratio between vertical and horizontal shear moduli vs. time. 

6. Concluding remarks 

A study has been presented of the anistropy induced by the stress and strain 
histories in samples of cohesive soil undergoing one-dimensional consolidation. 
The reorientation of the soil particles during the skeleton loading process is 
assumed as the basic cause of this induced anisotropy. 

Simple stress-strain relationships, allowing for the effect of the deviatoric 
stresses on the volumetric deformation, are derived from drained triaxial test 
data. These relationships are applied to the numerical simulation of an oedo
meter test. On the basis of the numerical results it can be observed that the 
non-linear and non-isotropic soil skeleton behaviour influences both the ratio 
between vertical and horizontal effective stresses and that between vertical 
and horizontal shear moduli. 
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In particular, a pronounced increase of the horizontal shear modulus 
relatively to the vertical one shows up. This effect, in turn, causes the initially 
isotropic soil to become non-isotropic. The result seems to indicate that in 
most geotechnical problems concerning cohesive soils, even if normally conso
lidated, the initial anisotropy of the natural soil deposit should not be dis
regarded. 

Both the numerical and the experimental research on this topic seem 
worth being persued, by considering the soil as a material whose anisotropic 
properties are not constant during time but strongly depend on the stress 
and strain history to which the soil is subjected. 
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RESUME 

(Consolidation anisotrope des sols initialement isotropes) 

Un modele numerique pour l'anisotropie induite par l'histoire des contraintes 
et des deformations dans des echantillons de sols coherents soumis a une 
consolidation mono-axiale, est developpe a partir d'essais en laboratoire. 
L'essai de base est un essai triaxial draine, qui permet d'obtenir une relation 
simple entre les contraintes et les deformations. Le sol est considere comme 
etant isotrope au cours de la premiere phase de consolidation. Une reorien
tation des particules au cours du processus de chargement est supposee etre 
a l'origine de l'anisotropie induite. Les resultats numeriques montrent que 
les modules de cisaillement verticaux et horizontaux deviennent tout a fait 
differents au cours de la consolidation. Cette variation appreciable montre 
que dans la plupart des cas pratiques, l'anisotropie des couches argileuses 
nature lIes ne devrait pas etre negligee dans les calculs de la Geotechnique. 
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1. Introduction 

One of the major problems in soil mechanics is proper understanding and 
description of anisotropy induced by one-dimensional consolidation. It is 
well-known that specimens of homogeneous clay, trimmed at different direc
tions to the major consolidating stress, exhibit different failure stresses in 
undrained triaxial compression and different stiffness moduli prior to failure. 
Such anisotropy can be attributed to preferred orientation of clay particles 
during consolidation process (textural anisotropy) or to residual stress resulting 
from inhomogeneity of deformation on the microscale (residual stress an
isotropy). 

This problem was investigated by numerous authors, cf. [2, 5, 7, 8, 13, 14, 
15, 21]. Though preferred orientation has been observed in some natural clays 
[13], this was not detected in others [15,21]. Undrained triaxial tests reported 
by several authors [7, 8, 14, 21] indicate that the undrained strength is highest 
in specimens trimmed along the line of major pre consolidation stress but the 
failure envelope in terms of effective stress does not vary significantly with 
the direction of specimens. The differences in undrained strength result mostly 
from different stress paths and different evolution of pore water pressure prior 
to failure. Similarly, the stiffness moduli in the elasto-plastic domain depend 
essentially on the relative orientation of axes of consolidating stresses and of 
subsequent testing stresses. 

The aim of this paper is to modify the anisotropic hardening model dis
cussed in detail by Mroz, Norris and Zienkiewicz [16, 17] and apply it to simul
ate quantitatively some deformation processes of Ko-consolidated clays. The 
major assumption is that textural anisotropy resulting from preferred orientation 
is neglected and only residual stress anistropy is accounted for. This anistropy 
is described by a modified kinematic hardening model for which the translation 
and expansion or contraction of the yield surface depend on its relative position 
with respect to the consolidation surface characterizing the material prestressing. 
In Section 2 the formulation of our model will be presented for the case of 
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triaxial testing and in Section 3 some model predictions will be discussed and 
compared with available experimental data. In Section 4 a general stress state 
will be considered and the constitutive relations will be derived which consti
tute generalization of the relations discussed in Section 2. 

2. Model description for the case of triaxial test 

In this section we shall restrict our analysis to the case of a triaxial test, that is 
when two effective principal stresses are equal, a2 = a 3' If the compressive 
stresses and strains are regarded as negative, the stress and strain states are 

(1) 

The total stresses are pt = P + Pw' qt = q, where Pw denotes the pore water 
pressure. 
Similarly as in [16] the development of our model is based on the following 
assumptions: 

1) The degree of consolidation of soil is represented by the consolidation surface 
F = 0 which depends on varying material density or porosity. 

2) The yield surface fo = 0 encloses the elastic domain in the stress space and 
translates within the domain enclosed by the consolidation surface F = O. 

3) The hardening modulus of the material varies along the stress path from an 
infinite or very large value on the yield surface to a prescribed value on the 
consolidation surface. This variation may be described by introducing a set 
of nesting surfaces and formulating an interpolation rule which relates the 
hardening modulus to the diameters of the instantaneous active loading 
and consolidation surfaces [16]. An alternative interpolation rule relates 
the hardening modulus to the distance between the yield and the consolid
ation surfaces without the use of nesting surfaces, Similarly as in models 
developed by Krieg [10], and Dafalias and Popov [6] for metals. In this 
paper, we shall discuss a two-surface description of the field of hardening 
moduli. An alternative description using an infinite number of nesting sur
faces produced practically identical results and will be discussed elsewhere. 

4) The usual associated flow rule is assumed and viscous effects are neglected. 

The present formulation differs from classical isotropic or kinematic 
hardening rules since it enables one to incorporate two basic phenomena: the 
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effect of initial consolidation and the subsequent elastic-plastic response for 
stress states below the consolidation level. 

The consolidation surface in [16] was assumed in the form 

(2) 

where 

n 
c = a - m = tan w n = tan~. 

m 

This equation in the p, q-plane corresponds to a one-parameter family of ellipses 
whose centre and semiaxes change with the irreversible density TlP or void ratio 
eP but the ratio of semiaxes remains constant, Figure 1a. The critical state lines 
OB and OD are inclined at the angle w to the p-axis. When n = m, the consolid-

a/ 
b/ 

q 

-8 
A 

p p 

F=O 

c/ d/ 
q 

\ ql 
\ i 

\ 

p p 

F=O 

Figure 1. - Consolidation and yield surfaces in the p,q-piane 
a) elliptical locus 
b) consolidation and yield locus composed of two semi-ellipses we '" we 
c) translated and d) rotated consolidation surface 
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ation surface passes through the ongm. Let us note that this surface was 
assumed as the yield surface by Roscoe and Burland [22] for study of deform
ation of clays in the "wet" state corresponding to the angular domain BOD. 
Here however, we present a model valid in the whole stress space. 

In writing (2) it is assumed that the consolidation surface may expand, 
contract or translate along the p-axis, and that it represents the isotropic proper
ties of the material. A modification of (2) can be proposed by accounting for 
asymmetry of this surface with respect to the p-axis. Assuming the critical state 
lines to be inclined at angles we and We to the p-axis in compression and exten
sion domains and taking these angles from the Coulomb yield condition, we have 

qB 6 sin 'P qD 6 sin 'P 
m = - = tan we = . , me = - = tan we = - .; (3) 

c c 3-sm'P c 3+sm 'P 

where 'P is the angle of internal friction at failure. Figure Ib presents the conso
lidation surface compos.ed of two semiellipses (2) with different values of ne 
and ne, where ne/me = ne/me. These two forms of the consolidation surface 
were studied in [17] and both isotropic and anisotropic consolidation was 
considered. It was concluded that Ko -consolidation and rebound curves can 
not be well simulated by this model and further modifications as to the rule of 
translation of the consolidation surface are to be introduced or its form is to 
be changed. It was suggested that introducing additional translation or rotation 
of this surface, Figure Ie, d, should result in lower values of the Ko coefficient, 
which correspond to actual experimental data. 
In the present work, however, we shall not pursue this idea since preliminary 
numerical tests did not provide satisfactory results and difficulties existed in 
fitting Ko and critical states line to experimental data. We shall rather modify 
the form of both consolidation and yield surfaces and assume, similarly as in 
[17] that the consolidation surface may translate only along the p-axis, thus 
representing the isotropic properties of the material. Figure 2 presents the modi
fied form of the consolidation surface. It is composed of two portions of rotated 
ellipses intersecting at 0 and tangential to each other at A on the p-axis. The 
critical state lines form different angles we and We with the p-axis. Starting from 
a general equation 

F = Ap2 + 2Bpq + Cq2 + 2Dp + 2Eq + F = 0, (4) 

we shall detennine the parameters A, B, C, D, E, F from the conditions 

of of 
p=O~q=O, P = 2a ~ -= 0 oq , p = c ~ op = 0, 

p = c ~ q = ne c. (5) 
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Figure 2. - Consolidation and yield sur
faces in the p,q-plane formed by two 
rotated ellipses. 
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These conditions imply the following from of the upper portion 
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A p 

2 2(~ - 1) (1 - 2~)2 2 4(~ - 1) 
Fe = p + pq + 2 q - 2ap - aq = 0; 

ne ne nc 

(q > 0) , (6) 
where 

a 
~ =-

c 

For q < 0, the lower portion is described by a similar equation satisfying the 
condition p = c ~ q = - fie C, where ne = tan we *" nco We obtain 

(q < 0). (7) 

Let us note for ~ :;: 1, that is for a = c, the principal axis of each ellipse coin
cides with the p-axis. Then 

q2 
F = (p - a)2 + 2" - a2 = 0, 

n 
(8) 

and we obtain the case discussed in [17]. In general, ~ < ~ ,.;; 1 and ~ is an addi

tional material parameter which will be identified from Ko-consolidation tests. 
Let us assume that ne, nc' ~ are constant and a = a (1]P) or a = a (eP). 
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Since 

d1/ == 1/dey == 1/de! + 1/dee ' 
(9) 

de == - (1 + e) dey == - (1 + e) de! - (1 + e) dee, 

where 1/ and e denote respectively the relative bulk density and void ratio, we 
can relate the irreversible increments of 1/ or e to the plastic volume change, thus 

and (10) 

(1 + e) 1/ = 1. 

Consider first the consolidation process for which the stress point lies on the 
consolidation surface which then can be used as the yield surface and generate 
the plastic strain increments 

( oF OF) -dp +-dq (oF OF) -dp +-dq 
op oq of 

deP == -
y of :aF 3p 

op oq of 
deP == -. (11) 

q of of 3q 
(1 + e)--oeP op 

(1 + e)--oeP op 
For the portion Fe = 0, we have 

and the hardening modulus represented by the denominator of (11) is given by 

oa Q 2(~ - 1) ) ( (~ - 1) ) 
= - 4 (1 + e) -P p + q p + -- q - a 

oe nc ~ 
(13) 

For the portion Fe == 0 the formulae (13) and (12) should be modified replacing 
~ - 1 by 1 - ~ and nc by ne" 
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When the consolidation process is terminated, the domain enclosed by the 
surface F = 0 is not elastic since the yield surface f = 0 encloses a much smaller 
domain. It is assumed that the yield surface is similar to the consolidation 
surface and is composed of portions of two ellipses, thus 

2 2(~-1) 
f = (p - a) + (q - a )(p - a ) 
c P n q P 

c 

(q - aq > 0) (14a) 

(q - a <0) , 

where a p ,aq defines the position of the point B1 , see Fig. 2. The parameters 
t nc ' ne are the same as those for the consolidation surface, but ao ::; ao (eP)< a. 
The flow rule now takes the form 

1 af (3f 3f) deP =-- -dp+-dq ; 
v H 3p 3p 3q 

1 3f (3f 3f) deP = - - - dp + - dq . 
q H 3q 3p 3q 

(15) 

The parameters nc ' ne can be determined from (3), whereas the function 
a = a(eP ) is obtained from the isotropic consolidation test. Using the well
known exponential relationship, we can write 

I.e. - e) 
p=pjexp\T ' 

ee _ ee 
p = Po exp ( 0 k ), ( e!' - eP ) a = aj exp I , 

:\-k 

(16) 
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where Pj' ej are initial values of p and e in the consolidation process and Po' eo 
are initial values of the unloading process ; k and A are material parameters. 
Further, let us assume that the ratio ao/a = 'Y remains constant, that is, the 
yield surface shrinks or expands proportionally to the variation of the size of 
the consolidation surface. 
We complete our description of the model by specifying the translational rwe 
of the yield surface and the ru1e of variation of the hardening modulus. We shall 
assume that the instantaneous motion of the stress point P occurs along the line 
connecting P with the associated point R on the consolidation surface. Since 

where (J.p and (J.R denote the centre positions of the yield and the consolidation 
surfaces, and 

(18) 

the translation of the yield surface is governed by the relation 

(19) 

where 

(20) 

In the p , q-plane, the relations (19) take the form 

(21) 

[
a] da - dao do: = dll - (q - 0: ) - q + (q - 0: ), 

q a q a q 
o 0 

where the multiplier dIl can be determined from the consistency condition 

of of of of of 
-dp +-dq -- do: -_. -do: +- da = O. 
op oq op p oq q oao 0 

(22) 
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Substituting (21) into (22), we obtain 

( Or Or) or or [ da - dao ] or da - dao -dp+-dq +-da -- dc+--(p-o:) ----(q-o:) 
op oq oao 0 op ao P oq ao q 

~=~--~~~--~~-=~~~~~-~~----

or [c +.!.. (p -~) - pJ + or [~(q - O:q) - q] 
op ao oq ao (23) 

Let us defme the hardening modulus Kp as 

K= Hp Hp 

p (::t :: [G:t + (::t] 
(24) 

It is assumed that Kp varies from its initial value on the yield surface to the value 
KpR on the consolidation surface dermed by (13), where KpR is related to H 
by (24). 
Let us assume the following interpolation rule for Kp 

(
[j 'Y 

Kl' = KpR + ~o [jO) , (25) 

where Kpo denotes the initial value of Kp on the yield surface; [j is the actual 
distance of the two surfaces, [j = PR, and [) 0 denotes the initial maximal 
distance attained during the previous loading history. It is assumed that 
Kpo »KpR , hence for [j = [jo one has Kp ~ Kpo ' whereas for [j = 0 one 
has Kp = KpR ' When the stress path after reaching the consolidation surface 
continues to proceed in the exterior of this surface, we associate the flow rule 
with the surface F = 0 and equations (11), (13) apply. 

3. Study of material response for ''triaxial'' stress states 

In this section, we shall discuss some typical deformation paths occuring in 
edometric and triaxial tests, when u2 = u3 . 

3.1. Ko-consolidation process 

Let E2 = E3 = 0 and El corresponds to non-vanishing principal strain. Since 

E = -! (e + 3E ) and E = -..!: Ie - ~ E ) the uniaxial deformation 
1 3 y q 2 3 ~y 2 q , 

is characterized by the relationship 

2 
dEq --dEy = O. 

3 
(26) 



www.manaraa.com

606 St. Pietruszczak, Z. Mr6z 

If we assume that the elastic strain increments are defined by the relations 

dp 
dee =

v K 
dq 

dee =-
q 3G 

where K = (1 + e) p/k, then equation (26) implies that 

~+(~f _~ af~ 
dq K ap) 2 ap aq 
-= 

~ +~(~)2 _ af ~ 
2G 2 aq ap aq 

dp 

(27) 

(28) 

When the stress state corresponds to the consolidation surface, the derivatives 
af/ap and af/aq should be replaced by aF/ap and aF/aq. For a rigid-plastic 
behaviour, we then obtain 

and 

aF 2 aF 
----=0 
aq 3 ap 

s =~ 
Ko p 

(29) 

[[4(~ - 1) (3~ - n) + 3)2 + 4n(1 - 202 (n + 3~ - 3) - 4n(~ - 1)2)1/2 + 4(~ - I) (3~ - n) + 3 

(30) 

moreover 

a2 3p - 2q 3 - SK 
K =_= = 0 

o at 3p + 2q 3 + 2SKo 
(31) 

Thus for a rigid-plastic material, the consolidation path will be a straight line 
in the p,q-plane. For ~ = 1 we obtain the relation 

q 2n2 
S ---------

Ko P (9 + 4n2)t/2 + 3 
(32) 

already obtained in [17]. 
Equation (30) can be used to determine the parameter ~ by comparing (30) 
with the experimental Ko-line in the p,q-plane. 
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Figures 3,5 show predicted paths in the up u2 -plane for Ko-Ioading and 
unloading programs. The material parameters for the Weald clay were assumed 
similar as in [17]: IP = 26°; h = 0,091; k = 0,030; eo = 0,57; a/ao = 5,0; 

G/K = 055· K = (1 + e) p. 
" k 

Figure 3 presents the Koconsolidation paths for four values of ~. It is seen 
that for ~ = 0,85 the present model can well simulate the consolidation path 
obtained experimentally by Skempton and Sowa in [24]. For ~ = 1, we arrive 
at the case of the yield condition studied in [17]. Figure 4 shows the predicted 
depedence of Ko on the angle of internal friction IP for four values of ~. It is 
seen that collected experimental data lie between the lines corresponding to 
~ = 0,85 and ~ = 0,70. 

0 _2 OA 

150 

100 

50 

50 

0 .6 0 .8 

1_0 

Average Ko Line 0 _5 

Skempton &- Sowa [2-4] 
(Exptl) 

100 

Figure 3. - Comparison of experimental Ko·consolidation of Weald clay with numerical 
analyses for different values of t. 
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Figure 4. - Depedence of Ko on the angle of internal friction for a rigid-plastic material. 
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Figure 5. - K o-unloading paths for different values of'Y and K po. 
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Figure 5 shows the Ko-Ioading and rebound curves for different values 
of the exponent 'Y occuring in the hardening rule (25) and for a selected value of 
~ = 0.85. It is seen that assuming 'Y = 2.0 and Kpo = 0.2 . lOs, we can simulate 
sufficiently accurately the rebound curve obtained in [24]. However, 
it turns out that for small values of p the rule (25) implies very large reverse 
strains. To avoid this inconvenience, a modified hardening rule was proposed 
for p .::;; Po' whereas for p ~ Po the rule (25) applies. Here Po denotes an expe
rimentally determined value of transition pressure. Assume that 

(33) 

where : C = Q! • Kpo; 0.1 .::;; Q! .::;; 0.5. For p = Po' the formulae (33) and (25) 
provide the same value of Kp. Figure 6 shows the modified rebound curves for 
different values of C. The undrained compression path is also shown in Figure 6 

0.2 0.4 0.6 

150 J =085 

100 

50 

c=o 

c= 0.1 Kpo 

~Kpo 

50 100 

0.8 

1.0 

0.5 

Figure 6. - Modified rebound curves for different values of C. 
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Figure 7. - Depedence of K 0 on the overconsolidation ratio. 

for overconsolidated clay. It turns out that modifying the Ko rebound curves for 
low values of pressure, we improve significantly the subsequent undrained paths. 
Therefore the modification of the hardening rule seems expedient. 
Figure 7 illustrates the depedence ofKo on the overconsolidation ratio (O.C.R.) 
defined as 

avm 
O.C.R.=-, (34) 

aye 

where aym is the maximum value of a1 reached in the loading process and aye is 
the actual value of a1 during Ko-unloading. It is seen that the model overesti
mates the Ko values for higher values of O.C.R, as compared to experimental 
data of [24] for Weald clay. Therefore, further improvement of the model is 
reqUired. On the other hand, the data for two other clays seem to fit better the 
calculated curve. 
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The numerical tests carried out so far enable us to specify the best values 
of material parameters: ~ = 0.85, 'Y = 2.0, Kpo = 0.2'105 , Po = 50 1b/in2 , 

C = 0.1 Kpo' 

3.2. Material response after anisotropic Ko-consolidation 

Let us now discuss the undrained compression and extension tests following the 
initial Ko -consolidation. If we assume both the pore water and skeleton as 
incompressible, then the undrained loading becomes an isochronic deformation 
process, that is 

(35) 

Using the flow rule and the elastic incremental relations (27), we get that the 
undrained stress path is given by the equations: 

Of af 

dq ap 3q 1 
-= =--

and 

dpw = dpt + ~ dq. 

When the stress state corresponds to the consolidation surface, we have 

3F aF 

dq ap 3q 
-=- , 

( aF)2 + !:! 
3p K 

dp 

where H and 3F/ap, 3F/3q are determined from (13) and (12). 

(36) 

(37) 

Figure 8 presents the undrained stress paths in the plane of effective 
stresses aI' a2 . The predicted and experimental paths [24] are similar. 
Moreover, the failure points 1, 2, 3, 4 for the same overconsolidation ratios are 
accurately predicted by the present model. Figure 9 shows the functions Cu/ave 
versus O.C.R. predicted and obtained experimentally for several clays. It is seen 
that the agreement with the data of [24] is very good and the respective curves 
for other clays indicate a similar shape. 

Finally, Figure 10 shows the q - €q response curves corresponding to 
compression - extension undrained paths issuing from C and D in Figure 8. It 
is interesting to note that not only failure stresses are different for compression 
and extension tests, but also initial stiffness moduli differ significantly, i.e. the 

21 
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Figure 8. - Ko consolidation-unloading followed by undrained axial loading and 
unloading. 

tangent modulus in the compression test is greater than that in extention. This 
problem was recently discussed by James and Caimcross [5] and by Mitchell 
[15] who indicated that directional variation of stiffness within the elasto
plastic domain is one of the essential features of clay anisotropy. 

We have thus presented a sufficiently complete study of model predictions 
for different loading histories. It is demonstrated that Ko-Ioading, unloding and 
undrained compression - extension paths can be simulated with sufficient 
accuracy. Moreover, the standard Ko = f(O.C.R.) and Cu/ave = f (O.C.R.) 
curves for clays are also simulated with fair accuracy, though further refinements 
are obviously needed in the case of particular clays. In general, a considerable 
improvement was reached with respect to the previous version of the model dis
cussed in [17]. 
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Figure 10. - Shear stress versus deviatoric strain for stress paths (2) and (3) in Figure 8. 
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4. Constitutive relations for the general stress state 

So far, we have considered only the "triaxial" stress states for which the two 
principal stresses are equal. However, the applicability of the model can be 
extended considerably by formulating the constitutive relations for the general 
stress state. It is the aim of this section to provide such a generalization. 

Consider the three invariants 

1 
Jm = - (aii - aii) , 

3 

a = [ ~ (Sij - aij) (su - au) J/Z 

1 
J 3 ="3 (su - au) (ski - aki) (Ski - akj ) 

(38) 

1 
of the "translated" stress aij - aU' Here Sij = aU - "3 akk 0u is the stress 

deviator and aii ,aU denote the spherical and deviator components of the trans
lation tensor aU of the yield surface. Further, let us introduce the angle measure 
of the third invariant 

(} = .~ arc sin (_ 3.J3 J ~ ) 
3 2 0 3 

- 1[/6 ~ (} ~ 1[/6 , (39) 

where the angle fJ can be found in the octahedral plane 1T: a l +az + a3 = 
const. For the "triaxial" stress state, az = a3 , we have 

1 
P -a =-J =-a +-a 

p m m 3 ' (40) 

q - aq = V30+ ' 

1 
where am = "3 ail ' a = aii and 0+ denotes the value of a for az = a3, fJ = 1T/6. 

Generally, the principal stresses can be expressed in terms of J m ' (j and fJ: 

\ :: I sin (fJ+ ~ 1T) 

2 
(41) =--a sin fJ + am' 

/.,\ 
V3 

sin (fJ + ~ 1T ) 
\ / 
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Assume that the yield curve in the 1T plane is expressed as 

a = 0+ g(O), 

where 

2k 
g(O) = ------

(1 + k) - (1 - k) sin 30 

3 - sin 1,0 
k=---

3 + sin 1,0 

615 

(42) 

(43) 

so that g (1T / 6) = 1. This relation follows from earlier developments proposed 
by Zienkiewicz and Pande [25], Gudehus [9] and Argyris [1]. The yield condi
tion (14) in the p,q-plane can be rewritten as follows 

~ 1)2 2v13(~-1)(_ 1 _ 
f= a --a - a --a)a+ 

m 3 n m 3 
e 

(1 - 2 ~)2 2 1 - ~ ~ 1) + 3 a - 2a -- a - - a + 
2 + 0" m 3 ne ., 

(44) 

2y'3(~-1)(1-2~) _ 1-2~ 
+ ao a+ + a~ --2- = 0, 

ne ~ ~ 

and since for 0 = 1T/6, we have ne = 6 sin 1,0/(3 - sin 1P),we obtain 

f == 3 sin2 <f) .(a - ~)2 _ 6 sin2 1,0 1 - ~ a (a _ ~) -
'1' m 3 ~ Om 3 

- y'3(~ - 1) sin 1,0 (3 - sin 1,0 sin 30)· 
(45) 

[/ a) 1 - 2~ ] [ 1 .. J2 _ 
\am -3" --~-ao a+ 2(1-2~)(3-SmlPsm30~ a2 

1- 2~ 
+ 3a~ sin2 1P ~ = O. 

~ 

Equation (45) is geometrically represented by a surface with similar cross
sectional shapes in all 1T-planes, Figure 11. The center of this surface is deter
mined by the tensor aij' The gradient tensor of this surface is given by 

(46) 
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Figure 11. - Consolidation surface in the prin
cipal stress space a/ The 1r Plane Section of 
yield and consolidation surface. 

where 

af 
c =--

1 aa 
m 

I af 
c =-

2 aa 

Further, from (45), we have 

I af 
c =-. 

3 ao (47) 

- v'3(~ - 1) sin 1,0 (3 - sin 1,0 sin 30) a 
af 1 
au = "2 (1- 2~)2 (3 - sin 1,0 sin 30)2 a 

( 
0: 1 - 2~ ) 

- v'3(~ - 1) sin 1,0 (3 - sin 1,0 sin 30) am - "3 - -~- ao (48) 

-=3acos30 v'3(~-l)slll 1,0 a -----a -af _ [ . 2 ( 0: 1-2~ ) 
ao m 3 ~ 0 

- ~ a(1- 2n2 (3 - sin 1,0 sin 38) sin 1,0] 
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and the gradient tensor a fja a is finally expressed as 

(49) 

where 

~ a 1-~ ) 
c = 6 sin2 <.p a - - - -- ao 

1 m 3 ~ 

- v'3(~ - 1) sin<.p (3 - sin <.p sin 30) (f 

and 

c2 = (2 sin 30 sin <.p + 3{ ~ (1 - 2 ~)2 (3 - sin <.p sin 30) a 

- v'3 (~ - 1) sin <.p (a - ~ - 1 - 2 ~ a )] 
m 3 ~ 0 

(50) 

2 V3 [ r::;- • 2 ( a 1 - 2~ ) c3 = - -- V 3 (~ - 1) sm <.p a ~- - -- a 
2iJ2 m 3 ~ 0 

- ~ a (1 - 2~)2 (3 - sin <.p sin 30) sin <.p ] 

Sx - ax 

1 Sy - a y 
aUm 1 1 au 1 Sl - Ql --=- -=-aa 3 0 aa 2(f 

0 

0 

(Sy - a y) (sz - aJ - (fZY - a Zy )2 

(sx - ax) (sz - liz) - (rxz - a xz )2 

(sx - ax) (Sy - <iy) - (rXY - a Xy )2 

2 (ryZ - ayz ) 

2 (rxz - axJ 

2 (rXY - a XY ) 

2 {(rxz - a xz ) (rXY - a XY ) - (sx - ax) (ryZ - a yz )} 

2 {(ryZ - a yz ) (r xy - a XY) - (Sy - ay) (r xz - axz)} 

2 {(ryZ - ayz ) (rxz - axz ) - (sz - az ) (rXY - a XY )} 

1 + -a2 
3 

(51) 

o 

o 

o 
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a 
Setting Qij = 0 , ail = - 3 1" ' ao = a we obtain from (45) the equation of the 

consolidation surface F = O. Now, the invariants (38) become 

1 
J 3 = 3" sij Ski sIq , 

8 = 1. arc sin (_ 3 v'3 J 3 ) 
3 2 u3 

(52) 

and the consolidation surface is expressed as 

F = 3 sin2 'P (urn + a)2 - v'3(~ - 1) sin 'P (3 - sin'P sin 38) (urn + 2a) a 

+ [~(1 - n) (3 - sin 'P sin 38)T a2 .- 3a2 sin2 'P = 0, (53) 

with the gradient tensor 

and 

aF au au aJ 3 
-=c ~+c -+c-
a" 1 a" 2 a" 3 a" 

c1 = 6 sin2 'P (urn + a) - V3 (~- 1) sin 'P (3 - sin'Psin 38) a 
c2 = (2 sin 'P sin 38 + 3) [- v'3(~ - 1) sin 'P (urn + 2a)+ 

1 
+ 2(1- 2~)2 {3 - sin'P sin 38)a] . 

3..ff[ C3 = - -2- ..[3 (~- 1) sin2 'P (urn + 2a) -
2u 

(54) 

- } (1 - 2~)2 (3 - sin'P sin 38) sin 'Pi]] (55) 

The hardening modulus for states corresponding to the consolidation surface 
F = 0 can be obtained by starting from the flow rule 

1 aF aF T 
daP = - - (-) d" 

H a" a" 
(56) 

and the consistency condition 

aF T aF 
(-) d" +- deP = 0, a" a eP 

(57) 
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where deP = (1 + e) tr (deP). From (56), (57) we obtain 

aF (aF) H = - (1 + e) - tr - , 
aeP a~ 

(58) 

where 

aF aa 
-= 2- [3 sin2 <pam - V3(~ - 1) sin <p (3 - sin <p sin 38)a] ; 
aeP aeP 

aF) tr (a; = c l · (59) 

The translation rule is given by 

(60) 

where 

and 

OCR = {- a/~ ,- a/~ ,- a/~ ,0,0, O}T . (62) 

The other relations remain identical to those in Section 2. The transition to the 
case a2 = a3 can be now easily obtained. In fact, the invariants <1, J3 , 8 become 

8 = rr/6 for [(a2 - at) - (a2 - at)] :> 0 or q - aq > 0 , 

8=-rr/6 for [(a2 - a1) - (a2 - a l )] < 0 aT q - aq < O. 

s. Concluding remarks 

(64) 

The present study supplements the previous work [16, 17] on the modelling of 
elastic-plastic response under monotonic and cyclic loading. The basic assump-
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tion is that the preconsolidated soil behaves as an isotropic material for stress 
states exceeding the pre consolidation level measured by the surface F = 0, 
whereas anisotropic effects occur for stress states below the consolidation level 
(F < 0). It was demonstrated that Ko-Ioading, unloading and undrained paths 
can be simulated with sufficient accuracy. On the other hand, for some clays, 
where the textural anisotropy becomes an essential factor, it may tum out 
necessary to allow for translation and/or rotation of the consolidation surface. 
This however, would involve additional material functions and imply further 
complexity of the model. 
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RESUME 

Vne description de la consolidation anisotrope des argiles 

Vn modele d'ecrouissage combine isotrope-cinematique pour les sols est discute 
en utilisant Ie concept de la surface de consolidation et de la surface d'ecoule
ment pour definir l'etat du materiau. La consolidation Ko, la de charge et les 
chemins de contrainte non-draines sont etudies et simuIes par Ie modele. Vne 
formulation generate des lois de comportement est presentee dans la derniere 
partie. 

DISCUSSION 

CoMMENT BY Y. F. DAFALIAS ; Dr. Pietruszczak presented a very interesting 
adaptation of a two surface plasticity model to soil mechanics taking into 
account anisotropy as an extension of a previous work by Mr6z, Norris 
and Zienkiewicz (1978). Since it has not been explicitely stated, I would 
like to mention that the above work by Mr6z et al. is based on the concept 
of the "Bounding Surface" in Plasticity enclosing the yield surface, as 
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originally proposed by Dafalias and Popov (9th U.S. National Congress 
of Applied Mechanics, Proceedings, Boulder, Colorado, June 1974). This 
concept has been further elaborated within the framework of plastic 
internal variables in a series of papers by Dafalias and Popov (Acta Mecha
nica (1975), Mechanics Research Communications (1976), J. Applied 
Mechanics (1976), Nuclear Engin. and Design (1977)), and independently 
proposed in a more restrictive form by Krieg (J. Applied Mechanics 
(1975)). Finally, I would like to mention that an even simpler model in 
terms of a Bounding Surface only without a yield surface, has been adap
ted by critical state soil cyclic plasticity by Dafalias (7th Canadian Confe
rence of Applied Mechanics, Proceedings, May 1979). In conclusion, it 
appears that the concept of the Bounding Surface (called the Consoli
dation Surface in the present paper) can treat successfully complex aspects 
of material behavior including cyclic response and anistropy effects. 

REPLY BY St. PIETRUSZCZAK: The .modelprop06ed by Mroz et al [16] follows 
from a multisurface hardening rule for metals developed by Mraz [18] for 
both a discrete and an infmite set of loading surfaces. In the present paper 
we use a simplified interpolation rule which indeed is similar to that deve
loped by Krieg [10] and Dafalias and Popov [6]. In the paper only a short 
recapitulation of the theory discussed by Mroz et al. is given (with the 
references to [16]). The aim of this study is to modify that concept and 
apply it to simulate some deformation processes. However, even in this 
paper, the Reader can fmd the references to Dafalias' and Popov's works 
as well as to Krieg's. 
Thank you for the more general review of your papers given in the 
comment. 
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1. Introduction 

Every engineering material exhibits anisotropic behaviour to a certain extent. 
In fact, even if the material's inherent structure would have been initially 
perfectly isotropic, some degree of anisotropy would be induced by a super
imposed non-isotropic strate of strain. Nevertheless for many materials, such 
as steel, the influence of anisotropy is negligible and is therefore usually dis
regarded. For many others, on the contrary, inherent and induced anisotropy 
greatly influence their mechanical behaviour. To the latter class of materials 
belong, for instance, many types of rocks, varved clays and in practice every 
soil that underwent a consolidation process with a preferential direction. In 
fact, it has been demonstrated, see e.g. Mitchell [7], that clay particles tend 
to become oriented perpendicularly to the major principal stress direction 
during one-dimensional consolidation. The preferred orientation of clay 
particles cajlses strength and deformability of clay to vary with direction. 
Also, the way of transportation during deposition may result in anisotropic 
fabric and consequently in anisotropic behaviour. Even the behaviour of 
granular materials depends on the angle between the principal axes of stress 
and on the deposition orientation, as demonstrated by Arthur and Menzies 
[1]. For this class of materials analyses based on the assumption of purely 
isotropic behaviour may be often misleading. 

In this paper the influence of anisotropy on the strength of materials 
enjoying cohesion and friction, and then mainly soils and rocks, is investig
ated. Strength is by no means the sole property of a geologic material affected 
by anisotropy, since the latter also widely influences the stress-strain charac
teristics and the mode of failure, as thoroughly discussed by Mitchell [8], 
but these latter aspects will eventually be considered in a further paper. 

The analysis will be restricted to orthotropic materials. This makes the 
problem of the derivation of the failure condition much easier and does not 
limit the practical applicability of the theory, since the way in which soils 
and rocks are formed suggests that these materials enjoy that property. 
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It will be shown that the proposed failure condition reduces to either 
the Tresca or the Coulomb failure criteria in special cases for isotropic ma
terials. The results obtained from the theory will be compared with test 
data, available from the literature, in conventional triaxial loading conditions. 

In the following, the term stress means effective stress in the usual 
sense of Soil Mechanics, if not otherwise specified. 

2. The failure condition 

Consider a material element of infinitesimal dimensions and a reference frame 
m, n, t centred in the element and a plane passing through it whose normal is m. 
Let mi (i = 1, 2, 3) be its directon cosines with respect to a reference frame 
of axes xi that will be specified later. We shall assume that the scalar shear 
component amn on that plane cannot exceed a certain value, in general 
dependent on the direction of m, so that 

amn~ SCm). (1) 

Failure is attained when the equality sign holds. We shall postulate that 
the shear strength SCm) is due to the concurrence of two scalar terms fmm and 
cmm which vary with the orientation as the normal components of a double 
tensor do. 

The latter can be physically linked to the cohesion of the material. The 
former is defined as 

fmm = iflmrnrs ars , (r, s = m, n, t), (2) 

where t/J is a quadruple tensor that must be intended as a simple array of 
numbers, see also Boehler and Sawczuk [4]. The tensor" can be physically 
linked to the internal friction of the material. It will be assumed that 
iflrnnrs = iflnrnrs = ifJrnnsr . Therefore one has 

(3) 

It is possible to formulate a proper failure criterion starting from (3) by 
the same path of reasoning as proposed by Capurso and Sacchi [5]. In fact, 
consider the reference frame xi and express the terms amn , fmm and cmm 
with reference to xi. One has 

fmm = fik mimk, (i, k, Q = 1,2,3), 

. k 
cmm = cik mlm , 

(4) 
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so that condition (3) becomes 

(5) 

The directon cosine ni can be expressed in terms of the other two through 
the Ricci alternating tensor ei k!2, 

(6) 

From (3) and (6) one has 

(7) 

This expression is a positive semidefinite quadratic form. Thus one must have 

(8) 

i.e. the determinant of the symmetric part of the matrix of the quadratic 
form must be non-negative. In particular, if condition (3) holds with the equality 
sign, so does condition (8). Therefore Eq. (8), explicitly written, gives the 
required expression of the failure criterion. 

To start with, set 

te!2j=bj 
!2 k· k· (9) 

It is easy to see that bkk = 0, bkj = - bjk , b 12 = t 3 , b13 = - t 2 , b23 = t 1 . 

Therefore the tensor 

(10) 

has the components 

The only non-symmetric term in the matrix of Eq. (8) is the last one 
To get the symmetric part of that matrix we then have to put only 

(12) 
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The detenninant D, 

(13) 

is in general a rather involved function of the stress tensor components ajk. 
If we assume as reference frame that of the axes of principal stresses, the 
expression for D is much simpler. In fact, one has 

, " , 1 ,1 
Pll = P22 = P33 = 0; P12 = - 2" T 12 t3 ; P13 = 2" T 13 t2 ; 

having defmed 

(no summation over i or k). 

Therefore at failure 

D == (fll + cll ) [(f22 + C22 ) (f33 + C33) - (f23 + C23 - 1>23)2] -

- (f12 + C12 - P12) [(f12 + C12 - 1'12) (f33 + C33) -

(14) 

(15) 

- (f23 + C23 - P23) (f13 + c13 - P13)] + (f13 + c13 - 1'13)'· (16) 

• [(f12 + C12 - 1'12) (f23 + C23 - 1'23) - (f22 + C22 ) 

• (f13 + c13 - P13)] = o. 

Because of (9) the direction cosines tj are still present in Eq. (16). To 
get rid of them, one can make use ofthe theory of the envelopes. 

(18) 

(19) 
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Substituting (l7) and (19) in Eq. (10) one sees easily that 

which implies 

Squaring each member of (21) and taking into account that 

ti + t~ + t; = 1, 

one gets 
1 

{[(fll + cll )(f33 + C33)]2 ± (f13 + C13)}2 t~ + [([(fll + Cll)' 

1 

• (f33 + C33)]2 ±(f13 + C13)}2 _{l/2T13)2]t~ + 

1 

+{[(fll + cll )(f33 + C33)]2 ± (f13 + C13)}2 t; = O. 

627 

(20) 

(21) 

(22) 

(23) 

Eq. (23) is again a quadratic fonn. The associated matrix is diagonal and its. 
detenninant must be nil. This occurs when 

1 

{[(fll + Cll) (f33 + c:n )]2 ± (f13 + c13)}2 - (1/2 T 13)2 = O. (24) 

The least value of IT 13/21 for which Eq. (24) is fulfilled, and then 
failure attained, is therefore 

1 

IT 13/21 = I [(fll + cll ) (f33 + C33)]2 - 1 f13 + c13ll. (25) 

Following the same path of reasoning and substituting Eqs. (17) in 
(18) and then (18), (19) in (l0), one gets 

1 

IT 12/21 = I [(fll + Cll) (f22 + C22 )]2 -I f12 + cull, (26) 

1 

IT23 /21 = I [(f22 + c22 ) (f33 + C33)]2 - I f23 + c23 11, (27) 

Failure is attained when either one of the conditions (25), (26), (27) is 
fulfilled. Conditions (25), (26), (27) state that failure is attained when the 
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largest shear stress reaches a value that is dependent on the inclination of 
the material element with respect to the principal axes of stress. 

The strength parameters fij , cU' appropriate for each considered direction, 
can be derived once some material constants have been experimentally deter
mined. In fact, it is necessary to know the principal cohesive strengths cI' clI' 
cm to uniquely defme the double tensor c. Moreover, as shown by Boehler 
and Sawczuk [4], the number of independent components of the tensor ~to 
be experimentally determined reduce to six non-zero terms 

If>mmnun ' If>mnmn, (m, n = 1,2,3) , 

since one has 

If>mnmn = If>nmnm . 

(28) 

(29) 

Since the principal axes of strength do not coincide in general with 
those of stress, the usual tensor transformations must be employed. There
fore the relevant strength parameters are given by 

Cij = cmm axm/axi axm/aXj , 

If>ijkk = If>mnmn axm/axi axn/aXj axm/axk aXn/axk ' 

f ij = If>ijkk ukk . 

3. Specialization to the isotropic case 

(30) 

(31) 

(32) 

To check the validity of the proposed theory, let us first consider the special 
case when the material is isotropic. To start with, assume that the material 
is purely cohesive. Then, if lSij is the Kronecker delta, 

fU = 0 . (33) 

Assume that Eq. (25) is fulfilled. Then we have 

(34) 

which coincides with the Tresca criterion. 
Consider now a purely granular material such that 

(35) 

where 

(36) 
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which is the most general expression for an isotropic tensor enjoying the 
assumed symmetries. Since the frictional strength of an isotropic solid is 
directly proportional to the normal component of the effective stress on 
the considered plane, it is easy to show that A must be nil. This result has 
been also obtained by Boehler and Sawczuk [4] with similar considerations. 
Therefore, from Eq. (25) one has 

which is an unusual way of writing the Coulomb criterion where 

2/1 = tan I/) 

(37) 

(38) 

and I/) is the angle of internal friction. In fact, the Coulomb failure condition 
is usually written as 

T = ° tan I/) • (39) 

This implies that, at failure, 

1 - sin I/) 
°33 = 1 + sin I/) °u . (40) 

Therefore 

2 2 ( 1 - sin I/) )2 sin2 I/) 
1/4(011 - 033) = 1/4011 1 - . = ----0 ° 

1 + sm ifJ 1 - sin2 ifJ 11 33 

(41) 

which implies Eq. (37). 
Thus the Coulomb criterion can be also formulated as stating that the 

maximum shear stress cannot exceed a quantity proportional to the geome
tric mean of the maximum and minimum principal stresses, 

(42) 

Finally, if the material enjoys both cohesion and friction, Eq. (25) becomes 

(43) 

which is again the correct formulation of the Coulomb criterion as can be 
easily verified substituting (OJ + c/2/1) for OJ in Eq. (42). 
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4. Transversely isotropic materials 

For a generic orthotropic material with friction and cohesion there are nine 
independent constants to be determined to characterize its strength. These 
constants can be found in principle by suitably designed experimental pro
cedures, but their practical determination appears complex, because of the 
difficult mathematical expression of the failure criterion. To make things 
easier, let us consider only materials which enjoy a polar symmetry with 
respect to an axis, or transversely isotropic materials. This limitation does 
not restrict the practical interest of what follows since most soils and rocks 
are stratified and enjoy this property. Soils like varved clays or rocks as dia
tomite are examples of this class of materials. 

The determination of the experimental constants can be performed 
with a standard triaxial apparatus in which the principal axes of stress are 
the vertical axis Xl and any two orthogonal axes x2' x3 in the horizontal 
plane. Therefore, also the state of stress enjoys a polar symmetry with respect 
to the vertical axis. 

Assume that xt is the axis of symmetry of the strength and that xr and 
Xs are any two orthogonal axes in the plane whose normal is x t ; for the 
assumed symmetry Xs = x2 . 

Let us consider separately the case of purely cohesive and purely fric
tional materials. 

a) Purely cohesive material 
Assume that the principal components of the strength tensor are 

Cr = Cs = aCt, a ~ 1 . (44) 

Note that by definition cr is the cohesion on the plane whose normal is xr . 
It is easy to see that failure is attained when Eq. (25) holds. If 8 is the angle 
between xr and x lone has 

cll = cr cos2 8 + ct sin2 8 , 

c33 = ct cos2 8 + cr sin2 8 , 

cl3 = 1 (Cr - ct ) sin 28 . 

Therefore Eq. (25) becomes 

1 ! 
"2 (u ll - u33 ) = ct {[(acos28 + sin28)(asin28 + cos28)]2 

a-I 
- -- sin28}. 

2 

(45) 

(46) 
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In Figure 1 the polar diagram of strength is plotted for various values 
of the anisotropy coefficient a. The shape of this diagram is prominently 
dependent on a. In fact, it passes from a circle for a = 1, to a convex curve 
for 1 .;;;; a .;;;; 2, to a straight line for a = 2 up to a concave curve for a ;;;" 2. 
What is most interesting is that for every value of a the least strength is 
attained when t/> = 45°, and it coincides with the least possible strength 
Ct. On the contrary, the largest strength cr can never be reached. The 
maximum available strength is 

1 2' (all - 0 33 ) = .;c;c;, = ct va (47) 

and is reached when 0 = 0° or 0 -== 90°. The diagram is symmetric with 
respect to the axis inclined at 45° . 

The physical meaning of the results obtained can be deduced from 
Figure 2 where some samples of a stratified material with different inclin
ations of the stratification with respect to the principal axes of stress are 
schematized. In fact, assuming that the plane of the stratifications is that 
of least strength, it is obvious that if the least strength is reached for 
o = 45°, failure occurs independently of the strength at different inclin
ations. It is also evident that the largest available strength is reached when 
o = 0° or 0 = 90° and that the polar diagram of strength should be sym
metric with respect to the axis of least strength. 

b) Purely frictional material 
Following Boehler and Sawczuk [4], in an orthotropic tensor written 

with reference to the principal axes of orthotropy the only independent 

0" 

900 

Figure 1. - Polar diagram of strength of a 
purely cohesive transversely isotropic material. 

T 

c, 

C t 

Figure 2. - Strength of specimens 
with different trimming directions 
for a purely cohesive material. 
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parameters are <Prrrr , <Pssss ' <Ptttt , <Prtrt , <Pstst ' <Prsrs ' Because of the assumed 
transverse isotropy, a rotation of the reference axes in the isotropic plane 
does not affect the components of the tensor ;. It is possible to see, by 
means of the usual tensor transformation rules, that <Prrrr = <Pssss = 2 <Prsrs ' 
<Prtrt = <Pstst ' so that the tensor p becomes 

21lr 

21lr 

21lt o 

Ilr Ilr 

¢J= Ilr Ilr (48) 

0 

with only three independent constants Ilr' Ilt and Ilrt to be determined. 
Since the failure criterion is expressed in terms of principal stresses, one 
has to transform the tensor (48) to express it in terms of xl' x2 , x3 . It 
can be easily seen that Eq. (25) holds at failure. Then, since 

f 11 = <P 11U a 11 + <P1122 a22 + <P 1133 a33 ' 

f 33 = <P3311 all + tP3322 a22 + <P3333 a 33 ' 

f13 = <P 1311 a11 + <P 1322 a22 + <Pl333 a33 ' 

only the nine <Pitas terms appearing in Eqs. (49) are relevant. Since 

it is easy to see after some calculation that 

<P1122 = <P3322 = <P1322 = 0 , 

and that 

(49) 

(50) 

(51) 

<PUll = 2Ilr (axr /ax1)4.+ 2Ilt(aXt /ax1)4 + 4Ilrt(3xr /3x1 axt /3x1)2 , 
(52) 

<P3333 = 2Ilr (3xr /ax3)4 + 2Ilt(axt /3x3)4 + 41lrt (axr/ox3 oxtloX3)2 , 

(53) 
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1/>1133 = 2/lr (aXr /ax l axr /ax3)2 + 2/lt (axdax l aXdaX3)2 

+ 4/lrt caxr /ax l axt/ax l axr /ax3 axt /ax3), (54) 

1/>1311 = 2/lr (axr /ax l )3 (axr/ax3) + 2/lt (aXt /ax l )3 (axt /ax3) 

+ 2Prt(axr /ax l) (axdaxl)(axr/axl axt /ax3 

+ axr/ax3 axt/ax l ), (55) 

1/>1333 = 2/lrcaxr /ax1) (axr/ax3/ + 2/lt caxt /ax l ) caxtlaX3)3 

+ 2/lrt (axr /ax3) (axdax3) (axr/ax l axtlax3 

+ axr /ax3 axtlaxl)' (56) 

Defining again 0 as the angle between xr and xl' one has 

xr = Xl cos 0 - x3 sin 0 , 
(57) 

which implies 

axr/ax l = cos 0 axr /ax3 = - sin 0 

aXt /ax3 = cos 0 . 
(58) 

Substituting (51)-(56) in (49) and taking account of (58), one gets 

f11 = 2/lr cos2 0 (all cos2 0 + 03 3 sin2 0) + 2/lt sin2 0 Call sin2 0 

+ 0 33 cos20) + 4/lrt COS20 sin20 (all - 033 )' (59) 

f33 = 2/lr sin20 (all cos20 + 033 sin2 0) + 2/lt cos20 (all sin20 

+ 0 33 cos2 0) - 4/lrt cos2 0 Sin20(01l - 0 33 ), 

f13 = - 2/lr cos 0 sin 0 (all COS20 + 0 33 sin20) 

+ 2/lt cos 0 sin 0 (all sin20 + 033 cos20) + 2/lrt sinO cosO 

(cos 2 0 - sin2 0)(011 - 0 33 ) • 

For practical applications it is often convenient to express Eq. (49) in 
terms of stresses referred to the principal axes of orthotropy. Considering that 

- 20 + . 20 Or - all cos 0 33 sm , 

- . 20 + 20 at - all sm 0 33 cos , (60) 
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one gets 

fll = 2J.Lrar cos2 0 + 2J.Lt at sin2 0 + 4J.1.rtTrt sinO cosO, 

f33 = 2J.Lr ar sin20 + 2J.Lt at cos2 0 - 4J.LrtTrt sinO cosO, (61) 

f13 = (- J.L r ar + J.Lt at) sin 20 + 2J.L rt T rt cos 20. 

The experimental constants can be found with a triaxial test. In fact, 
in tenus of principal stresses, taking account of Eqs. (59), one has 

1 

+ 2J.Lt cos2 () (R sin2 0 + cos20) - 4J.Lrt cos2 8 sin2 0 (R -1»]2 

- sin 2() I - J.Lr (R cos 20 + sin2 8) + J.Lt (R sin2 8 + cos2 8) + 

+ J.Lrt (R - 1) cos 28 I, (62) 

where R = all /a33 • Eq. (62) is in implicit form. It can be solved for R, by 
giving a trial value to R in the r.h.s. and calculating R in the l.h.s. until 
convergence is reached. It is easy to see that if () = 0° or 8 = 90° one has 

R-l 
2y'R = 2YJ.LrJ.Lt' (63) 

Since 

R-l 
2 VR == tan rp, (64) 

where rp is the angle between the a axis and the tangent to the Mohr circle 
at failure passing through the origin in the Mohr plane, one may defme 

(65) 

so that Eq. (63) becomes 

(66) 
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i.e. the overall angle of friction, when 8 = 0° or 90° , is proportional to the least 
available angle of friction and the proportionality constant is the square root 
of the orthotropy ratio. 

The only parameter still to be determined is J.l.rt. It is possible to show 
that if J.l.rt *' J.l.t for some values of 8, the strength decreases with increasing 
~, which is physically untenable. In fact, it does not seem reasonable that if the 
largest strength is increased and the least is kept constant, the overall strength 
could decrease. On the other hand, if J.l.rt = J.l.t, it is possible to show that 
the least strength is given by 

tan q, = 2J.1.t (67) 

for any value of ~ and that this occurs when 

1 • 
8 = ,"/4 - 2" tan- 1 2J.1.t == 8 , (68) 

as shown in Figure 3. This result is reasonable. In fact, it is clear, from 
Figure 4 that if the least strength is reached on a plane inclined at iJ to the axis 
of the largest principal stress, failure occurs independently of the strength on 
planes at other inclinations. Thus in the following we shall assume 

0° 

J.l.r = ~J.I.; J.l.t = J.l.rt = J.I.. 

30° 

/ 60° 

~7 

90° 

Figure 3. - Polar diagram of strength for a 
purely frictional transversely isotropic 
material- tan-1 2 Jl.t = 30°. 

(69) 

T 

a 

Figure 4. - Least strength for a purely 
frictional material. 
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Hence, Eq. (62) can be rewritten as 

R -1 
--= [({3 cos2 0 (R cos2 0 + sin2 0) + sin2 0 (R + (R - 1) cos2 0» 

4 
1 

• ({3 sin2 0 (R cos20 + sin2 0) + cos2 0(l - (R - 1) sin2 0»]2 

- (R cos2 0 + sin2 0) ({3 - 1) sin 20. (70) 

c) Material with cohesion and friction 
It will be assumed that the principal axes of strength for friction and 

cohesion coincide. In general, however, 

From Eqs. (25), (45) and (71) we then have 

R-l 
--= [{(/l( cos2 0 + sin2 0)p + {3 cos2 0 (R cos2 0 + sin2 0) + 

411 

+ sin2 0 (R + (R - 1) cos2 0)} {(cos2 0 + asin20)p + 

(71) 

1 

+ {3 sin2 0 (R cos2 0 + sin2 0) + 2 cos2 0 (1 - (R - 1) sin2 0)}]2 -

{3-1 a-I 
- sin 20 1 (R cos20 + sin20) -- + -- pi, 

2 2 
(72) 

where p has been defined as 

(73) 

A parametric study has been performed and the following conclusions 
have been drawn: 

1) whatever the values of a and (3, the least overall strength is given by 

Rmin = N tPt + peN 4>t - 1); N tPt = tan2 (rr/4 - 0). (74) 

This value is reached when 
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2) p has little influence on the shape of the polar diagram of strength. 
It affects mainly the magnitude of R. 

3) if 0: = (1, then R(OO) = R (90°), 

if 0: > (1, then R(OO) < R (90°), 

if 0: < (1, then R(OO) > R (90°). 

4) (J = 0° implies (R - 1)/41l = yr=-(o:-p-+=-(1=R,..,-)--(p-+-:----:-:'l); 

(J = 90° implies (R - 1)/41l = y(p + R) (o:p + (1) 

In Figure 5 there are shown typical polar diagrams of strength for various 0:, (j 
andp. 

S. Comparison with experimental data and the determination of 
mechanical constants 

At first glance the results obtained for purely cohesive materials may seem to 
contradict actual experimental results published in the literature. In fact, it is 
well known that the strength of a saturated clay specimen in undrained 

o· 

(0) 

90· 

Figure 5. - Polar diagrams of strength for 
materials with friction and cohesion 
with different values of the material 
constants 
a) (j = 1, tan- 1 2~t = 30·, p = 0.5 
b) O! = 1, (j = 2, tan- 1 2~t = 30· 
c) O! = {j = 2, tan- 1 2~t = 30· . 

o· 

o· 
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compression, usually considered a purely cohesive material in terms of total 
stresses, is dependent on the sampling orientation. The various functions 
proposed to take account of this fact, mainly on empirical grounds, are rather 
different from the one derived here. In particular, they do not exhibit 
symmetry about the axis of least overall strength. The experimental points 
can be well interpolated in a polar diagram of strength by an ellipse or by more 
complex trigonometric functions (Bishop [2]). 

It must be noted, however, that since the material is anisotropic even 
before failure, the effective stress path to failure will in general depend on 
the sampling orientation with respect to the principal axes of strength. Therefore 
even if the true failure locus, i.e. the failure locus in terms of effective stresses, 
would be independent of the sampling orientation, the strength in terms of 
total stresses would be anisotropic, as shown in Figure 6. Indeed this is very 
much what actually occurs, since, following Bishop, Webb and Lewin [3] 
and Duncan and Seed [6], who took account of the values of the pore 
pressures at failure, the anisotropic undrained strength of clay is much more 
due to different pore pressures at failure than to a large variation in effective 
strength parameters. Without knowing the value of the pore pressures at failure 
it is not possible to know which are the effective stresses and thus to make any 
comparison with the theory presented. Clay can be considered an anisotropic 
purely cohesive material in terms of total stresses, but it must be emphasized 
that its strength depends on the stress path followed and on its deform ability 
properties prior to failure. In terms of effective stresses, clay is not a purely 
cohesive material but a material with friction and cohesion, if heavily over
consolidated, and a purely frictional material, if normally consolidated or 
lightly overconsolidated. Therefore the theory proposed for purely cohesive 
materials cannot be applied to clays but could be used for solids without internal 
friction, such as steel. 

In prinCiple for this kind of materials, if the principal directions of 
strength are known, the material constants can be easily found by performing 
two tests for 8 = 45° and 8 = 0°. From the former it is possible to find ct 

whilst a can be derived from the latter. 
More important for practical geotechnical purposes is the problem concer

ning purely frictional materials. The constants to be determined are {3 and fJ. 
but one has also to find the position of the principal axes of strength, wich is 
not a priori obvious. By the results of Section 4b, the least overall strength is 
reached when 8 = 8. Knowing which is the orientation of the least strength, it is 
possible to fmd next the principal axes of strength. The parameters fJ. and {3 
can be determined from Eqs. (64), (66), respectively. 

Consider the tests performed by Arthur and Menzies [I] on rounded 
Leighton Buzzard sand. These authors prepared dry samples at almost the same 
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/ 

p = 113 (CT, + 2CTJ ) 

Figure 6. - Anisotropic undrained strength of a material with isotropic failure condition, 
but anisotropic constitutive law prior to failure. 

porosity (34.1-34.2 %) in a special cubical triaxial cell. Samples were prepared 
in a tilting mould to give different directions of sample deposition with respect 
to the sample axes and applied principal stress directions. Their experimental 
results are shown by the dots in Figure 7. Note that the principal stress ratio R 
at failure is plotted for various angles of tilt 1JJ and not, as in Figure 3, for 
various angles fJ . 

Figure 7. - Comparison between calculated 
and experimental data for Leigh ton Buzzard 
sand-data after Arthur and Menzies (1) 

{3 = 1.25, tan- 1 21't = 36~ 58. 

• experimental points 

4 

From the least value of the overall strength one has f.1 = 371 which 
corresponds to a minimum angle offrictiontPt = 36~58. The anisotropy factor 
has been estimated to be {3 = 1.25. Since the least value of strength, corres
ponding in this case to iJ = 26~71, is reached at 1JJ = 0, one has 

1JJ = fJ - 26~71. (75) 
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The calculated results well agree with experimental data. It may be noted 
that the anisotropy parameter (3 is low and the ratio of the largest to the least 
strength is only 1.12. This confirms that the conclusions of Duncan and Seed [6] 
are valid also for sand. By similar considerations, it is possible to find J.1., p, 1#,0: 
and (3 for a material enjoying cohesion and friction. 

6. Conclusions 

This paper presents a compact derivation of a general failure condition that can 
be considered as the extension to anisotropic solids of the Coulomb criterion. 
It is assumed that the strength varies as a double tensor does. This limits the 
validity of the theory presented to the class of orthotropic materials, to which 
most soils and rocks belong. The failure condition can be reduced to a quadratic 
form that must be positive semidefinite. The condition of positive semide
finiteness of the associated matrix yields the desired failure criterion. Specia
lization to the isotropic case gives the Coulomb criterion. Failure criteria for 
purely cohesive and purely frictional media and materials enjoying both 
cohesion and friction are derived next. Where pOSSible, a comparison with 
experimental findings is made; calculated and experimental results are shown 
to be in good agreement. The experimental findings discussed in this paper 
confirm the conclusions drawn by Duncan and Seed that in soils anisotropy 
affects more the behaviour up to failure than the effective strength para
meters. Nevertheless, it should be noted that a small variation of the strength 
parameters, for high values of the internal angle of friction, may result, in much 
larger differences in failure loads. Disgregarding then the anisotropy of strength 
may lead to profoundly erroneous predictions of safety factors. 

To verify the validity of the theory proposed, it is necessary to perform a 
series of tests on anisotropic materials, at least under conventional triaxial 
conditions. For the time being, it is possible to conclude that the theory 
presented gives a reasonable interpretation of the anisotropy of strength, at least 
for transversely isotropic materials. Also, for these materials, the angle (J 

appearing in the expressions for the failure conditions, can be easily eliminated 
by means of the Mohr circle of stress, so that the failure conditions can be 
written in terms of stresses only. The failure criteria can be easily taken into 
account in any computer routine for elastic perfectly plastic analysis and used 
for practical purposes. 
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RESUME 
(Un critere de rupture generalise pour les soli des orthotropes) 

Dans ce memoire, nous presentons une condition de rupture pour les solides 
orthotropes. On montre que cette condition peut etre formulee a l'aide d'une 
forme quadratique non negative et telle que les conditions classiques de Tresca 
et de Coulomb peuvent etre considerees comme des cas particuliers. On examine 
les differents diagrammes polaires de la resistance en fonction du coefficient 
d'orthotropie dans les conditions de charges triaxiales conventionnelles. On 
considere des materiaux purement coherents et des materiaux Ii frottement 
interne pur. Le cas du materiau coherent et Ii frottement interne est egalement 
etudie. On compare en suite les resultats thtioriques avec des donnees experi
mentales disponibles dans la litterature et on propose une methode de determi
nation experimentale des parametres d'orthotropie. 
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1. Introduction 

Sur la base des resultats de recherches theoriques et experimentales, l'auteur a 
introduit la notion du cisaillement positif et negatif comme des types nouveaux 
de contraintes qui representent dans un certain sens une analogie avec la 
compression et la traction dans Ie domaine des contraintes normales. Mais les 
differences entre Ie cisaillement positif et negatif dependent d'une manic~re 

essentielle des angles entre les directions principales du cisaillement et les 
directions caracteristiques de la structure des materiaux. II existe une direction 
neutre, pour laquelle les differences entre Ie cisaillement positif et negatif 
disparaissent. Dans cette direction, nous avons Ie cisaillement neutre ou Ie 
cisaillement dans Ie sens classique. 

Par la notion du cisaillement positif et negatif, une signification physique 
a pu etre donnee au sens des contraintes de cisaillement. L'existence de deux 
types opposes de contraintes de cisaillement est lie a l'anisotropie, a la 
configuration de la structure, aux differences entre les caracteristiques 
mecaniques correspondantes it la traction et it la compression, it la non
homogeneite, a la porosite, a I'orientation des reseaux de microfissures, a la 
stratification, a la superposition des contraintes de cisaillement avec des 
contraintes normales et aux rugosites orientees sur les surfaces de glissement. 

Le cisaillement positif, qui est caracterise par des valeurs plus elevees pour 
les modules de deformation et les contraintes limites, est accompagne par un 
accroissement du volume, tandis que Ie volume dirninue au cours du cisaillement 
negatif. Contrairement a la dilatance, qui est un effet du second ordre, les 
variations de volume provoquees par Ie cisaillement positif et negatif sont du 
premier ordre, c'est pourquoi elles sont generalement plus elevees. 

Dans certains cas, les variations de volume provoquees par Ie cisaillement 
positif et negatif sont de signe oppose a celles dues a la dilatance. Si la non
homogeneite et l'anisotropie du materiau sont relativement faibles et si la 
dilatance est tres forte, les variations de volume dues a la dilatance peuvent 
predominer sur celles provoquees par Ie cisaillement oriente. 

Les effets du cisaillement positif et negatif entrafnent egalement un 
comportement dissymetrique dans l'etat limite, qui correspond a une forme 
dissymetrique des courbes intrinseques de Mohr. 

22 
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2. Courbe de cisaillement 

La resistance au cisaillement des materiaux anisotropes depend de l'orientation 
de la direction de la contrainte principale du cisaillement par rapport aux 
directions caracteristiques de la structure. 

Les valeurs limites des contraintes de cisaillement, qui agissent en un 
point dans les differentes directions sont definies par la courbe de cisaillement 
indiquant les variations de la resistance aux cisaillement suivant l'orientation du 
materiau. 

La forme la plus simple pour une telle courbe de cisaillement est l'ellipse 
representee sur la figure 1 a pour les materiaux anisotropes. 

a) 

b) 
Figure 1. - Courbes de cisaillement pour les materiaux anisotropes et orthotropes. 
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La droite n == N I N2 indique la direction neutre, pour laquelle nous 
avons Ie cisaillement neutre, independant du sens de la contrainte. Cette droite 
divise Ie plan des contraintes de cisaillement en deux regions: la region du 
cisaillement positif et celIe du cisaillement negatif. Dans la direction de cette 
droite, il n'y a pas de differences entre les cisaillements dans les deux directions 
opposees. 

Dans la direction conjuguee definie par la droite m == M I M2 ' la 
difference entre les contraintes limites en cisaillement positif et negatif atteint 
sa valeur maximale. La courbe elliptique sur la figure 1 b represente les variations 
des resistances au cisaillement en un point d'un milieu orthotrope. 

Le centre S de cette ellipse est situe sur la droite m, support de l'axe 
principal. La droite n, qui correspond au cisaillement neutre, est dans ce cas 
perpendiculaire a la droite m, qui indique la direction pour laquelle la difference 
entre les valeurs limites des contraintes de cisaillement positives et negatives 
est minimale. 

Dans Ie cas general d'un corps anisotroqe, la courbe de cisaillement peut 
avoir une forme plus complexe. Elle peut etre composee non seulement de 
secteurs convexes mais egalement de secteurs concaves. 

3. Enveloppes Dissymetriques des Cercles de Mohr 

Le cisaillement positif et negatif provoque une dissymetrie pour les enveloppes 
des cercles de Mohr. L'auteur explique cette dissymetrie par des relations entre 
les courbes intrinseques dans Ie plan des contraintes principales et l'enveloppe 
lineaire dissymetriqu,e des cercles de Mohr pour les materiaux anisotropes 
coherents avec un angle de frottement interne constant. 

Les courbes intrinseques presentees sur la figure 2 correspondent a une 
orientation donnee des directions principales de l'etat de contrainte par rapport 
aux axes de symetrie materielle du milieu. 

Les droites limites a et b sur la figure 2a coupent les axes des contraintes 
principales u l et u2 aux points A, B, C et D, qui delimitent les segments 
representant les contraintes limites Uc 1 et Uc 2 en compression simple et les 
contraintes limites uTI et un en traction simple. 

En introduisant dans l'equation de la droite limite a de la figure 2a 

U l u2 
---=1 (1) 
UCI uTl 

la contrainte limite en cisaillement pur positif 

(2) 
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aJ 

0;-0; 

0; 

OCT 

~ 

OON 
b) arT 

~ 0' 

Figure 2. - aJ Droites limites dissymerriques dans Ie plan des contraintes principales; 
b) enveloppe limite dissymerrique des cercles de Mohr. 

nous obtenons : 

(3) 

En substituant d'une maniere analogue la contrainte limite en cisaillement 
pur negatif 

(4) 
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dans l'equation de la droite limite b : 

a l a2 --+-= 1, 
aTI aC2 

nous obtenons 

647 

(5) 

(6) 

La contrainte limite en cisaillement positif et negatif est defInie par les 
coordonnees des points K et L, qui sont situes sur l'axe t, deuxieme bissectrice 
des axes a l et a2 . 

En posant a 1 = a2 , nous obtenons a partir des equations (1) et (5) les 
coordonnees des points V p et V N' qui sont les intersections des droites limites 
a et b avec l'axe s et qui defInissent les contraintes limites en traction isotrope : 

(7) 

(8) 

Les deux points VN et Vp ne peuvent pas representer simultanement 
tous les deux l'etat limite. En effet, les etats de contrainte correspondants etant 
des tHats isotropes, les contraintes de cisaillement sont nulles sur toutes les 
facettes et on ne peut plus considerer les differences entre cisaillement positif 
et negatif. Si Ie milieu entre en plasticite sous Ia contrainte isotrope aON' il 
ne peut pas, dans Ie me me etat, atteindre Ia contrainte isotrope aop. L'axe 
a represente alors un lieu singulier correspondant a des etats limites differents. 

Les coordonnees du sommet V, qui est Ie point d'intersection des droites 
limites a et b, sont deduites des equations (1) et (5): 

aCI aT! (aC2 + an) 

aCl aC2 - aT! an 
(9) 

(10) 

Les branches droites a et b de l'enveloppe limite de Mohr representees 
sur Ia fIgure 2b sont tangentes aux demi-cercles de Mohr ayant comme 
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diametres ac l' an, aC2 et aT l' qui sont les contraintes limites en compression 
simple et en traction simple dans les directions des contraintes principales a 1 

et a2 . 

La droite a de l'enveloppe limite de Mohr forme, avec l'axe des contraintes 
normales a dans Ie diagramme 2b, l'angle de frottement interne positif I{)p, 

tandis que la droite b forme avec l'axe a l'angle de frottement interne negatif 
I{)N' Ces angles sont de finis par les expressions suivantes 

sinl{)p = 
aC1 = an 

(11) 
aCl - 2aop an - 2aop 

, 

sin~ = aC2 aT! 
(12) ~ 

aC2 - 2aON aT! - 2aON 

En reportant dans les relations precedentes les expressions (7) et (8), 
nous obtenons : 

. aCl -'- an 
Slnl{)p = , 

aCl + an 
(13) 

. aC2 - aTl 
Slnl{)N = 

aC2 + aT! 
(14) 

En comparant les expressions (13) et (14), nous obtenons la condition 
d'egalite des deux angles I{)p et I{)N : 

(15) 

ou 

(16) 

Cette condition est satisfaite en particulier par les materiaux isotropes, 
qui sont caracterises par les egalites aC1 = aC2 et aT! = an' 

Les equations des droites limites de l'enveloppe des cercles de Mohr, qui 
definissent les contraintes de cisaillement sur les surfaces de glissement, ont 
la forme suivante : 

Tp = a sin I{)p cos I{)p + TOp, 

TN = asinl{)N cosl{)N + TON, 

ou a est la contrainte moyenne. 

(17) 

(18) 
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Les relations entre les contraintes de cisaillement limites sur les surfaces 
de glissement et les contraintes de cisaillement maximales sont representees par 
les formules 

(l7a) 

(l8a) 

Les droites limites a et b delimitent sur l'axe des contraintes de cisaille
ment les segments qui representent la cohesion positive et negative: 

(19) 

(20) 

Ces deux contraintes sont differentes des contraintes limites 7pO et 
TNO' en cisaillement pur positif et negatif, definies par les coordonnees des 
points K et L sur Ie diagramme de la figure 2a. 

Les relations entre les contraintes de cisaillement 7pO et 7 OP, ainsi 
que celles entre 7NO et 70N ont la forme suivante : 

7pO = 70p cos 'Pp, 

Les enveloppes limites des cercles de Mohr sont les sections droites 
de la surface gauche representee sur la figure 3. L'axe 7 nest situe dans Ie 
plan dans lequel les enveloppes de cercles de Mohr sont symetriques et qui 
correspond au cisaillement neutre. L'axe 7 m definit avec l'axe a Ie plan dans 
lequel les enveloppes dissymetriques correspondent aux differences maxi
males entre Ie cisaillement positif et negatif. 

La figure 4 represente les courbes limites dissymetriques pour les 
materiaux ayant, dans les directions principales, les memes contraintes limites 
en compression ac et en traction aT' la meme cohesion normale ao, mais des 
contraintes limites differentes en cisaillement positif et negatif. L'auteur a 
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Figure 3. - Surface gauche dont les sections droites representent les droites limites des 
enveloppes des cerdes de Mohr. 

b) 
1:'; = ~(o;-a;)COSfJN b 

?:/: -!(o;-o;)costpp 
a 

Figure 4. - Courbes limites pour les materioux quasi-isotropes. 
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appeIe de tels materiaux quasi-isotropes. Les branches dissymetriques de 
l'enveloppe de Mohr peuvent etre definies par les lois aux puissances: 

1 rW = - (oi - 02) cosl,Op, 
2 

1 
r~ =-(02 -Ol)COSl,ON· 

2 

4. Enveloppes de Mohr fermees 

(21) 

(22) 

Pour de nombreux materiaux anisotropes, les criteres de plasticite et de 
resistance dans l'etat plan sont representees sur Ie diagramme des contraintes 
principales par des courbes fermees. 

La figure Sa represente, pour les materiaux anisotroqes, Ie critere des 
contraintes normales et des contraintes de cisaillement maximales, qui 
correspond au critere de Tresca pour les corps isotropes. L'anisotropie provoque 
une irregularite de l'hexagone limite. 

0; 

Figure 5. - a) Hexagone de piasticite; 
b) enveloppe dissymetrique fermee des 
cercles de Mohr pour les materiaux ani
so tropes. 

OJ 

OT1 0[2 

L 

b) 
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Ce critere est represente d'une autre fayon sur la figure 5b par l'enveloppe 
fermee dissymetrique des cerc1es de Mohr. Cette courbe est l'enveloppe de 
Mohr pour des etats de contraintes planes. La branche du cisaillement positif 
EKF est composee par un segment de la droite inclinee passant par Ie point K 
sur l'axe T, par des arcs de deux demi-cerc1es, dont les diametres OF et OH 
representent les contraintes limites aCl ' an' et par les deux points A et D. 
La branche du cisaillement negatif DLA est composee par un segment de la 
droite inclinee passant par Ie point L sur l'axe T et par des arcs de demi-cerc1es, 
dont les diametres OB et OC representent les contraintes limites aC2 et aT 1 . 

La figure 6 represente un critere d'ecoulement du deuxieme degre pour 
les materiaux anisotropes. Dans Ie diagramme 6a des contraintes principales, 
nous obtenons une ellipse occupant une position quelconque. Cette ellipse 
correspond a l'ellipse de Mises pour les corps isotropes. 

0) 

OTr OCe 
OTT OC2 

'tN 't:N 

(j 

b) 
Figure 6. - Courbes limites du deuxieme degre pour les materiaux anisotropes. 
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L'enveloppe correspondante des cerc1es de Mohr pour des etats de 
contrainte planes est representee sur la figure 6b. Elle est composee par deux 
branches curvilignes dissymetriques. La branche positive enveloppe les quatre 
demi-cerc1es de Mohr ayant comme diametres aCt> aT2' aGl - aG2 et 
aH2 - aHl· La branche negative est constituee par la courbe qui enveloppe 
les demi-cerc1es ayant comme diametres aC2 et aT 1 . On remarque que les demi
cerc1es correspondant aux arcs GJ et DH, delimites sur l'ellipse d'ecoulement par 
les points a tangentes verticales et horizontales, sont inscrits les uns dans les 
autres et n'admettent pas d'enveloppe reelle. 

Cette propriete n'est pas specifique pour un milieu anisotrope, puisqu'elle 
apparaft egalement dans Ie critere de Von Mises pour les milieux isotropes. 

s. Lois de Comportement 

L'auteur a etabli les lois de comportement pour les deformations inelastiques 
des materiaux anisotropes en introduisant Ie tenseur materiel transforme des 
contraintes, donne par 

Wij = (aijk12 - Xij ak12mn 6mn) ak12' 

oil ak12 est Ie tenseur actuel des contraintes, 
ak12mn est Ie tenseur d'anisotropie du quatrieme ordre, 
6 mn est Ie symbole de Kronecker et oil 

Xll Xl2 Xl3 

Xu = X2l X22 X23 

X3l X32 X33 

(23) 

(24) 

est Ie tenseur materiel qui exprime Ie degre de compressibilite des materiaux 
au cours de la deformation inelastique. 

Le tenseur materiel transforme des contraintes a les memes axes prin
cipaux que Ie tenseur des deformations. C'est pourquoi, Ie tenseur des defor
mations peut etre exprlme par une fonction tensorielle isotrope du tenseur 
materiel transforme des contraintes : 

(25) 

En developpant cette fonction selon les lois de l'algebre tensorielle, 
nous obtenons la formule suivante : 

eij = <po6 ij + <PI Wij + <P2 WiA WAj , (26) 

oil <PK sont des fonctions scalaires des invariants. 
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Pour determiner ces fonctions, l'auteur a decompose l'equation (26) 
en deux relations: 

I I 
Eij = <l> 0 8ij + <1>1 Wjj , 

2Eij = 2<1>08 jj + <l>2 W jA W Aj' 

(27) 

(28) 

En multipliant l'equation (27) successivement par 8 jj et IEij = I <l>0 8 jj + 
<1>1 Wjj' nous obtenons 

d'ou 

2 3 I 
3 lI le - lIe) = E - ~ W 

3 lIw - I~ M 2 WI M , 
1<1> =..!.. (I I o 3 Ie - w 

3 lEI 
=--, 

2WI 

ou 

sont les invariants des deformations et des contraintes transformees, 

est la deformation partielle moyenne, 

(29) 

(30) 

(31) 

(32) 

(34) 

1 = 1. . JI 2 + 1 2 + 1 2 1 1 1 1 1 1 3 (I 2 1 2 + 1 2 ) 
€I 3 V €11 €22 €33 - El1 E22 - E22 E33 - E33 El1 + E12 + El3 E31 

(35) 

est l'intensite du tenseur des premieres deformations partielles, 

(36) 

est la contrainte materielle transformee moyenne et 

est l'intensite du tenseur materiel transforme des contraintes. 
(37) 
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En multipliant l'equation (28) successivement par 0ij et 
2€ij = 2<1>oOij + <1>2 WiA WAj' nous obtenons Ie systeme des deux equations: 

pour determiner les fonctions scalaires 

(38) 

(39) 

(40) 

(41) 

OU 2 €M est la deuxieme deformation partieile moyenne, 2 €I est l'intensite du 
tenseur des deuxiemes deformations partieiles, 

est la contrainte materielle transformee moyenne du second ordre et 

Wn = A !H- [(wil - W~2)2 + (W~2 - W~3)2 + (W~3 - Wil)2] + 

+ (Wi2 + W~3 + w~li + 2wi2 [2(w ll + W2 2 )2 - Wll W 22 -W~3] + 

+ 2 W~3 [2(w22 + w33)2 - w 22 W33 - wi 1] + 2W~1 [2(W33 + W 11)2 -

- W33 W ll - W~2] + 12 w 12 w 23 W 31 (w ll + W2 2 + w 33 ) l (43) 

est l'intensite du tenseur materiel transforme du second ordre et 

(44) 

En introduisant les expressions (31), (32), (40) et (41) dans l'equation 
(26), nous obtenons : 
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Cette relation peut etre ecrite sous la fonne 

1 '" 1 - 2 
Eij - EM 6ij = 2" J (WI)(Wij - WM 6ij) + "4 M (wn)(Wjll. WlI.j - wS 6 jj ), 

(46) 

- 3 lEI _ 9 2 EI 
ou J (wI) = --, M(wn) = -2- sont les fonctions de deformation. 

wI w1I 

6. Critere d'ecoulement 

L'auteur a etabli un critere d'ecoulement pour les materiaux anisotropes a partir 
de la relation entre Ie tenseur des vitesses de defonnation et Ie tenseur materiel 
transfonne des contraintes 

(47) 

qui peut eire developpee sous la forme 

(48) 

En limitant nos considerations aux effets du premier ordre, nous ne 
retenons que deux termes dans la fonnule (48). En multiplicant cette formule 
reduite par wij' nous obtenons la relation invariante 

(49) 

L'auteur s'est place dans l'hypothese des quotients constants a la limite 
d'ecoulement, qui est exprimee par 

(50) 

En divisant l'equation (49) par wij €ij et en y introduisant les expressions 
(50), nous obtenons la forme generale du critere de plasticite 

(51) 

En utilisant la relation (23), nous pouvons ecrire l'equation (51) sous la 
forme suivante 

(52) 
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En considthant les symetries materielles, nous avons dans la relation 
(51) 27 produits des constantes Ho et H l , des coefficients d'anisotropie 
aijkl2 et des composantes Xij du tenseur materiel, c'est-a-dire 27 constantes 
qui peuvent etre determinees par 27 limites de plasticite particulieres. La relation 
(52) contient 21 coefficients Pijk12 et six coefficients Qij' donc egalement 
27 constantes. 

Le critere d'ecoulement, ex prime en fonction de limites de plasticite 
particulieres, admet la forme suivante : 

(53) 

ou apij sont les limites particulieres d'ecoulement en contraintes monoaxiales 
positives, aNij celles en contraintes monoaxiales negatives et apPijk12 celles 
en contraintes biaxiales isotropes positives. 

En limitant les considerations a l'etat plan, nous pouvons exprimer ce 
critere en fonction des composantes du tenseur des contraintes dans les 
coordonnees cartesiennes, sous la forme suivante : 

2 
aCCXY 

2 
aCpxxy 

1, (54) 

o~ acx et aCy sont les limites d'ecoulement en compression simples, aTx et 
aTy celles en traction simple, aCCxy la limite d'ecoulement en compression 
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Figure 7. - Diagramme des deformations des eprouvettes a couches inclinees d'un angle 
de 450 , testees en cisaillement positif et negatif 

biaxiale isotrope, 7Pxy celle en cisaillement positif, 7Nxy celle en cisaillement 
negatif, GcPXXY et GcPyxy celles pour un etat de contraintes compose par une 
compression et un cisaillement positif ayant des valeurs egales. 

Si les directions principales des contraintes cOIncident avec celles de 
l'orthotropie, nous obtenons pour les corps orthotropes Ie critere suivant: 

(55) 

qui est represente par l'ellipse de Ia figure 6a. 
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7. verification Experimentale 

L'existence des cisaillements positif et ntlgatif a ete verifiee par des essais sur 
des sols stratifies, des matieres plastiques, du bois, du zinc et un alliage 
d'aluminium. 

La figure 7 represente les courbes contraintes-deplacements et les 
courbes exprimant en fonction du deplacement ~Q, les variations de la 
hauteur ~h des eprouvettes constituees par des couches de sable et d'argile 
inclinees sous une contrainte normale de 212 kPa et testees en suite en cisail
lement positif et negatif sous une contrainte normale de 112 kPa. La courbe 
N' 7 du cisaillement positif presente un pic, alors que la courbe N' 8, cor
respondant au cisailleinent negatif, ne presente pas ce phenomene. La figure 8 
represente les resultats des essais sur des eprouvettes a couches inclinees de 
30° et qui ont ete testees en cisaillement positif et negatif sous une contrainte 
normale de 212 kPa. 

1: 
kPa 
75+----T----.----.----.----.--~ 

00 1 

o 1 

~~ ! Q2 
mm 

2 J 

2 J 

! I 

tJl 
~ 5 Dmm 
I,. 5 6/J1 

Figure 8. - Diagramme des deformations des eprouvettes Ii couches inclinees d'un angle 
de 3(/'. 
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ABSTRACT 

The results of theoretical and experimental investigations have led the author 
to the concept of positive and negative shears which are, in some manner, 
analogous to the compression and tension at the nonnal stressing. The exis
tence of two opposite kinds of shear is caused by anisotropy, structural 
configuration and non-homogeneity of materials. Differences between the 
positive and negative shear involve the asymmetry of the defonnation as well 
as asymmetrical forms of limiting Mohr envelopes and of the slip-lines network. 

Constitutive equations and yield criteria are derived on the basis of ten
sorial expansions. Theoretical considerations have been verified by tests of 
layered soils, of an aluminium alloy, of zinc and of plastics. 
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1. Introduction 

Proceeding from the general principles of the theory of anisotropic plates which 
considers transverse shear [1] and from the fundamental hypotheses of magneto
elasticity of thin bodies [2], a general vibration theory of orthotropic plates in a 
transverse magnetic field is developed. 

Let us take a thin elastic orthotropic plate of constant thickness ho = 2h 
and finite electroconductivity a (aI' U'Z' a3 ), oscillating in an external magnetic 
field with constant intensity Ho (0, 0, H 03)' normal to the middle plane of the 
plate. 

The plate is considered in a Cartesian system of coordinates Xi' so that 
the middle plane coincides with the coordinate plane xIO x2 . The coordinate 
lines X 1 and x2 are assumed to coincide with the principal directions of 
elasticity. 

The problem of magnetostatics in an unperturbed case is assumed to be 
solved. 

The dielectric constants for the outside and the inside of the plate are 
assumed to be €(e) and €, respectively, and the magnetic permeability coeffi
cients I'- and I'-(e) for both the inside region (vacuum) and the plate are taken 
equal to one. 

Further on, we shall use the linearized magnetoelastic equations [2]. 

2. Initial hypotheses and general equations 

The initial hypotheses on which the present theory is based are : 

a) the hypothesis of the magnetoelasticity of thin bodies [2] in accordance 
with which it is assumed that approximately 
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where h (hI' h2' h3), e (e I' e2, e3) are the inducted electromagnetic field compo
nents, and cp, 1/1, f are sought functions; 

b) the hypothesis of the exacted bending theory of plates (1], according 
to which 

ow 
u l = u(x1 ,x2 ,t) - X3 - + ass Jo cP (Xl' X2 ,t), 

OX I 

ow 
u2 = V(XI 'X2 ' t) - X3 - + a44 J 0 1J! (Xl' X2 ' t) , 

OX2 

u3 = W (Xl' X2 ' t) , 

(2.2) 

where u, v, w are the sought displacements of the plate middle surface, CP, 1J! 
are the sought functions characterizing sharp deformations of the plate. ~o is 
the given function of X3 characterizing the shear value changes through the plate 
thickness, Particularly, for Jo it is assumed [1] that 

2 
X3(2 X3) J o ='2 h -2 . (2.3) 

1 1 
ass = - , a44 = - are the elasticity coefficients, Gl3 and G23 are the shear 

Gl3 G23 
moduli. 

From (2.1), (2.2) for the linearized electrodynamic equations we get [2] 

(2.4) 

41T0'3 a~ ohl 
-c- e3 = 0 Xl - 0 ~ , 

0'" ocp 1 0 f 
---=---, 
oXI o~ C ot 
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where c is the electrodynamic constant numerically equal to the light velocity 
in vacuum, and B03 is the initial magnetic field intensity. 

Considering the equations (2.4) we can see that in the first two equations 
there appear terms representing a new type of interactions [3] between the 
magnetic field and the shear deformations: 

with anisotropic coefficients u2 ass and u 1 a44 · 

Integrating the first two equations (2.4) with respect to X3 in the range 
from 0 to X3 and taking into account the surface conditions 

hi = ht when x3 = h, 
(2.5) 

hi = hi when x3 = - h , 

we obtain for hi 

h~ + h1' (Of 41TU 2 ) 
h= +x-+--l/J-

1 2 3 aX l c 

h+ + h- (af 41TU l ) 
h = 2 2 +X -+--.p -

2 2 3 aX2 c 

[ av a2 w a'l'] a --d --+c a -, 
3 0t 3ax2at 344 0t 

where 

_ B 1 ( 2 xj 5 4) 
C3 - 03 4" X3 h - 6 - "6 h . (2.7) 



www.manaraa.com

666 S.A. Ambartsumyan 

Then from the third equation (2.4), according to (2.6), for the third 
component of the excited electric field we obtain 

e = _c_ [~ Chi + ah2) _ ~ Chi + ahl)]_ 
3 41Ta3 2 aXI aXI 2 aX2 aX2 

a1 [a!p a3 a2v d3 a3w 
- -;;; x3 aX I + ~ ax1 at - -; aX I aX2 at + 

+~a ~]+a2 [x al/l +a3~_ 
c 44 aX I at a3 3 aX2 c aX2 at 

d3 a3 w c3 a2 4> ] 
--;;- aXI aX2 at + ~ ass aX2 at . 

Thus, assuming the magnetoelasticity hypothesis [2] and the plate exacted 
theory hypotheses [1] we derive all the components of the excited electro
magnetic field in the plate. The components are given by eight sought functions 
u, v, w, 4>, 'I!, !p, 1/1, f and by the values of the inducted magnetic field compo
nents on the plate surface hi and h2 . 

3. Magnetoelastic equation system for thin anisotropic plates 

The equations of motion are [1,2] : 

aall oa12 oa13 a2 u1 -- + -- + -- + pKI = p--
aXI aX2 oX3 ot 2 

oa22 oa12 oa23 (}2 u2 
--+--+--+pK =p--
a~ oXI aX3 2 ot2 

oa33 oa32 oa13 02u3 --+-- +-- + pK = p-
aX3 oX2 aX I 3 at2 

where for the components of the "cargo" term we have 

a2 [ 1 aU I 2 ] pK I =- B031/1 - - - B03 ' 
C c ot 

pK = - - B <.p - - - B a1 [ 1 aU2 2 J 
2 C 03 C at 03 

, pK3 = 0, 

and p is the material density. 

(3.1) 

(3.2) 
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For stresses in the plate we have the known formulas of the exact theory 
[1 ] 

where 

EI 
Bll = ---

I - vI V2 

VI E2 

1 - VI V2 ' 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

E j are the moduli of elasticity, Gjk are the shear moduli, and vi are the Poissons 
coefficients. 

Considering (2.2), (3.2)-(3.4), we note that both the plate stress compo
nent and the "cargo" terms are written in terms of the sought values which are 
functions of only two coordinates Xl' X2 and the time t. This means that now 
we can use the plate motion equations reduced to the middle plane. 

Now we perform the integration of each equilibrium equation in (3.1) 
with respect to x3 from x3 = - h to x3 = h, and next we multiply the first 
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two equations of (3.1) by x 3 . Then, integrating this result with respect to x3 

within the same limits, according to (2.2), (3.2), (3.3), we obtain the following 
five equations of the plate motion, averaged over the plate thickness 

a 2 u a 2 u a 2 v 
B ll --2 + B66 --2 + (B12 + B 66) + 

aX 1 aX2 aX1 aX2 

U2 [ 1 2 au] a2 u + - B03 t/J - - B03 - = P --2 ' 
C c 3t at 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(3.11) 
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The equations of electrodynamics averaged over the plate thickness are 
to be added to the system (3.7)-(3.11). Integrating the first two equations 
(2.4) with respect to Xa in the range from X3 = - h, to x3 = h, and taking 
into account the conditions on the planes (2.5) and adding the fourth equation 
(2.4), we fmally obtain 

a 1/1 a'P 1af 
---+--=0, 
ax! aX2 c at 

(3.12) 

~ + 41T02 (1/1 _ Boa au)= ht - hI , 
ax! c c at 2h 

(3.13) 

af 41TO! (. B03 av) hi - h2 
-- - -- IP + :=0 --=----= 
aX2 c c at 2h 

(3.14) 

Thus, we have a complete system of magnetoelastic equations for the 
elastic thin anisotropic plates with fmite electroconductivity. 

It is evident that in a general case these equations should be considered 
together with the equations of electrodynamics in the outside region. 

The obtained complete system of differential equations allows us to 
consider the wave processes in the plate in a magnetic field. 

However, in the present paper the wave l?rocesses will not be considered. 
Instead, we shall be interested in the plate oscillations with allowance for the 
transversal shears and anisotropic electroconductivity. 

4. The problem of transversal oscillations of rectangular orthotropic plate 

Let us consider the problem of transversal oscillations of a symply-supported 
(along the entire contour) rectangular (axb) orthotropic plate with isotropic and 
orthotropic electroconductivity in a transversal magnetic field having intensity 
B03 = B = const. For the considered case we have the following initial 
equations 
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_UI B2(32w _2h2
a 3'1t)=p 33 w 

c2 3x2 3t 5 44 3t 3x2 3t2 

2h2 32 'It 
-- pa44 --2 ' 

5 3t 

and the boundary conditions 

at Xl = 0, Xl = a: w = 0, MI = 0, 'It = ° , 
(4.2) 

at x2 = 0, x2 = b: w = 0, M2 = 0, 4> = 0 . 

The solution of the system (3.15) is sought in the form 

W = A eOmot . m1TxI . n1Tx2 mo sm-- sm --, 
a B 

n m1TxI . n1Tx2 4> = B e mot cos -- sm -- , 
mo a B 

(4.3) 

n m1TxI n1Tx2 
'It = C e mot sin-- cos-- , 

mo a B 

which satisfies all the conditions of the simple supports along the plate contour. 
Here Amo ' Bmo ' Cmo are constants, m and n are integer numbers. 

Substituting the expressions for w, 4>, 'It, from (4.3) into (4.1), we obtain 
the following system of algebraic equations with respect to the unknown 
constants Amo ' Bmo ' Cmo : 
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where 

m1T 
X =-

m a 

n1T 
X =-. 

n B 

671 

(4.4) 

(4.5) 

In order to have non-trivial solutions of the system (4.4), the determinant 
is set equal to zero. Thus, we obtain the necessary characteristic equation to 
determine Umn , which shows that the frequencies (J m Umn) and the damping 
coefficients (Re Umn) of the natural vibrations of the plate depend on the ani

sotropic parameters of the plate (b jk 1 ajk , OJ). 
Let us consider the problem of an infInitely long plate (b = 00 , Xn = 0, 

Cmn = 0). In this case, to determine Um we obtain from the equation system 
the characteristic equation 

2 ph2 6.)~ -4 12p~ -3 [ h2 X2 
-----'::!. ass ,Um + --2- ass {3Um + 1+-- + 

5 5 Xm 3 

where 

2h2 X2 a B ] 
+ m 5 S5 11 n~ + 2 {3nm + I = 0 , 

w 2 
m 

(4.6) 

(4.7) 

and wm are the frequencies of the plate's natural vibration in the absence of 
the absence of the magnetic fIeld and electroconductivity of the plate. 
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Inspecting the characteristic equation (4.6), we note that the relative 
oscillation frequencies 1m rim and the relative damping coefficient Re rim do 
not depend on the transversal coefficient of electroconductivity at (along the 
tXt lines). 

Considering futher the equation (4.6), we can see that here the magneto
elastic interaction is represented by two tenns. The first term is describing the 

- (12 PW! ass (3-3 ) classic interaction (2(3Dm) and the second tenn 2 Dm is des-
SAm 

cribing a new type of interaction with parameters ass and a2 [3]. 
Here the new type of interaction essentially changes the picture of oscil

lation. At first the oscillation picture resembles the classic form, i.e. up to a 
definite value of (3 ((3 R:< 1) we observe oscillations with damping, and their 
frequency decreases, reaching zero while the magnetic field intensity B (or the 
electroconductivity coefficient a2 ) increases. Then we have a region where 
perturbations consist of damping without oscillations. The further increase of 
B or a2 , i.e. (3, leads to a quite new phenomenon, namely a new oscillation 
process appears with an essentially high frequency and the same damping coeffi
cients which have a tendency to decrease with the increase of the magnetic field 
intensity or electroconductivity coefficients. 

The dependence of the roots of the characteristic equation on various 
values of the parameter (3 is considered in [3]. 

Let us consider the problem, neglecting the tenns arising when the inertia 
of rotation is taken into account (the last tenns in the second and third equa
tions of the system (4.1)). In particular, this is so if we return to the hypothesis 
of non-deformable normals. Then from (4.4) we obtain 

(4.8) 

and the following characteristic equation 

(4.9) 
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where 

(4.10) 

and wmn are the natural vibration frequencies of the plate in the absence of the 
magnetic field. 

a 
a = _1 is the degree of the electroconductivity's anisotropy. 

a2 
Considering the characteristic equation (3.23), we can see that with the 

increase of the electroconductivity's anistropy, i.e. a or (31)' the oscillation 
frequency (J m .Q) decreases and reaches zero when the parameter {31 equals 1. 
The futher increase of {31 leads to the perturbation damping without oscillations. 
Here the oscillation picture resembles the classic form. 
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RESUME 
(Sur Ie probleme des oscillations des plaques electroconductrices anistropes 
dans un champ magnetique) 

Vne theorie generale des vibrations des plaques orthotropes dans un champ 
magnetique transversal est developpee a partir des principes gene raux de la 
theorie des plaques anisotropes prenant en compte Ie cisaillement transversal, 
et des hypotheses fondamentales de la magnetoelasticite des corps minces. 
Plusieurs cas de vibrations transversales des plaques sont discutes. II est montre 
par une analyse comparative que les theories ameliorees conduisent a de nou
velles formes pour les vibrations des plaques. Lorsque l'intensite du champ 
magnetique croit, la frequence des vibrations "naturelles" differe de plus en 
plus des frequences correspondantes deduites de la theorie classique de la 
magnetoelasticite. 
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1. Introduction 

This report deals with some problems of deformational anisotropy in a non
linear compressible prestrained body. Within recent years significant results 
have been obtained in this field in some countries. However it is difficult to 
analyse them completely. 

In [1] an attempt was made to analyse some investigations on the linea
rized theory which are familiar to the author. In the present report a separate 
aspect of the problem is discussed, i.e. some results obtained in the Institute 
of Mechanics of the Academy of Sciences of the Ukrainian SSR in Kiev are 
presented. These results are described extensively in [2, 5] as well as in the 
references cited there. 

We consider the following three states of an elastic body: the natural 
state (without stresses and strains); the initial state, and the distrubed 
stressed-strained state. Values characterizing the disturbed state are given 
in the form of a sum of values characterizing the initial state and the dis
turbed one. 

The disturbances are assumed to take considerably lesser values in 
comparison with respective values in the initial state. To specify the initial 
state the theory of large (finite) initial strains and two forms of the theory 
of small initial strains will be used. Values related to the initial state will be 
denoted by the index 'zero', while for the disturbances no additional index 
will be used. An elastic body in its natural state is supposed to be isotropic 
and to possess an elastic potential, represented by a twice continuously
differentiable function of algebraic invariants of the Green strain tensor. 

In [2, 5] the case of an anisotropic body in its natural state is also 
discussed. We use the Lagrangian coordinates Xi == xi which coincide in the 
natural state with the Cartesian coordinates. All values are related to the 
basis in the initial reference state. Linearization relative to disturbances 
will be carried out and subsequent items will be discussed within the linea
rized theory. We shall give the main results for compressible elastic bodies, 
the results for incompressible elastic bodies may be similar. The following 
summation rule will be used: with indices occuring two or more times only 

23 
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on one side of an equality we shall summarize from 1 to 3, unless stated 
otherwise. 

2. General considerations 

Linearized relations may be represented as follows. 
Equation of motion: 

(2.1) 

boundary conditions in stresses on a surface region S1 : 

(2.2) 

and boundary conditions in displacements in a surface region S2 : 

(2.3) 

In these relations 
um = component of the displacement vector, 
Pm = component of the vector of the right·hand boundary stresses, 
Nm = component of the unit vector normal to the body surface in the 

natural state, 
wimCij3 = component of a fourth rank tensor, specified by the elastic potential 

in the initial state. 
In the theory of large (finite) initial strains we obtain 

So - ~ ",0. 2 ° - ° + ° + ° ° . ",0 - ",o(Ao AO AO) ij3 - ':'ii3 '¥, eij - Ui,j Uj,i ui,k Uk,j' '¥ - '¥ l' 2' 3 . 

(2.4) 

In the first version of the theory of small initial strains, the elongations 
and displacements are small as compared with unity, and thus can be neglected. 
In that case expressions (2.4) remain valid, but the geometrical changes of the 
body under initial strain should be neglected. Besides, we assume 

(2.5) 

where a?i3 is the true stress. 
In the second version of small initial strains theory, in addition to the 

first version, it is assumed that the precritical state can be determined on the 
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basis of the geometrically-linear theory. In that case the following expressions 
are obtained: 

(2.6) 

In (2.4)-(2.6) the following notation regarding the initial state is intro
duced: 
€~ = component of the Green strain tensor, 

1>0 = elastic potential, 
A? = algebraic invariant of the Green strain tensor. 

Besides, the following differential operators are used: 

(2.7) 

With the Green strain tensor the above problems remain general. As 
a matter of fact, invariants of any system of invariants of any strain tensor 
could be represented by algebraic invariants of the Green strain tensor. Let 
us consider now the case of a uniform initial state characterized by the 
following values for a body which is isotropic in its natural state: 

u~ = 8im (Ai -1) xi; €~ = 8ij€~; 

a~ = 8 ij a~; Ai' €~, S3, a~ = const. 

In this case, the theory oflarge (finite) initial strains yields 

Wima/3 = const. 

In (2.9) the following notation is used: 

- B n,.0. J.lim - im'V , 

(2.8) 

(2.1 0) 
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In (2.l 0) we introduced the following differential operators: 

(2.l1 ) 
a oa 02 a 

1: .. = --0 + 2e .. --0 + 3e.. 0 
11 aA 11 aA 11 aA 

1 2 3 

In case of the first and the second versions of the small initial strains theory, 
the following transformations should be made in (2.9)-(2.l1). 

Equations (2.l)-(2.3) resemble the equations of the linear theory of 
elasticity for an anisotropic non-homogeneous body with the elastic moduli 
tensor w. So the problem of possible analogies between linear and linearized 
problems arises. It has been proved that in the general case the following di
symmetries hold: 

(2.l2) 

Hence, in the general case there is no such analogy. It should also be 
noted here that the tensor w meets the following conditions of symmetry: 

(2.13) 

On the basis of (2.13), the self-conjugation of respective problems can 
be demonstrated. Moreover, these conditions give rise to general variational 
principles of the Hu-Washizu type. These principles have been formulated 
for dynamic boundary problems as well as for dynamic problems with initial 
conditions. Similar principles are formulated for static problems as well. 

For particular cases, one demonstrates that the following equations 
for existence of similar linear and linearized problems are necessary and 
sufficient. 

(2.14) 

In the particular case of a uniform initial state (2.8), conditions (2.14) yield: 

(2.15) 



www.manaraa.com

On Deformational Anisotropy 679 

For the second variation of small initial deformations theory, conditions (2.15) 
have the following form. 

(2.16) 

In (2.15) and (2.16) ejjk denotes the components of the alternator tensor 
of third rank. 

If follows from (2.15) and (2.16) that even in the uniform initial state 
expressed by (2.8), in the general case the linear and linearized problems are 
not similar. It is worth noting that even under omnidirectional uniform 
compression, the mentioned analogy exists rather under the 'tracking' load 
than under the 'dead' one. There are two types of problems when the neces
sary and sufficient conditions of such analogy are satisfied. These are anti
plane problems and problems of plane strained body under axial load. Our 
results on the analogies are independent of the basis, as can be easily proved 
by direct verification. 

3. Wave propagation 

From now on we shall consider the uniform initial state in the form (2.8), 
and we shall discuss problems of wave propagation in bodies with deformational 
anisotropy. Let us consider a propagation of a plane wave, the phase surface 
of which is determined by the phase normal n. Equation (2.1) is solved by 

(3.1) 

Then the characteristic equation is obtained in the form 

(3.2) 

For dimensional changes of the initially strained body or in the absence 
of such changes, the values of AIIIO! are, respectively, 

(3.3) 

According to the condition of symmetry (2.13) it follows from (3.3) 
that the matrix II AmO! II is symmetrical: 

(3.4) 
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Now let us consider the case when the linearized problem has a unique 
solution (R. Hill, 1. Mech. and Phys. Solids, Vol. 5, N° 4, 1957). The condition 
of uniqueness is satisfied when, in our notation, 

(3.5) 

for all ~ij not simultaneously equal to zero. Consider the following relation for 
all ~i not simultaneously equal to zero : 

(3.5)' 

From (3.3), (3.5) and (3.5)' it follows that 

(3,6) 

(3.4)-{3.6) imply that the matrix llAma II is symmetrical and the corresponding 
quadratic form is positively determined. Consequently we have 3 positive 
eigenvalues C~, C~, C;. We conclude that in the uniform initial state of a non
linear elastic isotropic body with an arbitrary form of elastic potential, 
3 isonormal waves propagate in an arbitrary direction of the phase normal. A 
similar situation exists in the linear theory of elasticity of an anisotropic body. 
The results cited make it possible to propose an experimental procedure for 
measurement of isonormal waves propagation velocity with different wave 
normals, to determine the values of the tensor w of the form (2.9). In particular, 
in [6] the second version of the small initial strains theory is discussed, for which 
the components of the tensor w may be represented in the form 

Wima/3 = 6 im 6a /3 ai/3 + (1 - 6 im )(6 ia 6 m/3 + 6 i/3 6 ma) /lim + 

+ 6 am 6i /3 a~. (3.7) 

In [6], propagation velocities of isonormal waves with wave normals 
are discussed in the form 

1 1 

{1,O,O}; {O,I,O}; {O,O,I}; {2-2",2- 2 ,O}; 

1 

{2- 2,O,2- 2}; {O,2- 2, 2- 2}. (3.8) 

As a result, 12 relations are derived to determine the constants (3.7), using 
the corresponding velocities. In the general case, (3.7) contains 15 constants. 



www.manaraa.com

On Deformational Anisotropy 681 

So in every specific case, 3 additional conditions are required. In particular, in 
the case 

(3.9) 

we have [6] the additional conditions 

(3.1 0) 

Thus we conclude that in some cases the results of experimental studies 
for the determination of values of linearized relations of elasticity may be 
used without fixing the form of the elastic potential. 

4. The structure of elastic potential 

Now let us consider the problem of the structure of the elastic potential 
<1>0 = <1>0 (A~ , A~, A~) which allows to explain the experimentally observed 
regularities of wave qropagation in bodies under initial stresses. The body in 
its natural state is assumed to be isotropic. In some cases, this means to assume 
for particular materials that the body is quasi-isotropic in its natural state 
[2,4]. Results of experiments on plexiglass, steel 09G2S and steel EI-702 were 
analysed. It was conclusively stated that the elastic potential should depend on 
3 invariants, 

",0 ",0 (A O AO AO) ",0 -J-. ",0 (A01 ' A20). 
'¥ ='¥ l' 2' 3;'¥-r'¥ (4.1) 

This is an interesting case when the dependence on the third invariant has to 
be accepted as an explanation of experimental results. Such a situation is quite 
uncommon in the mechanics of strained bodies. The obtained result explains 
why, in the analytical treatment of experimental results on wave propagation 
in initially stressed bodies, the simplest form of elastic potential depending on 
3 invariants is employed; this is the potential of the Murnaghan type: 

(4.2) 

The third order constants a, band c are easily determined by an ultrasonic 
technique. It should be noted that in differently formulated problems (the 
large initial strains theory and two versions of the small initial strains theory) 
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different numerical values ofthird order constants are obtained. Nevertheles~ the 
regularities of wave propagation in all formulations of problems can be 
explained. 

S. Non-destructive method of determination of the biaxial stressed state 

We consider a plane sheet I Xl I ~ h with initial stresses induced in it. We shall 
excite the waves propagating along the axis Oxl . The body may be a shell of a 
large radius. We restrict the analysis to relatively rigid materials satisfying the 
inequalities 

o 0 a a 
-.-!!<1· ~<1 , , (5.1) 

JJ. JJ. 

where JJ. is a shear modulus. In all relations the values of the order indicated 
by (5.1) are retained. Let us apply the above theory. For the considered case, 
we obtain the result 

o o. (CSX3 - Cso CSX2 - CSO ) a33 - a22 = A - ; 
Cso Cso 

(5.2) 

In (5.2), Cso is the velocity of the shear wave in the body in its natural 
state (in the unstressed body), 

CSX3 is the velocity of the shear wave in the body with initial stresses 
(with the wave propagating in the direction of the Ox! axis and polarized in 
the Xl OX3 plane), 

CSX2 is the velocity of the shear wave in the body with initial stresses 
(the wave is propagating in the direction of the Ox,! axis and polarized in 
the xl OX2 plane), 

A, B are constants expressed by constants of the second and the 
third orders. 

The constants A and B can be determined experimentally. Expressions 
(5.2) relate the difference of main stresses to the difference of relative velocity 
changes, and the sum of main stresses to the sum of relative velocity changes. 
We shall refer to relations (5.2) as to the relations of acoustoelasticity. Relations 
of acoustoelasticity are similar to relations of photoelasticity. being more general 
in character. In fact, in photoelasticity we have only one relation of the type as 
the frrst relation of (5.2), hence two main stresses cannot be determined from 
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this one relation. In acoustoelasticity, two relations (5.2) exist which makes it 
possible to determine two main stresses without destruction and addtional 
procedures, while in photoelasticity, additional procedures are used. In [2, 4] the 
relations of acoustoelasticity for quasi-isotropic materials are derived. 

The effect of defomational anisotropy under elastic strains on the 
changes in wave propagation velocity is small, it is of the order of tenths and 
hundredths of a percent. Measuring instruments are thus required to measure 
velocity changes to a mentioned precision. A special instrument was constructed 
to obtain the results given below. Its operating frequency is SMHz, to a precision 
of the order of a thousandth of a percent. The instrument is described in detail 
in the references cited [2, 4]. With a view to specify the possibilities and 
precision of stress measurements, using the described acoustical technique, the 
following experiment was carried out. A round solid disk was compressed along 
its diameter by concentrated forces. According to the theoretical solution, in 
the centre of the disk arises a stressed state approximating a biaxial uniform 
state. For various materials (disk specimens) the calculated (theoretical) and 
measured (experimental) results were compared. The results of the comparison 
are given in the table. 

The tabulated findings show that the proposed non-destructive ultrasonic 
technique for determination of biaxial stresses has proved to be precise and 
effective. This technique was used for the determination of uniaxial and 
biaxial stresses which occur during the welding of structure elements. 
Measurements were made in laboratory conditions, as well as on full-scale 
structures. 

TABLE 

Stresses 

Materials measured calculated 
0 0 0 0 

a22 a 33 a 22 a 33 

Plexiglass 0,196 - 0,53 0,182 - 0,55 
Steel09G2S 3,02 - 9,25 3,27 - 9,80 
Steel15X 4,27 - 13,68 4,5 - 13,3 
Steel 45G 17VZ 6,73 - 16,30 5,79 - 17,37 
Steel ST-3 sp 3,56 - 10,26 3,26 - 9,78 
Steel ST-20 4,75 - 13,8 4,55 - 13,65 
Alloy D16 4,05 - 7,90 3,00 - 9,00 
AMG3V 3,4 - 7,01 2,55 - 7,65 
Alloy 1516 2,91 - 10,4 3,54 - 10,6 
High -strength 

6,7 - 19,1 6,4 - 19 steel 
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The above results and some other results, obtained in the institute of 
Mechanics of the Academy of Sciences of the Ukrainian SSR, are cited in 
references [1-6]. 
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RESUME 

(Sur I'anisotropie en deformation) 

Nous donnons une breve discussion des resultats sur I'anisotropie en defor
mation, obtenus a I'Institut de Mecanique de I'Academie des Sciences de Ia 
RSS d'Ukraine (Kiev, URSS). Ces resultats comportent: quelques problemes 
gene raux de Ia theorie de l'elasticite tridimensionnelle linearisee en deformations 
initiales petites et finies; une etude sur les regularites de la propagation des 
ondes dans des corps ayant subi des deformations initiales ; la verification de la 
possibilite d'une determination experimentale des coefficients des relations 
linearisees ; les bases montrant la necessite de tenir compte de la dependance 
du potentiel elastique par rapport au troisieme invariant du tenseur defor
mation ; des discussions sur les fondements de la methode non-destructive par 
ultra-sons pour la determination des etats de contrainte biaxiaux. 
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1. Introduction 

La presence de nombreuses fissures a faibles charges ainsi que Ie developpement 
de fissures dans des directions privilegiees sous fortes contraintes sont des 
phenomenes bien connus dans les roches. Lorsqu'on veut etudier Ie 
comportement de tels materiaux sous des charges compressives croissantes, 
par exemple, on a besoin de moyens non-destructifs pour suivre l'evolution du 
champ des fissures dans l'echantillon. On propose donc d'utiliser la variation 
de la vitesse de propagation d'une onde et de son attenuation due aux fissures 
presentes dans Ie materiau a chaque instant. 

Beaucoup de roches polycristallines, ou les dimensions des microfissures 
sont commensurables avec celles des cristaux, peuvent etre considerees comme 
homogenes et isotropes d'un point de vue macroscopique, tout au moins au 
debut du programme de charge, et sont souvent etudiees comme telles. On 
dispose alors pour caracteriser Ie champ de fissures de deux modules elastiques 
isotropes modifies et des attenuations des ondes de compression (P) et de 
cisaillement (S) correspondantes. Parmi les articles qui traitent ce cas des 
fissures reparties uniformement dans toutes les directions, fissures convexes 
ou fissures infiniment longues, on peut citer les references [3, S, 9, 10, 14-17]. 

Mais quand les conditions de charge deviennent plus severes, apres la 
fermeture de certaines microfissures initiales, les fissures se developpent dans 
des directions privilegiees, de preference paralleles aux directions principales 
du tenseur des contraintes. On est alors conduit a determiner Ie tenseur 
d'elasticite anisotrope effectif associe a une distribution particuliere de fissures. 

Ce modele de milieu anisotrope est etudie ici pour des materiaux formes 
d'une matrice dont la nSponse est supposee lineaire elastique, contenant une 
concentration suffisamment faible de fissures planes, de dimensions telles que 
les conditions de Rayleigh soient satisfaites pour l'onde plane excitatrice; 
aucun contact n'a lieu entre les levres de la fissure. 
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Dans Ie chapitre 2, les fissures planes sont supposees circulaires, et l'onde 
harmonique plane est diffractee par une distribution diluee de fissures toutes 
paralltHes dont Ie plan fait un angle donne avec la normale it l'onde. La forme 
asymptotique de l'onde permet d'obtenir une estimation des modules equi
valents associes: les composantes du tenseur d'elasticite orthotrope de 
revolution effectif sont deduites de la partie reelle de l'onde et correspondent 
aux vitesses effectives des ondes P et S ; l'attenuation par unite de longueur it la 
traversee du milieu fissure est donnee par la partie imaginaire de l'onde 
diffractee. On est amene a introduire une porosite effective associee aux 
fissures e. Les composantes du tenseur d'elasticite sont modifiees par des termes 
correctifs fonctions de e et du coefficient de Poisson. L'attenuation depend 
en plus, pour les longueurs d'onde considerees, du nombre d'onde adimensionnel 
associe au rayon de la fissure. 

Le tenseur d'anisotropie ainsi determine sert de base a ceux qu'on peut 
associer a toute distribution particuliere de fissures. Le chapitre 3 considere un 
autre cas de symetrie de revolution Oil les fissures circulaires sont telles que 
leurs plans aient tous une direction commune. Les modules effectifs obtenus 
sont compares a ceux du chapitre precedent, et aussi a leur valeur pour des 
milieux contenant des fissures orientees dans toutes les directions. Ces derniers 
milieux peuvent etre representes par un milieu isotrope equivalent; si les fissures 
sont elliptiques, mais orientees dans toutes les directions, les coefficients de e 
ont Ie meme ordre de grandeur, a condition de bien choisir la porosite effective 
associee, et les resultats seront valables par extension pour des fissures planes 
de frontiere convexe quelconque. On Ie montre au chapitre 4. 

Les chapitres 2 et 3 supposaient les fissures seches, avec des conditions 
aux limites sur les levres du type libre. Le chapitre 5 traite Ie cas de fissures 
remplies d'un liquide non-visqueux, dont Ie module de compressibilite Kf 

n'est plus negligeable par rapport a celui de la matrice solide, pour l'epaisseur 
relative de fissure consideree. L'anisotropie induite par les fissures est alors 
bien moindre. 

II est interessant, et c'est l'objet du chapitre 6, de comparer les valeurs 
obtenues pour les fissures circulaires a celles qu'on peut deduire des etudes 
bi-dimensionnelles sur les fissures infiniment longues de type Griffith. Les 
termes correctifs intervenant dans Ie module font apparaftre une porosite 
effective bi-dirnensionnelle et l'attenuation des ondes est proportionnelle 
au cube du nombre d'onde adimensionnel, alors que c'est la puissance quatrieme 
de ce nombre qui intervient pour les fissures circulaires (on retrouve la diffe
rence qui existe entre la diffraction par des cylindres et par des spheres). 

En general, on n'a acces experimentalement aux fissures dans un echan
tillon que par les traces qU'elles laissent sur des plans de coupe. II n'est pourtant 
pas indifferent de les modeliser par des fissures circulaires ou par des fissures 
de Griffith puisque les resultats obtenus avec ces deux modeles sont loin d'etre 
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equivalents, surtout lorsque Ie developpement des fissures dans des directions 
privitegiees induit une anisotropie notable. 

2. Fissures circulaires paralleles 

On suppose que no fissures circulaires par unite de volume, de plan normal 
a l'axe z, sont reparties dans un milieu infini elastique de constantes de 
Lame A. et Jl. Les fissures sont suffisamment espacees pour qu'on puisse, au 
premier ordre, negliger les diffractions multiples entre obstacles. Elles sont 
seches, c'est-a-dire que sur les levres les conditions de bord libre sont 
satisfaites : 

(1) 

ou r, <1>, Z sont les coordonnees cylindriques. Vne onde harmonique plane 
de la forme exp ik j (sin 00 x + cos 00 z) est incidente sur ces fissures en 
faisant un angle 00 avec l'axe z. Le nombre d'onde k j , i = 1,2, selon qu'il 
s'agit d'une onde de compression (onde P) ou d'une onde de cisaillement 
(onde S), est relie a la pulsation w par 

w 
k-

j - V· 
1 

_ (A. + 2 Jl )1/2 
VI-

P 
( Jl )1/2 

V2 = -
p 

(2) 

Pour une dependance du temps en exp (- iwt), on resout trois equations 
aux derivees partielles pour les trois potentiels scalaires de Helmotz. La so
lution obtenue [9,10] est developpee pour des nombres d'onde adimension
nels suffisamment petits, soit k j a « I, ou a est Ie rayon de la fissure, donc 
lorsque l'onde incidente satisfait les conditions de Rayleigh par rapport a 
l'obstacle. 

On en deduit [14] la forme asymptotique de l'amplitude diffractee a 
grande distance R d'une fissure Ie long d'une direction d'angles polaires 0, <1>, 
sous la forme: 

(3) 
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ou Uo est l'amplitude du deplacement associe a l'onde incidente. La vitesse 
effective de l'onde V; et son attenuation a L par unite de longueur a la tra
versee d'un milieu elastique contenant no fissures de rayon a par unite de 
volume sont alors donnees par [2] 

(4) 

aL == kj ( 21Tno a3 :1m f(Oo' 0) ~ 
I (kja) ~ 

(5) 

les termes d'ordre (kj a)2 etant negliges. Pour une onde P incidente 
f(O , <1» == g(O , <1»; pour une onde S, si best Ia direction de polarisation de 
l'onde incidente, h == (hI' h2) I'amplitude transversale de l'onde diffractee, 
f(Oo, 0) == b. h(Oo, 0). 

Les calculs etant explicites en [14,16], on donne ici les principaux 
resultats obtenus pour des fissures paralIeles. Vne on de de cisaillement inci
dente se separe alors en deux composantes qui se propagent chacune avec 
sa vitesse propre : une composante parallele au plan des fissures (SH) qui 
garde une direction constante, et une composante (SV) contenue dans Ie 
plan normal aux fissures qui passe par la direction d'incidence. L'onde SV 
subit a la traversee du milieu anisotrope un couplage avec l'onde P mais 
reste principalement transversale. Les vitesses et les attenuations obtenues 
pour les 3 ondes de volume (qP - qSV - SH) sont alors, au premier ordre : 

p(Vp)2 == (A + 2f..L) ll- :1T noa3 [a 1 + (a2 - a1) sin2 00 

+ a2 g sin2 00 cos2 °0 ] I 
2 \ 41T 3 . 2 2 I 

p(Vsv ) ==f..Li l -3 noa (bl-gsm Oocos 00 )\ 
(6) 

2 \ 41T 3 . 2 I p(VSH ) == f..L i 1 -""3 noa b1 (1 - sm °0 ) 

21T 4 6 2 . 2 2 2· 4 
a p ==-nOk l a {f1 +4a (h1-f1)sm 00-4a (h1-a f1)sm eo} 

9 

21T k4 6 - 1 {h ( 2 1l)2 4 2 f . 2 II 2 II } 
Qsv == - no 1 a all - 2 cos u 0 + a 1 sm u 0 cos u 0 (7) 

9 
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al = [1Ta2(1 - a2)rl 

bl = 4[1T(3 - 2 a2)rl 

a2 = (1 - 2a2 )2 al 

g = 4(b l - a2 al) 
(8) 

(9) 

Le rapport des nombres d'onde a = kdk2' qui varie entre 1/0. et 0 est 
associe au coefficient de Poisson v par v = (1 - 2 a2 )/2(1 - a2 ). Lorsque 
les fissures considerees ne sont pas identiques, q3 et a6 sont remplaces par 
leurs moyennes sur les valeurs prisespar les rayons de fissures. 

Pour les fissures planes circulaires de rayon a et de demi-ouverture c, 
si '.fJ = cia est Ie rapport d'aspect ou l'epaisseur relative d'une fissure, 
vc = (4/3)1Ta2 c son volume, l'effet des fissures sur les vitesses d'onde est 
donc decrit par une porosite effective e = no v c /'.fJ et non par la porosite 
reelle qui en differe d'un ou plusieurs ordres de grandeur. 

On peut aussi faire apparaitre e dans l'attenuation qui depend alors 
du produit ekia3, OU a 3 est Ie rapport des moyennes (a6 )/(a3) ~ (a3) 
[ 14]). 

Les equations (6) qui donnent les vitesses d'onde effectives montrent 
qu on peut leur associer un tenseur d 'elasticite orthotrope de revolution 
CjjkQ , d'axe de symetrie z; les modules elastiques sont des modules dyna
miques pour des nombres d'oride adimensionnels petits. On a cinq compo
santes distinctes 

A = C1111 = C2222 = (A + 2J1) (1 - ea2) 

C = C3333 = (A + 2J1)(1 - ea l ) 

F = C1133 = C2233 = A(1 - ea l ) 

L = CI313 = C2323 = J1(1 - eb l ) 

N = CI212 = J1 

(10) 

On a neglige les diffractions multiples entre fissures donc les termes d'ordres 
e2 et superieurs. Les coefficients des tennes en e2 qui apparaitraient, d'une 
part en prenant I'inverse de (4), d'autre part en prenant en compte les diffrac
tions entre deux fissures, etant d'ordre 1 ou inferieurs (on peut Ie prevoir 
d'apres les calculs faits en [4] pour des spheres), la limite de validite des 
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equations (6) et des modules elastiques lineaires (10) peut etre estimee 
comme € < 10- 1 Cette linearite des modules par rapport it € permet de 
combiner de fayon simple les tenseurs anisotropes relatifs it des distributions 
de fissures biplanaires ou triplanaires [16]. 

Par souci de symetrie et pour tenir compte de l'attenuation des ondes 
dans la description du milieu, il est possible aussi de generaliser les milieux 
isotropes presque elastiques de [18]. On introduit, pour la sollicitation sinu
soidale consideree, un milieu anisotrope presque-elastique equivalent : les 
5 modules elastiques ont alors une forme complexe M + iM*, avec 
8 = M*/M «< 1), et l'attenuation est reliee it cet angle de phase 8 par 
QL = kj 8/2. Les parties imaginaires des modules, designees par des lettres 
etoilees, sont telles que: 

* 3 f1 C = C(k1 a) -€ 
3 

h 
L* = L(k1 ai-1 € 

3 

N* = 0 

(11) 

Toutefois, ce modele n'a pas la maniabilite souhaitee puisque les angles 
de phase dependent du nombre d'onde adimensionnel, et ne peuvent donc 
etre consideres comme des grandeurs caracteristiques du milieu dans une 
gamme de frequences donnees. 

3. Distribution axisymetrique de fissures 

Sous l'effet de charges compressives croissantes, on sait que les fissures 
ten dent it se developper parallelement aux directions principales du tenseur 
des contraintes [8], tant que Ie mecanisme de rupture fragile est predominant. 

On considere ici un cas particulier de distribution de fissures qu'on peut 
s'attendre a voir apparaitre dans des cylindres en compression axiale. Les fis
sures sont reparties uniformement dans les differents plans meridiens, de telle 
sorte que pour chacune d'elles un diarnthre soit parallele it l'axe z. On integre 
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alors les expressions des vitesses d'onde par rapport a l'angle que fait chaque 
fissure avec un meridien de reference, et on obtient un nouveau tenseur 
d'(Hasticite orthotrope de revolution de composantes 

A = (X + 2t-t)(1 - ear) 

C = (X + 2t-t)(1 - ea2 ) 
L = t-t (I - e ~) 

2 
(12) 

(13) 

Les coefficients de e dans les modules effectifs sont des fonctions de a (ou 
du coefficient de Poisson v). Leur variation dans l'intervalle";2 < a-I <";6 
ou 0 < v < 0,4 est donnee figures I a-I b en meme temps que les variations 
de aI' a2 , b l obtenus au chapitre 2. On trace aussi les courbes donnant les 
coefficients qu'on obtient pour des milieux contenant des fissures orientees 
dans toutes les directions et qui peuvent donc eire rem places par un milieu 
equivalent isotrope. On a, dans ce dernier cas, les deux modules elastiques 
habituels modifies par des termes correctifs 

(X + 2t-t)' = (X + 2t-t) {I - eam(a)} 

t-t' = t-t {I - ebm(a)} 
(14) 

(15) 

Des formules analogues aux equations (14), avec des coefficients as(a) 
et bs(a) sont valables pour des milieux contenant no cavites spheriques de 
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rayon a par unite de volume, et dont la porosite effective € est egale a la 
porosite reel1e (47T/3) noa3 . On a : 

3 20 
a (a) = - - 1 + ---:-

s 4a2 9 _ 4a2 

(16) 
15 

bs(a) = 2 
9 - 4a 

On constate (Fig. 1) que l'effet des fissures planes circulaires est du meme 
ordre de grandeur, a un coefficient de reduction pres, que celui de cavites 
spheriques ayant meme porosite effective. 

a 

3 

2 

o ~~~----~~-------T~ 
1,5 2,0 2,5 a-' 

I I I 

o 0,25 0,30 0,35 0,40 ~. 

b 

o 

----- .-... , ... --_ .... --.. 
........ ~ bm 

1,5 2,0 2.5 
I'---------il--+I ----+1------+1----
o 0,25 0,30 0,35 0,40 v 

Figure 1. - Coefficients de la porosite effective € dans ['expression des modules effectifs 
d'un milieu elastique fissure. Fissures seches : aj pour les modules de compression, b j pour 
les modules de cisaillement, Cj pour les modules d'Young, les indices i se rapportant aux 
diverses distributions de fissures considenles. 

On peut admettre en premiere approximation, avec une erreur infe· 
rieure a 10 % que am ~ (2/7T) (as - 4/3). 

Vne autre fa~on de rendre compte du comportement des milieux fissures 
est de determiner Ie tenseur MjjkQ , inverse de CjjkQ et qui donne les defor· 
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mations a partir des contraintes. Si E est Ie module d'Young, v etant Ie coef
ficient de Poisson, G = E/2{1 + v) = Jl Ie module de torsion, les tenseurs 
orthotropes de revolution associes aux deux distributions de fissures consi
dert~es sont : 

- pour des fissures paralleles 

1 -v -v 

-v 1 -v o 
1 - v - v 1 + eCI ( 7) 

[Mijk~l = -E 1 
2(1 + v)(1 + ebl) 0 0 

o 0 2(1 + v)(1 + ebl) 0 

o 0 2(1 + v) 

- pour des fissures reparties dans des plans meridiens 

-v 

CI 
-v+e- -v 

2 

-v 

o 

o o 

o o 2(1 + v) (I + e ~I ) 0 

o o 2(1 + v) (1 + eb,) 

(18) 

oil b l , br sont definis comme en (8), (13) et 

(19) 

Les composantes MijkQ sont obtenues par inversion des relations d'elasticite 
anisotrope associees a CijkQ • Elles coincident avec Ie developpement au premier 
ordre des calculs de [13]. On les complete par les valeurs cm et Cs des coef
ficients de E apparaissant dans Ie module d'Young effectif des milieux contenant 
respectivement des fissures circulaires reparties dans toutes les directions et 
des cavites spheriques de meme porosite effective € • 

C = 3 - 4a2 (a2 a l + 2b l ) 

m 1 _ a2 5 15 

c = 3 3 - 4a2 (bs \ (20) 
s 4(1 _ a2 ) 1 _ a2 3 1 
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4. Cas des fissures elliptiques 

La notion de porosite effective, introduite au chapitre 2 pour des fissures cir
culaires, peut ~tre avantageusement etendue aux fissures elliptiques. 

4.1. Fissures elliptiques orientees dans toutes les directions [3] 

Le module de rigidite Ii la compression ne 'depend pas explicitement du rap
port des longueurs d'axes de l'ellipse b/a si on choisit un parametre represen
tatif de la densite de fissures proportionnel Ii no A 2 /P, ou A et P sont respec
tivement l'aire et Ie perimetre de l'ellipse. On peut definir pour des fissures 
elliptiques une porosite effective 

8 A2 
e = - n - (21) 

3 0 P 

dont la defmition de e donnee pour les fissures circulaires est un cas particulier 
(e differe du parametre choisi en [3] par un facteur 4rr/3). La valeur effective 
du module de rigidite Ii la compression K est alors reliee Ii sa valeur K dans la 
matrice elastique par : 

K 3 - 4a2 3 - 4a2 ( 4 2 ) - = 1 - ea = 1 - e a - - a b 
K 3 13 m 3 m 

(22) 

Le module d'Young E et Ie module de cisaillement G(= Ii) sont donnes par 

E 3 -4a2 (a2 a1 t) - = 1 - e -- + - (23) 
E 1 - a2 5 15 

G (4a2 a1 t) G = 1 - e -1-5 -+ 5" (24) 

t(b/a, a2 ) v.arie de 2 b 1 pour un cercle Ii (3 - 2a2 )/rr(1 - a2 ) pour des ellipses 
infmiment longues (b/a ~ 0), soit une variation relative maximum de 6 % dans 
l'intervalle de variation de a considere figure 1. 

4.2. Fissures elliptiques dans des plans paralleles 

Elles peuvent ~tre obtenues comme un cas particulier des inclusions en forme 
d'ellipsoldes etudiees en [6]. Quand on passe de la fissure circulaire Ii l'ellipse, 
les modules C1111 et C2222 deviennent differents, ainsi que C1313 et C2323 . 

Toutefois, cette difference est surtout appreciable (d'apres les figures 1 et 2 
de [6]) pour les valeurs de cia suffisantes (superieures Ii 0,1 pour b/a = 1/3, 
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par exemple). Le parametre de densite d'inclusions qui apparait dans [6] est 
novca2/bc, si a, b, c, sont les longueurs des demi-axes de l'ellipsoi'de, ce qui 
revient a remplacer chaque inclusion par la sphere circonscrite. On constate 
alors, pour des fissures seches d'epaisseur relative cia = 0,01 et un coefficient 
de Poisson v = 1/4 (ou 0 2 = 1/3), quand b/a passe de 1 a 1/3, une chute du 
coefficient de ce parametre de 1,49 a 0,23 dans Ie module C3333 . Mais cette 
difference n'est pas Significative. En effet, il est preferable, pour les fissures, 
de choisir comme parametre la generalisation de la porosite effective proposee 
au paragraphe 4-a. Cela revient a remplacer la fissure par un ellipsoide de meme 
ellipse de base, et d'une hauteur intermediaire entre les axes a et b, soit 
2A/P = 7Tb/2E(k), OU E(k) est l'integrale elliptique complete de seconde 
espece, et k = (1 - (b2/a2))1/2. Le nouveau rapport d'aspect de la fissure 
est'P = c/(7Tb/2E(k)), et Ie coefficient de e passe seulement a 1,47. 

Cet exemple montre que la porosite effective permet aussi de decrire 
une distribution de fissures elliptiques paralleles, en reduisant a quelques pour 
cents l'influence du rapport b/a sur les termes donnant la variation des modules 
effectifs. 

Par extension, avec la meme definition de la porosite effective, on peut 
esperer avoir une bonne estimation des variations des modules effectifs pour 
toute distribution de fissures planes de forme convexe. 

5. Fissures circulaires saturees 

Les fissures considerees dans les chapitres 2 et 3 etaient seches, c'est-a-dire 
remplies d 'un gaz de compressibilite negligeable par rapport a celIe de la ma
trice solide elastique K. Pour des fissures remplies de liquide non-visqueux, 
on distingue deux cas selon la compressibilite du liquide. 

5.1. Liquide incompressible 

Les conditions aux limites du type libre sur les levres sont remplacees par 
- la continuite des contraintes normales ozz • 

- la nullite des contraintes tangentielles 0zr = 0z<l> = O. 

Les resultats se deduisent des precedents en rempla<;ant a l par 0 [11] partout 
ou il apparait, Ie coefficient b i n'etant pas modifie. Des developpements ana
logues donnent les nouvelles valeurs, affectees d'un tilde, des coefficients de e 
respectivement pour des fissures reparties dans des plans meridiens et dans 
toutes les directions 

bi 
b=

r 2 

Les valeurs de ces coefficients restent faibles (Fig. 2). 

- 2 b = - b 
m 5 I 

(25) 
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a,b 

---- b, 

-=-- JIr Pm br 
( , = / am v 

0 v 
1,5 2,0 2,5 a-I , I 

0 0,25 0,30 0,35 0,40 V 

Figure 2. - Coefficients aj et bj, definis Figure 1, pour des fissures remplies d'un liquide 
non visqueux incompressible. 

L'anisotropie induite par des fissures remplies d'un flu ide incompressible 
modifie surtout les composantes du cisaillement, et est beaucoup moins intense 
que dans Ie cas de fissures seches. 

5.2. Compressibilite intermediaire 

En fait l'influence de la compressibilite Kf du liquide contenu dans une fissure 
est prise en compte par un parametre caracteristique 

a Kf w=--
c K 

(26) 

introduit en [3] par des considerations d'enrgie. 11 apparait comme terme pre
dominant, lorsque cia tend vers 0, dans l'expression de l'amplitude diffractee 
par une inclusion spheroidale (avec IJ.f = 0) develop pee sur les fonctions d'onde 
spheriques pour des nombres d'onde adimensionnels petits [7, 16, 19]. 

Si K,IK « 1, il peut tres bien se faire que w soit 0(1) ou plus grand, 
si bien que la presence d'un liquide dans des fissures minces joue un role plus 
important que dans des cavites spheriques. On a alors une estimation des coef
ficients de e dans les termes correctifs des modules en remplayant a l et a2 par 
aiD et a2 D ou 

(27) 



www.manaraa.com

Anisotropie Induite par les Fissures dans les Roches sous Contrainte 697 

Les cas des fissures seches et de liquides incompressibles sont obtenus 
comme limites respectivement quand w tend vers 0 et l'infini, et encadrent 
les resultats intermediaires. Un exemple des valeurs numeriques obtenues 
pour un materiau elastique contenant des fissures remplies, soit d'un gaz 
de compressibilite Kg, soit d'un liquide de compressibilite KQ, tels que 
A = IJ. = 4 KQ = 4000 Kg, est donne dans la Table. Pour chaque valeur 
de cja, la colo nne de gauche correspond au gaz, celle de droite au liquide. 

TABLE 1 

~ = 1 ~ = 01 ~ = 001 
a a ' a ' 

D 1,00 0,84 1,00 0,46 0,99 0,08 

a1 2,12 1,78 1,43 0,66 1,42 0,11 

a2 2,12 1,78 0,16 0,07 0,16 0,01 

b1 1,96 1,96 0,55 0,55 0,55 0,55 

ar 2,12 1,78 0,81 0,42 0,80 0,15 

br 1,96 1,96 0,52 0,38 0,51 0,29 

am 2,12 1,78 0,60 0,33 0,59 0,14 

bm 1,96 1,96 0,35 0,28 0,34 0,23 

f1 9,34 5,98 2,69 0,57 2,64 0,02 

fr - - 1,45 0,39 1,42 0,11 

fm - - 1.05 0,31 1,03 0,12 

h1 12,09 9,79 0,64 0,64 0,64 0,64 

Les developpements menes pour les modules elastiques peuvent etre 
conduits de la meme fa90n pour les attenuations. Des valeurs intermediaires 
fr , fm, ... , sont aussi obtenues pour les coefficients d'attenuation dus a 
des distributions de fissures reparties dans des plans meridiens et dans toutes 
les directions. Pour les fissures sa turees, les termes en f 1 sont multiplies par 
D2, les termes en hI sont inchanges. On peut se reporter en [16] pour les 
details des calculs. 

6. Fissures de Griffith 

Lorsque les deux dimensions caracteristiques d'une fissure convexe ne sont 
plus du meme ordre, Ie probleme devient a peu pres bidimensionneI, pour 
des fissures paralIeIes, et on se ramene a une fissure infiniment longue dite 



www.manaraa.com

698 

8 p 

4lTn a6k3 
30 9 0 I 

20 

10 f, fr 
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M Piau 

20 

10 

hi 
0 

a-' 1,5 2,0 2,5 a-I 
I I I 

V 0 0,25 0,30 0,35 0,40 V 

Figure 3. - Angles de phase adimensionnels associes aux attenuations des ondes de 
compression (f;l et de cisaillement (h;l pour divers systemes de fissures seches. 

fissure de Griffith. Les modules effectifs calcuIes pour ce modele Ie sont en 
general pour des fissures dont la direction varie dans Ie plan; ils sont fonctions 
d'une porosite effective bidimensionnelle (N/S) 1T b2 ou best la demi-Iongueur 
de fissure et (N/S) Ie nombre de fissures par unite de surface. 

Si ces fissures rectangulaires infmiment longues sont reparties dans toutes 
les directions de l'espace, on peut leur associer une porosite tridimensionnelle 
effective definie comme au chapitre 4, et qui vaut e = (32/3) no ab2 • Les re
sultats obtenus sont alors tres voisins de ceux qu'on trouverait pour des fissures 
elliptiques infmiment longues de meme rapport A 2 /P [3], car les coefficients 
de e sont dans un rapport 3 1T2/32 tres voisin de 1. 

Mais lorsque ces fissures de Griffith se developpent dans des directions 
privilegiees, l'anisotropie induite n'est pas la meme que celIe due a des fissures 
convexes. 

La diffraction des ondes scalaires et des ondes de compression par une 
fissure de Griffith a ete etudiee [1, 12]. Les expressions de l'amplitude diffractee 
a grande distance de la fissure et l'analogue bidimensionnel des relations (4) (5) 
[2] permettent d'obtenir Ie module de compression associe a une onde P inci
dente, et Ie module de cisaillement pour une onde SH d'amplitude portee par 
la grande dimension de la fissure. La section droite de diffraction Q calcuIee 
en [12] pour une onde P en incidence normalepermet par ailleurs de donner 
l'attenuation de cette onde 
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/iSH N 2 2 -- = 1 - - 1T b cos (J 
/1 S 

(29) 

(30) 

Le plan (x, z) etant normal a la grande dimension de la fissure, les coefficients 
d'elasticite C1111 et C3333 sont modifies, les termes correctifs etant dans Ie 
rapport (1 - 2a2 )2 comme pour les fissures circulaires, mais C2222 reste 
inchange comme C 1212' Introduisant la porosite effective tridimensionnelle 
dans les equations (28) et (29), on trouve les nouvelles valeurs des coefficients 
a1 et b1 : a1 = 31T2 a1/l6, b1 = 31T/16. II y a donc peu de changement pour 
les modules de cisaillement, la variation des modules de compression est mul
tipliee par (31T2 /l6) pour A et C, et nulle pour B = C2222 . Ces differences 
s'estompent quand les fissures sont reparties dans toutes les directions, mais 
lorsque les fissures se developpent dans des directions privilegiees, it reste 
important de savoir si Ie milieu sera decrit convenablement. 

Le choix est encore plus crucial pour l'attenuation ; l'equation (30) montre 
qu'on retrouve entre fissures circulaires et fissures infiniment longues la diffe
rence qui existe entre l'attenuation par des spheres et par des cylindres cir
culaires, puisqu'on passe de la puissance quatrieme du nombre d'onde adimen
sionnel au cube de ce nombre. 
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ABSTRACT 

An effective anisotropic elasticity tensor is proposed to describe the near
elastic dynamic response of cracked stressed rocks. For loosely distributed 
thin circular cracks, a relationship is developed between two crack distributions: 
parallel and axisymetrical, and the associated effective transversely isotropic 
elasticity tensor; the corresponding compressional and shear wave attenuations 
are determined for small adimensional wave numbers. An effective porosity is 
defined, which makes the results useful for elliptical and even for arbitrary 
convex plane crack shapes. Saturated cracks, filled with non viscous liquids, 
and bidimensional or Griffith cracks are also discussed. 
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1. Introduction 

Anisotropy is the realm of crystalline structures. This is even more so in struc
tures which exhibit electro-mechanical couplings such as piezoelectricity in 
ferroelectrics. The purpose of this work is to establish first a complete, exact, 
nonlinear theory of elastic ferroelectrics, and then to determine the essential 
features of harmonic wave propagation in such structures. 

Ferroelectricity is characterized by the existence of a large static electrical 
polarization even in the absence of an applied electric field. The presence of 
this initial polarization field induces an anisotroqy in the elastic, electric, and 
coupled properties of the material in the same manner as an initial stress induces 
an anisotropy in the optical behavior of certain transparent materials in phqto
elasticity. To account for this anisotropy effect, the generalized 'kinematics' 
of the problem is envisaged in three steps. First, an elastically released, polariz
ation-free configuration is considered as a reference configuration KR . The 
material which is supposed to be nonlinear elastic and a nonlinear dielectric 
(because of ferroelectricity), is assumed to be isotropic with respect to. this 
ideally defined (not necessarily existing) configuration. Then a static, rigid body 
initial configuration Ki is considered, which corresponds to the real initial 
state of the ferroelectric (locally nonvanishing finite, electrically polarized). 
Finally, corresponding to the current configuration Kt , small disturbances 
(in view of the applications to signal processing) in strains and electromagnetic 
fields are superimposed. As a result of the introduction of the initial configur
ation, the propagation of these disturbances takes place in an anisotropic body 
(the ideal symmetry has been broken), whose symmetry group is that of trans
verse isotropy about the locally nonvanishing initial electrical polarization. 
Because of the fully dynamical features of the treatment (albeit only Galilean 
invariant), the approach allows us to exhibit all branches, coupled or uncoupled, 
of elementary oscillations such as quasi-electromagnetic branches, elastic 
branches which are converted in polariton branches at certain critical wave
numbers, etc. A birefringence of transverse polaritons and an acoustic Faraday 
effect (rotation of the polarization plane) are placed in evidence. The allied 
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dissipative processes, viscosity and dielectric relaxation, are introduced, and 
their effects studied, along the same lines of reasoning. The practical results 
are illustrated with several qualitative and quantitative dispersion curves (in 
ferroelectric BaTi03). This research leans heavily on previous investigations 
(1] which led to a theory of dielectrics more intricate than Voigt's theory. 
Strong similarities are offered to the problem of coupled magneto elastic waves 
in elastic ferromagnets [5]. The same methodology can be applied to more 
complicated cases such as those of elastic antiferroelectrics and ferrielectrics. 

2. General equations 

Following a now well-established method, it can be shown (cf. [1,2]) that 
all field equations and thermodynamical equations, apart from Maxwell's 
equations, which are needed in this work can be deduced from three basic 
principles written in global form for a material body occupying the volume 
Dt with boundary aD t , equiped with the unit outward normal n, and closure 
Dt in the configuration Kt . We have: 

a) The principle of virtual power expressed by 

(2.1) 

b) The first principle of thermodynamics 

(2.2) 

c) The second principle of thermodynamics 

. . 
N (Dt ) - Bl(Dt ) ~ 0 . (2.3) 

Here 

PCl) (D t ) = - 1 pcb dv, pcb = aij Dij - p LE. -n* + LEij fI~, (2.4) 
°t 

Pta) (D t ) = ~t P [U . U* + d ~ •• (~)*] dv, (2.5) 

Ptv) (Dt ) = 1 [(f + rem). U* + P £. (n)*] dv, (2.6) 
°t 

Ptc) (aD t ) = f [(T + Tern) • U* + P P . (n)*] da, (2.7) 
aOt 
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and 

K(Dt ) = 1 ~ p(U2 + d1t2) dv, 
0t 2 

E(D t ) = 1 p edv, N(D t ) = 1 p 17 dv , 
0t 0t 

D .. == V( .. ) n·· == V[' )'), (~) == dldt (-) == alat + U • ~, 
1) 1,)' 1) I, 

1 1 rem = - P* X B + (P.~) S, Ii == E + - U X B, 
c c 

p* = P - (P .~) U + P(~. U), 1C:' Pip. 

703 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

In these equations the right upper asterisks in (2.1) and (2.4)-(2.7) indicate 
virtual fields. p(a) is the total power of acceleration or inertia forces (d is the 
so-called polarization inertia). P(i) is the total power of internal forces, written 
as a linear form on a set of generalized objective velocities. aij = aji is the 
intrinsic stress tensor, LE is the local electric field, and LEij accounts for 
polarization gradients. p(v) is the total power of external volume forces, and 
p(c) the total power of cohesion, or surface, forces. In this formulation, 
Maxwellian electromagnetic fields are assumed to contribute to external forces 
of the volume and surface types (this is a deliberate choice). rem is the form 
taken by the volume ponderomotive force in nonmagnetizable, nonrelati
vistically moving, dielectrics; rem is the associated surface ponderomotive 
force; cf. [3]. However, the total power of prescribed volume and surface 
,0rces, P(d)' does not include the effects of Maxwellian electromagnetic fields. 
P is a prescribed surface polarization density. E, B, D, H, P = D - E are the 
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usual electromagnetic fields in a fixed (laboratory) Galilean frame.£,Oc\ OJ, fJe, 
~ are the same fields in a frame moving with the matter element. For a 
nonmagnetizable dielectric we have the energetic identity [3] 

vern (D t ) = - 1 (rem. u + p£.lc) dv 
Dt 

~f [c(£x:Ie).n+~m.U]da. 
aDt 

(2.14) 

Furthermore, if () is the thermodynamical temperature and we assume that 
the entropy source a and the entropy flux <I> are such that 

a = hl(), <I> = ()-l (q - c ib x:Ie) == ()-l q (2.15) 

then eqs. (2.1)-(2.3) yield the following results: 

(2.16) 

(2.17) 

with 

(2.18) 

and, on account of(2.14) and (2.1) written for real fields, 

E(D t ) + P(i) (Dt ) = Oh (5t) + Oem (D t ), Oem (D t ) == 1 (clf, x ge) da 
Dt 

(2.19) 
or, locally, 

pe = p(i) - V • q + ph (2.20) 

while, with l/I == e - ()T/ and on account of (2.15), (2.3) one has the Clausius
Duhem inequality 

•• 1 
- p~l/I + T/()) + p(i) - 0- q. V () ;;;. O. (2.21) 

In addition we recall the continuity equation and the form taken by Maxwell 
equations in nonmagnetizable dielectrics (in Dt ) : 

(2.22) 
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and 

1 
" x E + - (a B/at) = 0," . B = 0, 

c 

1 1 
(2.23) 

" x H - - (aD/at) = 0, ". D = 0, D = E + P, H = B + - U x P. 
c c 

The local balance of moment of momentum is built in eq. (2.18). It proves 
convenient to introduce a symmetric stress tensor Etij and a convected·time 
derivative iTij such that 

Etij == aij - P LE(i1Tj) + LE(ilkl1Tj),k> 

ft.. == (1T. .)* = (;;f,-:) + 1T. k Uk . - U. k 1Tk '. IJ I,J I,J 1, ,J 1, ,J 

(2.24) 

Then 

(2.25) 

and (2.21) reads 

- J- 1 ci; + Po lI(h + Etij Dij - LE. P* + LEij1Tij - 0- 1 q ."0 ~ 0, 
(2.26) 

~ == Po Iji, Po = p(KR ), J = Po/po (2.27) 

Following a routine procedure, one shows that the thermodynamically reversible 
contribution to the 'elastic' stress tensor Et , the local electric field, the tensor 
LE and the entropy density 11 are derived from the frame·independent energy 
per unit of un deformed volume [4], 

~ =~(EKL,ITK' ITKL,O), 

1 
EKL == "2 (&i,K tri,L - 0KL), ITK == JXK,i Pi' ITKL == XK,i 1Ti,L' 

(2.28) 

while the dissipative parts in Et and LE, and q, are provided by complementary 
laws which are linear forms in Dij! prand O,j' respectively (no dissipative process 
being associated with the tensor L E, [4]). We note that, as a consequence of the 
decomposition (2.25), both viscosity and dielectric-relaxation processes 
contribute to the dissipative component of the Cauchy stress tensor. 
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3. Linearization and symmetry breaking 

Let us assume that there exists a rigid-body, static, uniformly polarized solution 
of eqs. (2.16)-(2.17) and (2.22)-(2.23) such that 

So = {xi = <5 iK XK, oP -=1= 0, oB -=1= 0, op, () 0 « () c = Ferroelectric 
Curie temperature 

(3.1) 

It can be shown that such a solution exists and is stable if the body has an 
ellipsoidal shape (or a degenerate form of this) and if there are applied a spatially 
uniform magnetic field and electric fields and adequate mechanical surface 
loadings on aDto (with f = 0 in Dto). The solution (3.1) to which there 
correspond initial fields (~t, ~E, ~E) may be considered, via the constitutive 
equations as defining a one-domain ferroelectric state corresponding to an 
initial configuration Ki -=1= KR. Let us pull back to KR the equations (2.16)
(2.17) and (2.22)-(2.23), effecting a socalled Lagrangian variation of these 
equations about Ki. If (u, p, e, b, e == () - ()o) is the set of small dynamical 
fields which describe the dynamical solution Sf of the pulled back equations 
which remains in the neighborhood of So, we obtain the following perturbation 
equations: 

oPii=diV'C+.!..(oPPx oB)+(oPo"t7)e, [C-,-)==~(-)J, (3.2) 
c at 

+ 1 (0 B) + L + -1 L d" ei -;;- u x 0 i ei oP eij,j = Pi' (3.3) 

.., 1 (0 0) 1 ( ) 0 1 0 ., x e - - e + oP P = - oP o"t7 u, "t7 x e + - b = 0 , 
c c c 

(3.4) 

"t7 0 b = 0, v 0 (e + opp) = "t7 0 [CoP 0 v) u] , 

where 

7ij = oCijpq Up,q + O€ijk(OPPk - oPm Uk,m) + ~t(ilkl uj),k + Lei oPj 

L L '" 0 

+ oEi(oPPj - oPk uj,k) - OEipPj,p + OVij () + 011ijpq Up,q 

- OCik (op Pk - oP m Uk,m) oPj , 

L L -I( ) '" ei = - OEj uj,i - O€pqi Up,q - oXij oP Pj - oP m uj,m + Oai () 

- oCij(PoPj - oP m Uj,m) , (3.5) 
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L L ~ 
eij = - oEm j um,i + OUijpq Pq,p , 

qi = - Kij 8,j . 

All tensor coefficients introduced possess obvious symmetries and, apart from 
07'lijpq and OCij' are defined as second-order partial derivatives of ~ taken at 
So' [4]. If the body behaves isotropically with respect to KR , then ~ depends 
on 36 scalar invariants built from the arguments of ~, and it is shown that 
the elasticity tensor OCijpq , the piezoelectricity tensor O€ijk the initial stress 

~tij, the initial fields ~Ei and ~Eij' the reciprocal electrical susceptibility 
oXij 1, the pyroelectricity vector Oai and the thermoelasticity tensor Ollij' 
which are defined by second-order derivatives of ~ with respect to the in
variants possess hexagonal symmetry (Le., transverse isotropy with respect 
to oP) so that the model obtained applies to the treatment of materials of 
the type of BaTi03 in their ferroelectric phase. The initial polarization oP 
has broken the ideal symmetry (isotropy) or, in other words, we witness a 
phenomenon of anisotropy inducement by an initial field (a phenomenon 
similar to what occurs in photo elasticity and, more generally, in crystal 
optics). Let us introduce the following notational device: we shall denote 
by L[A, ... ,C ID] a linear operator in A, ... ,C with parameters D. Then 
eqs. (3.2), (3.3) and (3.4) can be symbolically written as 

ii = L(u) [V'V'u, V'p, V'V'.e., ~, V'~; V'V'~, V'~ 1 So] , 

p = L(p) [V'u, it, p, V'V'p, ~, V'V'.t!.; V'~, ~l So], 

e = L(e) [V'V'V'u, V'U, V'V'p, p, V'V'e 1 So] 

(3.6) 

(3.7) 

(3_8) 

for isothermal processes (8 = 0). Equation (3.8) follows from eqs. (3.4)1,2,4 
which combine to yield the equations (tr = trace) 

De = - 0 • (op P - (oP .l7) u) , 

(3.9) 

where 0 is the usual d'Alembertian (in rectangular coordinates); the remaining 
equation ~ • b = 0 indicates the transversality of electromagnetic perturbations. 
Equations (3.6)-(3.8) exhibit the different wave modes that can occur in the 
model (elastic modes, polarization, or polariton, modes and electromagnetic 
modes). The nonhomogeneity of the polynomials of differentiation in these 
equations shows that most wave modes will be dispersive, the variables to the 
right of semi-colons indicating damping. The linear contributions in p and it 

24 
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in eqs. (3.6) and (3.7), respectively, correspond to a so-called magneto elastic 
dragging. This effect disa£Pears with oB = o. Henceforth we consider a solution 
Sf such that oB = 0 and 0 = o. 

4. Wave-propagation modes 

We consider plane waves of the form 

(u, p, e) = (li, p, e) exp [iW (t - ~ s or ) l (4.1) 

where W is the circular frequency, s is a unit vector in the direction of propag
ation, n is the refractive index, k = wnlc is the wave number, and q = cklw 
is the dimensionless reciprocal phase velocity. The wave length A = k -1 is 
such that A« L, where L is a characteristic linear dimension of the body, 
so that in fact, neglecting boundary effects, we consider bulk waves and study 
their various propagation modes and their dispersion and damping. The quali
tative study of the dispersion in absence of damping (wand k real) is made in 
terms of four small dimensionless parameters (c = velocity of light in vacuum) 

(4.2) 

and EGP which give a measure of,respectively, the importance of longitudinal 
and transverse elastic waves (when these two concepts can be defined) as 
compared to optical phenomena, the importance of the initial polarization 
(typical ferroelectric effect), and the influence of polarization 
gradients (another ferroelectric effect). These parameters are of the order 
of 10- 11 ~ 10- 10 (for the first two), 10- 12 - 10- 11 and 10-22 _ 10-23 , 

respectively. The general study of wave propagation in a direction at any 
angle 0 k to oP and the complete discussion of the special cases 0 k = 0 and 
Ok = rr/2 are to be found in the original works [4]. Here we simply present 
the most relevant qualitative and quantitative results for an orthogonal 
setting of the bias field, i.e., when oP. s = 0 or Ok = rr/2. First, consider 
the effects of oP on elastic wave propagation. The first effect is a change in 
the slope of the otherwise nondispersive elastic branch wEek) = cEk, which 
is initially replaced by wEek) = CEk with c~ = c~ [1 + (Ep/EE)], where 
EE = 4/c2 . The second effect is to render that branch slightly dispersive, 
i.e., to yield a frequency spectrum of the type wEek) = cEk + Epf(k), 
where f(k) is a slowly varying function of k such that f(k = 0) = 0 and 
f(k ~ 00) ~ O. A third effect results from the existence of a new type of 
elementary excitations provided by eq. (3.7) and the coupling with it. In 
absence of couplings with the displacement field and the electromagnetic 
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field, (3.7) yields two dispersive branches (of the hyperbolic type), a so
called high optical branch and a low optical branch, or solft mode of pola
ritons. This soft mode couples with the electromagnetic wave to give rise 
to an optical splitting and a dispersion of the electromagnetic wave. Finally, 
the same soft mode couples with an elastic-wave branch giving rise, at the 
point of acoustic-polariton resonance (wo, ko), to a repulsion of the branches, 
a phenomenon arising from piezoelectric couplings and which, in spite of the 
smallness of the parameters involved, has a drastic effect. This effect is quite 
similar to the magnon-phonon coupling arising in elastic ferromagnets (See, 
e.g., [5]). The situation is illustrated in Figure 1 for the case oP. s = 0 in 
absence of damping. Curves are drawn in dimensionless units, the fre
quencies being rendered dimensionless by n*, the starting frequency of the 
quasi-electromagnetic branch, and wavenumbers by q = ck/n*, i.e., all 
phenomena are essentially normalized as functions of the optical ones. The 
branch I of transverse phonons (elastic excitations) is slightly dispersive but 
otherwise uncoupled. Branch II is an optical longitudinal branch. Branch V 
is a quasi-electromagnetic branch which couples (band splitting) with the 
acoustic-polariton branch III. The latter starts, with increasing q, as a quasi
electromagnetic branch, then becomes a polariton branch to end, after passing 
through the cross-over region defined by the resonance (no, qo), as a longi
tudinal acoustic branch. Finally, branch IV starts as a longitudinal acoustic 
branch for small q's and becomes, after passing through the cross-over region 
(no, qo) a pure polariton branch. The latter branch, as well as branch II, is 
practically level in the macroscopic region of the spectrum, so that the group 
velocity V g = (a W/ak)IV diminishes continuously throughout the cross-over 
region with increasing k, and practically tends toward zero, an effect which 
has been detected in ferroelectrics by means of the Raman and Brillouin spec
troscopies, cf. [6]. Similarly, the slope of the asymptote to branch V is very 
steep, so that in fact we can replace Figure 1 by the schematic Figure 2. 

In Figure 3 there is shown a magnified view of the repulsion region, 
computed numerically for ferroelectric BaTi03 (0 0 = 52°C). In the case of 
propagation at an angle 0 < Ok < rr/2 to oP, the low polariton branch may 
couple with both longitudinal and transverse acoustic branches, so that there 
are two cross-over regions (no, qo) and (n "'" no, ql)' cf. Figure 4. This 
demonstrates the possibility, at static spatially weakly nonuniform bias 
electric field, to convert phonons into polaritons, and at slowly time-varying, 
spatially uniform, bias electric field, to convert polaritons into phonons. It 
has been verified that for the values of material coefficients at our disposal, 
no is situated in the hypersound region and that qo corresponds practically 
to the middle of the Brillouin zone of lattice theory, so that the phenomeno
logical approach considered in this work is feasible. 
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5. Birefringence and acoustical activity 

Transverse polaritons present a phenomenon of birefringence since there are 
two polariton modes with refractive indices nI and nn, polarized along oP 
and s x oP, respectively (for 8k = 1T12). It can be shown that 

(5.1) 

where BI accounts for electric susceptibility, B2 , which is negligible, accounts 
for polarization gradients, and B3 , accounting for piezoelectric couplings, 
blows up at the resonance point. As to transverse acoustic waves, they are 
shown to possess the mechanism of acoustical activity, such that the two phase 
velocities satisfy the relation 

(5.2) 

where Al accounts for elastic anisotropy (due to o~ and A2 includes a reso
nance effect. The latter, however, cannot be realistically reached, as the fre
quencies involved are far outside the acoustic range. The exact expressions of 
the coefficients introduced in eqs. (5.1) and (5.2) can be found in the original 
works [4]. 

6. Damping 

The tensorial coefficients 017ijpq and OCij of viscosity and dielectric relaxation 
can now a forciori be taken with the uniaxial symmetry induced by op. With 
w now complex in eq. (4.1), the corresponding analytical study is involved 
and yields a (reciprocal relaxation time vs. real part of the frequency) diagram 
of the type drawn in Figure 5. Here branch II is the electromagnetic branch, 
I is essentially the elastic branch and II is essentially the low polariton branch. 
Again, a typical repulsion effect occurs at (TO I , a 0 "'" no)' A numerical evalu
ation of this repulsion effect for damping in BaTi03 is given in Figure 6. 

7. Conclusion 

In the above-enunciated results, the essential facts are those that d =1= 0 and 
oP =1= 0, and that oP induces an anisotropy, so that there indeed exists a 
piezoelectric coupling. If we let d -+ 0, then both high and low polariton 
branches rise to escape from the acoustical range of frequencies. We note 
that none of the mode-coupling effects exhibited in this paper can be repro
duced with the usual Voigt scheme of piezoelectricity [7], where the only 
effect in anisotropic bodies is to replace elastic moduli by piezoelectrically 
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stiffened moduli, which can only lead to a change in the elastic speeds. 
Another peculiarity of the present model is that a linearization about a 
finite state (oP) of polarization requires starting from a fully nonlinear 
theory in order to guarantee a correct linearization procedure. One conse
quence of this is that not only the strain per se is involved in the linearized 
equations, but also the infmitesimal rotations u[i,j] (which do not appear in 
Voigt's theory). The above model can also be used to study simple wave 
propagation problems in presence of material boundaries, e.g., the excitation 
of electroacoustic elastic material sandwiched between two electrodes, as 
well as the half-space problem leading to the consideration of surface electro-
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acoustic waves. Then we have couplings between Rayleigh (elastic) waves and 
Bleustein-Gulayev (electric) surface modes*. 
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RESUME 

(Ondes electroacoustiques dans les ditHectriques elastiques ferroelectriques) 

Etude des ondes electroacoustiques coupIees, dispersives et attenuees dans les 
dielectriques elastiques ferroelectriques dans lesquels la symtHrie hexagonale est 
induite par Ie champ de polarisation electrique initial (symetrie brisee). 

* Note added in proof. - This problem has been treated in the meantime, cr. 
J. POUGET and G. A. MAUGIN,J. Acoust. Soc. Amer., 69 (1981): 1304-1325. 
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1. Introduction 

Le but de l'etude est la mise au point d'une methode d'auscultation dynamique 
non destructive du beton qui pennettrait a tenne de contr61er les ouvrages in 
situ. 11 s'agit donc de deduire l'etat du materiau a partir de son comportement 
dynamique et plus precisement d'obtenir des informations sur les etats de 
contraintes et de fissurations grace aux mesures des ceIerites de propagation 
des ondes. 

Dans un premier temps, on decrit et analyse les resultats experimentaux, 
puis on construit un modele theorique susceptible d'expliquer qualitativement 
et quantitativement les phenomenes. 

2. R~ultats experimentaux 

2.1. Dispositi/ experimental et notations [2] 

On effectue des cycles de chargement en compression uniaxiale d'une eprouvette 
en beton, figure 1 ; ces cycles ont une amplitude croissante, figure 2, jusqu'a 
rupture de l'eprouvette. A chaque palier de charge on mesure Ie temps de tra
versee d'ondes ultrasonores longitudinales et transversales se propageant les unes 
parallelement, les autres perpendiculairement a la contrainte : ces ondes sont 
emises par des palpeurs places sur les faces de l'eprouvette. 

Eprouvette: Les dimensions de l'eprouvette (15 x 15 x 50 cm) ont ete 
choisies pour qu'on puisse considerer Ie materiau comme statistiquement homo
gene (puisqu'il contient des graviers de diametre pouvant atteindre 25 mm). 

Chargement : L' eprouvette est placee verticalement entre les plateaux 
d'une presse suivant sa plus grande dimension. Les resultats experimentaux 
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2 

T 

Figure 1. ~ Dispositif; definition du rep ere; 
• palpeurs ; ~ compression simple u. 

Figure 2. - Histoire du chorgement (u , T) : 
- phases de oochargement-rechargement 
-phases de surchargement. 

decrits plus loin conduisent a distinguer dans l'histoire du chargement a en 
fonction du temps (represente sur la figure 2) trois phases: 

Les phases de surchargement ou l'on depasse la valeur maximum notee am 
de la contrainte anterieurement atteinte : elles sont indiquees en trait fort 
sur la figure ; 
les phases de rechargement ou la contrainte augmente sans depasser la valeur 
am; 
les phases de dechargement ou la contrainte diminue. 

Les paliers de charge ont la duree necessaire aux mesures des temps de 
propagation (cinq a dix minutes suivant leurs nombres). 

Types d'ondes : On considthe que vis-a-vis des ondes ultrasonores Ie beton 
sous compression uniaxiale donnee est un materiau elastique, homogene et 
isotrope de revolution (autour de la direction de la contrainte) - ce que l'expe
rience confirme. La theorie des ondes d'acceIeration dans un tel materiau montre 
que des ondes longitudinales ou transversales peuvent se propager suivant des 
directions paralleles ou perpendiculaires (notees respectivement 3,1 et 2) a la 
direction de chargement. On est conduit a distinguer cinq t)'lles d'ondes suivant 
leur vecteur de propagation it et leur vecteur polarisation 5, de ceIerite V no : 

1. longitudinale parallele : V LII ou V 33 ; 

2. transversales paralleles : V T 1/ ou V 31 = V 32 ; 

3. longitudinales perpendiculaires : V Ll ou V II = V 22 ; 

4. transversales perpendiculaires paralleles : V T 111 ou V 13 = V 23 ; 

5. transversales perpendiculaires perpendiculaires: V Til OU V 12 = V 21 . 

Palpeurs: Les emissions et receptions de signaux se font a l'aide de cera
miques piezoelectriques polarisees disposees par couples sur deux faces opposees. 
Les mesures sont effectuees par transparence, run des palpeurs servant d'emet
teur, l'autre de recepteur. Une co lIe cyanoacrylique - qui assure une transmis-
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sion satisfaisante des signaux et resiste aux deformations differentielles du beton 
et des ceramiques sous charge - maintient les palpeurs lateraux. Pour des ondes 
se propageant parallelement a la direction de compression, les ceramiques sont 
collees sur les faces superieures et inferieures puis noyees dans une epaisseur de 
mortier destinee a transmettre la charge au beton. 

Grandeurs mesurees: On ne s'interesse qu'aux temps de traversee des 
signaux, en fait aux variations de ces temps au cours de l'histoire du charge
ment : on ne mesure pas les amplitudes et on ne cherche pas de fonction de 
transfert. Les phenomenes de dispersion et de dissipation ne sont donc pas 
etudies. 

Chaine de mesures: Les celerites de propagation dans Ie beton sont de 
l'ordre de 4500 m/s pour les ondes longitudinales, 2400 m/s pour les transver
sales. Les temps de traversee varient donc entre 30 p.s (pour VII) et 250 p.s 
(pour V 31). Les variations de ces temps ne depassent pas 10 % soit quelques 
centaines de nanosecondes ou quelques microsecondes. 

Pour obtenir une resolution de l'ordre de quelques nanosecondes, une 
chaine de mesures relativement complexe est necessaire. Les emetteurs sont 
excites les uns apres les autres a l'aide d'un generateur d'impulsions de quelques 
p.s de largeur, de frequence centree autour de 50 Khz. Apres mtrage, amplifi
cation et moyenne, on obtient un signal de sortie stable: Ie pointage est effec
tue sur Ie "debut" du signal - ce qui n'est pas aise pour les ondes transversales, 
celles-ci etant toujours precedees d'une onde longitudinale (qui, heureusement, 
est en general de plus faible amplitude) en raison des retlexions, . . . qui ont 
lieu au cours de la traversee de l'onde. 

2.2. Resultats experimentaux 

Les essais font apparaitre que les temps de traversee des signaux des differents 
types d'ondes tij ne dependent que des deux parametres de chargement am et a 
dermis precedemment. Autrement dit, a charge maximale passee am donnee, 
les temps ne dependent que de la contrainte actuelle a : les phases de rechar
gement-dechargement sont reversibles. Par contre, les phases de surchargement 
sont irreversibles. 

Les distances parcourues par les differents types d'ondes n'etant pas 
egales, il est plus commode d'utiliser les vitesses Vij que les temps tij et plus 
precisement les rapports 

Vij (am' a)/Vij (0,0) 

qui sont au nombre de cinq et qu'on appellera, comme en mecanique des roches, 
indices de qualite, car, comme on Ie verra, ils caracterisent l'etat de fissuration 
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du beton. L'allure des courbes, OU la contrainte est rapportee a la contrainte 
de rupture Rc (Fig. 3) appelle les comment aires suivants : 

Courbes de chargement-dechargement 

Lorsqu'on recharge (aJ), toutes les celerites augmentent, plus ou moins 
suivant Ie type d'onde. Pour am = 0,75 Re , on note les augmentations suivantes 
entre a = ° et a = am: environ 10 % pour V 33' 2 % pour V 13 et V 31' 1 % 
pour V 11' quasiment nulle pour V 12. Par ailleurs, pour un type d'onde, les 
courbes en cause sont sensiblement paralleles. 
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Figure 3. - Courbes experimentales : Vij (am' a)/V ij (0,0). 
- phases de surchargement : am crolt. 

0" IRe 

- - - phases (n!versibles) de dechargement-rechargement : am constant. 
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Courbes d'etat decharge 

am -+ Vij(am ,0)/Vij(0,0) 

Lorsque am croit, jusqu'a 0,75 Rc environ, toutes les ce16rites diminuent, 
et ce de maniere sensiblement lineaire ; la variation est la plus forte pour V 33 
(5 % de diminution relative pour a = 0,75 Rc)' 

Courbes de surchargement 
Leur sens de variation depend de l'onde : 

- pour V 33' une augmentation tres forte jusqu'a 0,5 Rc' puis plus faible jusqu'a 
0,75 Rc ; enfin une diminution rapide au-dela ; 

- pour VII' une diminution faible jusqu'a 0,75 Rc, puis brutale au-dela ; 

Observations compiementaires 
Pour tester l'homogeneite globale des eprouvettes, on a place des palpeurs 
a plusieurs niveaux sur les faces laterales : les resultats sont similaires et 
concordent remarquablement pour VII . 
On verifie que V 13 et V 31 sont egales, ce qui est en concordance avec la 
theorie des ondes en milieu elastique isotrope de revolution ; on verifie 
en outre que V 11 et V 22' V 12 et V21' V 13 et V 23 ont des valeurs voisines. 
Des experiences d'emission acoustique ont ete effectuees : il n'y a pratique
ment pas d'emission dans les phases de rechargement-dechargement ; on en 
observe seulement durant les phases de surchargement. 

2.3. Interpretation des resultats 

La theorie de l'elasticite lineaire ne permet pas de rendre compte des pheno
menes precedents, tant en raison des irreversibilites que de l'ordre de grandeur 
des variations de vitesse observees - qu'elle prevoit de l'ordre de alE c'est-a
dire au plus 10-3 et non 10-2 ou 10-1 comme pour V 33' 

La prise en compte de la micro fissuration du beton et de son evolution 
permet par contre une interpretation coherente : 

a) les phases de rechargement-dechargement correspondent a une "respi
ration" des microfissures qui se ferment et s'ouvrent, et ceci des la premiere 
montee en charge puisqu'il est connu qu'il existe des micro fissures "de nais
sance" dues a la dessication - l'augmentation initiale des vitesses serait d'ailleurs 
difficilement explicable sinon. 

b) les phases de surchargement correspondent a une extension ou une 
creation de microfissures. 

Compte tenu de l'ordre de grandeur des variations de deformations et 
de contraintes induites par les ondes ultrasonores, il est nature I de supposer 
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c) qu'une fissure fennee n'influence pas Ie passage des ondes. 

Les hypotheses a, b et c sont coherentes avec les resuItats decrits en 2 : 
reversibilite des courbes de rechargement, augmentation des vitesses par rechar
gement, emission acoustique non nulle uniquement au surchargement, dimi
nution des vitesses a contrainte nulle lorsque am croit. ... En particulier, les 
variations de pente observees lorsque a passe par am correspondent a la super
position du serrage d'une partie des microfissures et de l'extension de certaines 
microfissures. 

Par ailleurs, puisque V 33 (am ,0) decroit plus vite que VII (am' 0) lorsque 
am augmente, la fissuration se developpe de maniere anisotrope et, semble-t-H, 
plutot suivant les directions voisines de la perpendiculaire au chargement, au 
moinsjusqu'a 0,75 Rc . 

Les inflexions observees a partir d'environ 0,75 Rc correspondent a un 
accroissement plus rapide de la micro fissuration : les microfissures, qui existent 
des l'origine au contact agregats-pate et qui progressent en restant a leur inter
face jusqu'a 0,75 Rc environ penetrent dans la pate au-deIa puis se rejoignent 
jusqu'a creer les fissures de rupture, visibles en surface. 

3. Modele de materiau microfissure [1] 

3.1. Idees directrices 

On assirnile Ie beton a un ensemble de cellules cubiques egales con tenant cha
cune une fissure ; les cubes sont composes du meme materiau Jll lineairement 
elastique, homogene et isotrope (on neglige ici les differences pate-agregats), 
figure 4 ; les fissures sont des ellipsoldes aplatis (pour faciliter les calculs analy
tiques) de meme centre que Ie cube associe, figure 5. Leurs dimensions et orien
tations sont supposees queIconques a cela pres que Ie grand axe est suppose 
petit par rapport a l'arMe du cube de sorte que les interactions des fissures 
soient neglige abIes. 

/ I "- -
, / \ v 

I / \ -
........ - - I 

Figure 4. - Modelisation du milieu fissure. Figure 5. - Cellule microfissuree e/emen
taire e taxes principaux de 10 fissure e1lif' 
sOldale (t, 1, Ii). 
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L'hypothese de non-interaction des fissures permet d'etudier une cellule 
isolement. On montre alors que la cellule cubique formee du materiau orr 
fissuree a meme energie de deformation qu'une cellule homogene formee d'un 
materiau JR* (dont les modules sont dits modules effectifs du materiau fissure) 
lorsqu'elle est soumise a des contraintes constantes sur ses faces. 

La densite de probabilite des parametres de fissuration etant suppose 
connue, on en deduit par moyenne les grandeurs cherchees : supposant qu'une 
onde traversant l'eprouvette rencontre "toutes" les cellules possibles (milieu 
statistiquement homogene), on obtient en particulier les ceIerites moyennes. 

L'approche par les modules effectifs employee ici se trouve notamment 
dans les travaux de Hashin [3] et Budiansky et O'Connell [6] dans Ie cas parti
culier d'une fissuration isotrope. 

3.2. Homogeneisation d'une cellule 

Position du probleme et notations. La cellule cubique n de cote Q 

contient une fissure ellipso"idale de grand axe a «< Q), de petit axe b, d'epais
seur e «< a) ; Ie repere orthonorme principal de l'ellipsoide (0 :t, V ,Ii) est 
suppose parallele aux cotes du cube ce qui ne restreint pas la generalite du pro
bleme puisque a « Q. On note nrn Ie domaine occupe par Ie materiau orr cons
titutif de la cellule, nf celui occupe par la fissure. 
-+ On suppose la cellule n en equilibre sous l'action de charges uniformes 
r~ exercees sur les faces du cube (v = t, v ou n). Le champ de contraintes;[ 
a l'equilibre est solution des equations 

div'C = 0, dans ilrn : 

-+ -+rll 1 f rll ( al ' . 7.) 'C • V = co ,sur a ace norm e exteneure v 
(i, j et v egaux a t, v ou n), 

-+ 'C • n = 0, surle bord r f de nf 

et est lie au champ de deformations e par la loi de Hooke 

e = s • 'C ou 'C = C • e 

(c tenseur de rigidite, s tenseur de souplesse). 

(1) 

(2) 

(3) 

(4) 

Dans Ie cas isotrope examine ici s et c sont caracterises par E et v et A et p.. 
En raison de la fissure, les champs e et 'C ne sont pas uniformes. On se 

propose de chercher s'il existe un materiau elastique orr* homogene tel qu'un 
cube de cote Q de ce materiau ait Ie meme potentiel elastique que la cellule n, 
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autrement dit s'il existe un tenseur de souple~se s* tel que, si'l:o est Ie champ 
de contraintes constant associe aux conditions Too sur les faces, on a 

VToe , f '1:. s. 'I: = .f '1:0 • s* . '1:0 ' 
.om .0 

(5) 

Enonce du resultat. Le materiau. JIt * existe ; son tenseur de souplesse 
s* defini par ses composantes dans Ie repere associe aux faces de la fissure est 
donne par les expressions 

OU l'exposant S designe Ie symetrise du tenseur entre parentheses par rapport 
au 2e et au 4 e indices et ou les constantes Kn, K t et Kv sont 

4 1 - v ab2 
K =-1T---

n 3 E (k) Q3 ' 

4 (1 - v) k2 ab2 
K =-1T -, 

t 3 (k2 _ v) E (k) + Vk'2 K(k) Q3 
(7) 

4 (1 - v) k2 ab2 

~ = "3 1T (k2 + vk'2) E (k) - vk'2 K (k) Q3' 

avec k2 = 1 - b2 /a2, k'2 = 1 - k2 , K (k) et E (k) integrales elliptiques 
completes de premiere et de deuxieme espece 1 . 

Demonstration : Pour trouver Sl et etablir (5), on remarque que l'on a 
.+ 

I rl face du cube Xi = + Q/2 , 

avec ~ ut jieme composante du de pIa
) cement u sur cette face, 

\ ujdeplacement correspondant 
sur la face opposee, 

soit encore, puisque '1:0 est constant, 

f 'I: • e = r~ r.+ (uT - u:-) = r~ r 
.0 Jrl J J .J.n 

m m 

1. Pour une fissure circulaire (k = 0) il faut utiliser d'autres integrales pour Kt et Ky car 
les expressions precedentes deviennent singulhlres. 
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en notant [ud Ia discontinuite de ui a travers Ia fissure. Le probleme consiste 
donc a exprimer Ia defonnation moyenne 

en fonction de ~o. A cet effet, on va faire travailler Ies contraintes ~o d'un etat 
de contraintes unifonnes dans (e) et utiliser Ie theoreme de Maxwell-Betti. Cet 
etat de contraintes uniformes est caracterise par 

\ 
div ~ = 0 

~ -+ 

I 
~ • Ii = ~o . Ii 

-+ -+ 
~ • n = ~o • n 

sur 

sur 

r' 

r f • 

(9) 

(10) 

(11) 

La deformation eo = s • ~o est uniforme et Ie deplacement lto lineaire par 
rapport aux coordonnees 

U i = eij x· o 0 J' (12) 

Le theoreme de Maxwell-Betti s'ecrit 

(13) 

Pour faire apparaitre (e), on transforme l'integrale de droite. II vient 

I 1 -+v [-++ -+- ] 1 -+n [c+] e • ~o = + a o· u - u - a o. u , 
.11 m rll r f 

(Ie signe - vient de ce que Ia fissure est interieure), soit, puisque ~ est constant 
et compte tenu de (8) 

(14) 

Par ailleurs, on a, compte-tenu notamment de (12) 
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Les ~galites (13), (14) et (15) entrainent 

(16) 

De cette egalite vraie pour tout "0' on deduit la valeur (e) des que l'on connait 
celle de [u] : celle-ci est calculee comme si la fissure etait placee dans un milieu 
in[ini - cas ou l'on connait une expression analytique exacte (Kassir et Sih, 
[4]. n vient 

Apres calcul (16) se met sous la forme 

d'ou Ie resultat cherche 

(17) 

(sommation sur k, £ et p). 

Commentaires. Des calculs sans difficulte mais qu'on ne deiaillera pas ici 
faute de place montrent que 

• la fissure assouplit Ie materiau : les coefficients d'elastieite (en particulier celui 
de compressibilite) sont diminues ; 

• Ie materiau possede six coefficients independants ; 
• dans Ie repere propre de la fissure, cisaillements et efforts normaux sont 

deeouples. 

3.3. Propagation des ondes 

On suppose les longueurs d' onde :\ nettement superieures A la grande dimension 
a des fissures ce qui est Ie cas pour Ie beton (:\ - 10 em, a - 2-10 mm) : on 
eonsidere alors les fissures comme des affaiblissements du materiau et on admet 
que Ie materiau mierofissure se comporte vis-A-vis des ondes comme un materiau 
elastique plus souple, defini A l'aide des cellules cubiques definies preeedemment. 
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Celerites locales. On etudie ici la propagation des ondes dans Ie milieu 
orc* associe a une cellule, figure 6. On note (~, e2 , 13) Ie repere flXe,(t, -; ,~) 
Ie repere principal de la fissure, qui est ici d'orientation quelconque, caracterise 
par les angles e entre 11 et It' (projection de Ii sur Ie plan (l, 2)), rp entre It' et 
n, t./J entre l' (projection de t sur Ie plan (1,2) et 1. On appelle densite de fissu-

2 rr2 ab2 

ration et ron note € Ie nombre sans dimension - . -- . 3"' 
3 E (k) Q 

Figure 6. - Repere attache aux axes de la 
[I. (-+ -+ -+) 'r (........ .... lssure t, v. n etrepere ,IXe e1• e2• e3). 

n 

2 

Les calculs, sans difficulte, montre que, comme € « 1, il existe des 
ondes "quasi-Iongitudinales" et "quasi-transversales". En particulier, on obtient 
(en ne gardant que les terme s du premier ordre en €) 

* C - c 2 
V33 = 33 33 = - {[v + (1 - 2v) sin2 <1>12 + 

c33 rr 

* cll - cll 2 2 2 2 
V 11 = = - {[ v + (l - 2 v) cos e cos rp] + 

rr 

(19) 

2 € 
ou KQ = - kQ --cf. [51). La presence de la fissure ralentit toujours d'onde. 

rr 1 - v 
Ceterites moyennes dans Ie milieu aleatoire. Comme annonce, on les 

definit comme les moyennes des celerites sur l'ensemble des cellules. La fissu-
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ration etant faible, on considere que les raies sont rectilignes et les moyennes 
harmoniques 

1 1 1B ds --=-- --
(c) IIABII A c(s) 

peuvent etre remplacees par des moyennes arithmetiques. En introduisant une 
densite de probabilite p et en supposant Ie milieu statistiquement homogene, 
it vient 

(c) =! c (e , k , 0 , r/> , 1/1) p (e , k , 0 , r/> , 1/1) de dk dO dr/> d1/l (20) 

avec eE[O,+oo[, kE[O,I], OE[0,21T], r/>E[0,1T/2], 1/IE[0,1T] 

et !p=1. 
Cas particuliers 

pour un milieu statistiquement isotrope contenant des fissures circulaires de 
merna rayon (e uniforme, k = 0, P (0 , r/>, 1/1) = cos r/>/21T2), on retrouve les 
resultats de Budiansky et 0' Connell [6]. 
pour un milieu OU toutes les fissures ont la meme inclinaison I/> sur la verti
cale, on observe que v33 depend fortement de r/>, figure 7 ; pour vll la depen
dance est moins marquee. 

4. Critere de fermeture 

4.1. Definition 

L'interpretation des courbes experimentales, et plus particulierement des 
courbes de rechargement, necessite l'introduction d'un critere de fermeture 
des fissures, i.e. d'un seuil de contrainte au-deIa duquelles levres sont en contact. 

On dira donc qu'une fissure ouverte dans un etat libre de charge se ferme 
sous une compression a Iorsque l'ecartement des levres s'annule. 

4.2. Formulation 

Le critere va etre formule pour une fissure en forme d'ellipso'ide aplati : grand 
axe a, petit axe b, demi-epaisseur (ouverture) c, avec c « a. On appelle n la 
normale unitaire au "plan de fissure". Cette fissure est placee dans un milieu 
eIastique homogene isotrope, infini et charge uniformement a l'infini suivant 
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o· 45· 90· 

Figure 7. - Influence d'une anisotropie de fissuration sur les celerites cij des ondes .. cas 
d'un milieu isotrope de revolution ou toutes les fissures sont inclinees de I{J par rapport d 
la direction 3: Cij (I{J) = Cij (I - Vv (I{J»), Cij = ceh;rite dans Ie milieu non fissure. 
Courbes theoriques representant, a un facteur multiplicatif pres. la diminution relative 
V ij (I{J) des celerites due d la fissuration dans un milieu de coefficient de Poisson v = 0,25 : 
a) ondes transversaies 
b) ondes Iongitudinaies. 

un processus de chargement croissant ;\aii . Dans son etat libre de charge (;\ = 0), 
Ie demi-ecartement initial des levres est note Co > O. 

Pour un etat de chargement A, Ie demi-ecartement Cx est relie a Co et 
a la discontinuite des deplacements normaux [un] des levres de la fissure par 
la relation : 

(21) 

L'expression de [un] en un point (x, y) de la surface fissuree ne fait 
intervenir que la contrainte normale au plan de fissure Aann , cf. [5], et est 
obtenue a l'aide de la solution du champ de deplacement autour d'une cavite 

. ellipso"idale, cf. [8] : 

E 
(22) 
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ou 
I 

k est Ie facteur d'ellipticite, k = (1 - b2/a2)2 
E (k) !'integrale eUiptique complete de deuxieme espece, et 
E, v Ie module d'Young et coefficient de Poisson de la matrice. 

En reportant (22) dans (21), il vient : 

(23) 

E (k) 
avec a = co/b appeIe facteur de forme de la fissure, et T = 2 E, qui a 

2(1-v) 
la dimension d'une contrainte, depend it la fois de 1'elasticite de la matrice et de 
l' eUipticite de la fissure. 

La fissure reste ouverte tant que cA (x, y) est positif; lorsqu'on augmente 
la charge, A croissant et ann < 0 en compression, Ie terme entre crochets dans 
(23) decrolt et s'annule pour un changement critique Ac tel que: 

Alors l'ecartement en tout point (x , y) de 1a surface fissuree est nul, les 
levres sont entierement en contact. 

D' ou Ie critere de fermeture suivant : 

Une fissure elliptique de facteur de forme a, d'eUipticite k, placee dans un 
milieu elastique homogene et isotrope, de constantes E et v, soumis it un pro
cessus de chargement croissant : 

• se ferme lorsque la contrainte normale de compression au plan de fissure 
atteint la valeur critique a~n = - aT ; 

• et elle est dite ouverte tant que ann + aT > O. 

4.3. Cas d'une compression simple 

Lorsque Ie solide est soumis it une compression simple a parallele it 1'axe 3, la 
contrainte de fermeture depend de l'inclinaison t/> de la normale n avec Ie plan 
horizontal (e l ' e2 ): (Fig. 8), 

et la fissure (k , q) est fermee si : 

a sin2 t/> + aT(k)";; O. 
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Remarque: Ce critere s'apparente a celui introduit par Siegfried et 
Simmons [7] pour l'interpretation et l'utilisation de l'essai de compressibilite 
en mecanique des roches. 

3, 

Figure 8. - Orientation de la normale Ii au plan de 
fissure. 

n~7r/2-qJ: 
I 
I 
, 2 -- ---- .... 

5. Application au beton 

5.1. Introduction du chargement 

/ 
1 / 
'/ 

Le modele theorique presente dans Ie § 2 permet de deduire les celerites de 
propagation des ondes dans un milieu fissure dont on se donne a priori la densite 
de probabilite p des parametres de fissuration ~. Lorsqu'on charge Ie materiau, 
la fissuration evolue et p va dependre egalement du chargement. 

Les resultats experimentaux nous conduisent a distinguer deux types de 
fissuration, la fissuration reelle et la fissuration apparente : 

On appelle fissuration reelle du materiau dans un etat de chargement l'en
semble des fissures, tant ouvertes que fermees ; 
On appelle fissuration apparente dans un etat de chargement, l'ensemble des 
fissures ouvertes, i.e. celles dont l'ecartement des levres est non nul. 

La fissuration reelIe n'evolue que lorsqu'on surcharge Ie materiau, autre
ment dit sa densite de probabilite ne depend que de am : 

Pfllel = P (~ ; am)· 

La fissuration apparente depend en plus de la contrainte actuelle a, on la 
defmit par sa densite de probabilite Pa (~ ; am ' a). 

L'utilisation du critere de fermeture precedent permet de relier la fissu
ration apparente a la fissuration reelle : 

si ~ E £ (a) 

si~~£(a), 

avec £ (a) = Ufa sin2 ¢ + aT (k) > O}. 

(24) 
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Dans Ie cas de fissures circulaires (k = 0), les parametres de fissuration 
se reduisent it ~ = (e , a , u), ou u = sin2 if> est Ie seul parametre d'orientation 
pour un materiau statistiquement isotrope de revolution. Le parametre T devient 
aIors une constante du materiau. 

En introduisant les variables adimensionnelles t et tm : 

a 
t =

T 
et 

T 

les expressions des ceIerites de propagation dans un milieu isotrope de revolution 
soumis au chargement (tm ' t) s'ecrivent : 

avec 

(26) 

g (t) = {(e, a, u) / a + ut > O} ego' 

go = {(e,a,u)/eE[O,oo], aE[O,I], uE[O,I]), 

et QIj (u) des polynomes du deuxieme degre en u dont les coefficients ne de
pendent que du coefficient de Poisson v de la matrice. 

5.2. Evolution de la[issuration du beton 

Hypothese 
En introduisant les valeurs experiment ales de 'V Ij (tm ' t) dans (26), il 

s'agit d'inverser les expressions pour obtenir des informations sur l'evolution 
de la fissuration du materiau avec Ie chargement par l'intermediaire de sa den
site de probabilite P (~ ; tm). 

Le probleme est traite dans un cas simple, cf. [5], en se donn ant a priori 
P sous la forme : 

(27) 

Autrement dit, on suppose en particulier que l'aIlongement des fissures 
se fait independemment de leur orientation et que Ie chargement ne tend pas it 
privilegier une direction de fissuration qui reste orientee comme la fissuration 
initiale. 
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Au vu des courbes experiment ales, ces hypotheses paraissent raisonnables 
tout au moins durant la premiere phase de chargement : am < 0,75 Rc. 

Etude de /a phase de dechargement 
On se limite ici a l'etude de la phase de dechargement (tm , t = 0). En 

appelant V8 (tm) == V ij (tm ,0) et en report ant (27) dans (26), il vient : 

(28) 

ou (e (tm) et (e (0) representant respectivement les densites de fissurations 
moyennes du materiau lors des surcharges tm et 0, et 

(29) 

Comme Qij (u) sont des polynomes du 2e degre en u, les coefficients Qij 
font intervenirles moments d'ordre 1 et 2, ql et q2' de q (u) : 

Les courbes experiment ales de dechargement sont sensiblement line aires, 
cf. figure 9 : V~ (tm) = k8 . tm· 

Comme les densites de fissuration sont independantes du type d'onde 
(i ,j), l'equation (28) n'est satisfaite que si : 

(30) 

qui constitue un systeme lineaire de 4 equations a 3 inconnues Q, ql et q2 qui 
n'admet une solution que si les k3 verifient une condition de compatibilite du 
type: 

aij (v) k8 = 0. (31) 

Pour v = 0,30, les coefficients ~j prennent respectivement les valeurs : 

al2 = 1, al3 = 0,1566, all = - 0,5795, a33 = 0,0538. 

Si la condition de compatibilite (31) est satisfaite, 3 des 4 equations de 
(30) fournissent Q, ql et q2' dont on deduit (e (tm) : 

t 
(e (tm) = (e (0) + ....!!t. 

Q 
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Figure 9. - Courbes experimentales des 
etats decharges : V ij (a m> a a ::: O. 
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Figure 10. - Domaines d'admissibilite des 
pentes des courbes experimentales d'etats 
decharges. 

- domaine d'admissibilite pour v::: 0.30 ; 
domaine d'admissibilite pour ve [0, lL2) ; 

• point experimental 

Autrement dit, les informations recueillies sur l'evolution de la fissuration 
sont: 

la variation de la densite de fissuration moyenne avec tm , 

l'orientation moyenne de la fissuration: ql = (u), 
l'ecart-type de l'orientation par rapport it (u) grace it q2. 

On peut egalement s'assurer au prealable de l'applicabilite du modele, 
car, outre la relation de compatibilite, les coefficients kg doivent appartenir 
a un domaine d' admissibilite proven ant des inegalites auxquelles doivent satis
faire ql et q2 

Pour v fixe, ce domaine d'admissibilite est de limite dans Ie plan 
(ktl ,k~3)1 par une droite (Dv) et une branche d'hyperbole (Hv). Ce domaine 
est represente dans la figure 10 pour v = 0,30, ainsi que Ie point experimental 
relatif a l'eprouvette presentee precedemment. 

On peut flxer arbitrairement k~3 ::: 1, et on suppose que k~ 2 verifle (31). 
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En pratique, compte tenu des approximations du modele et de l'impre
cision des mesures, on ne peut esperer obtenir une estimation significative de 
q2' mais on conservera neanmoins Ie domaine d'admissibilite. 

6. Conclusion 

La methode dynamique experiment ale mise en reuvre parait plus fme que les 
methodes statiques, puisqu'elle permet de me surer avec precision des modifi
cations, meme faibles, de la structure du materiau. Elle fait apparaitre deux 
comportements antagonistes de la fissuration sous compression : creation de 
nouvelles surfaces fissurees dans les phases de surchargement et serrage des 
fissures exist antes ; de plus, elle semble mettre en defaut les hypotheses de 
phase elastique du materiau. 

Le modele theorique introduit permet de rendre compte qualitativement 
des phenomenes. 11 fournit, de plus, des informations quantitatives sur la fissu
ration, telles la densite moyenne de fissuration et l'orientation moyenne des 
fissures. 

Les resultats experimentaux sont toutefois en nombre insuffisants pour 
pouvoir en deduire des lois empiriques du developpement de la micro fissuration 
du beton. L'approche theorique presentee ne constitue qu'un outll de me sure 
de la fissuration qu'll va s'averer necessaire de completer par un modele speci
fique de loi de comportement ou d'evolution de la fissuration avec Ie 
chargement. 
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ABSTRACT 

We observe experimentally some variations of ultrasonic waves velocities in an 
uniaxially compressed concrete, which are attributed to microcracks. We give a 
propagation theoretical model in a randomly microcracked elastic medium. The 
model shows a strong anisotropy when all cracks have the same orientation. 
We initiate a closure criterion and apply this model to a transversely isotropic 
concrete. 
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1. Cadre general 

1.1. Notion classique d'endommagement 

Depuis les travaux de Kachanov [19] et Rabotnov [32] Ie mecanicien des milieux 
continus dispose d'un nouveau type de variable pour decrire l'etat du materiau: 
l'endommagement de rupture qui indique Ie degre de deterioration de la matiere 
et sa perte de resistance. Contrairement aux variables de deformation qui 
decrivent des mouvements (reversibles ou non) l'endommagement est lie a la 
creation et a la propagation de microdecohesions (microfissures, microvides) 
qui diminuent la resistance du materiau et conduisent finalement a l'amor9age 
d'une fissure macroscopique. 

Bien que cela ne soit pas fondamental pour notre propos, pnkisons tout 
de suite ce que Ie mecanicien appelle fissure macroscopique: c'est la fissure 
preponderante, celle qui va continuer a se propager au detriment des autres, 
et qui a deja une taille suffisante pour traverser quelques grains de matiere 
et presenter une geometrie moyenne suffisamment bien defmie: a ce stade, 
la Mecanique du Milieu Continu Endommage ne s'applique plus et l'on fait 
appel a la Mecanique de Rupture. 

Cette variable endommagement decrit globalement la presence des 
micro-defauts: dans Ie cas unidimensionnel, on introduit classiquement une 
variable scalaire D, nulle dans les conditions initiales du materiau vierge, 
atteignant une valeur caracteristique Dc a la rupture (dans la plupart des 
applications, on considere que Dc "" 1). 

L'interet de l'approche introduite par Kachanov et Rabotnov est de 
permettre de decrire l'influence de l'endommagement sur la resistance a la 
deformation, ce qui foumit un moyen indirect de mesure de cette variable 
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[25, 4]. Ceci se fait au travers de la definition d'une contrainte effective: 
cest la contrainte a qu'il faut appliquer a l'element de volume vierge pour 
obtenir la me me deformation € que ceUe provoquee par la contrainte a 
appliquee a l'eiement de volume endommage (Fig. 1). 

Figure 1. - Le concept de contrainte 
effective. \/ 

£ 

D:O 

De fa90n classique, on suppose la relation suivante qui revient a 
considerer D comme une perte de section resistante effective: 

a = aJ(l- D) (1) 

Ainsi dans Ie cas particulier du comportement elastique lineaire, la 
mesure du module d'elasticite E du materiau endommage fournit une mesure de 
D par comparaison avec la valeur E du module d'elasticite du materiau vierge 
[26] : 

E = E(1 - D) 

Dans d'autres types de comportement, en viscoplasticite par exemple, 
il suffit de remplacer la contrainte a par a dans la loi d'ecoulement pour 
obtenir une description assez precise de l'effet accelerateur du processus 
de deformation, dl1a l'augmentation de l'endommagement. 

1.2. L 'anisotropie de l'endommagement 

Les notions unidimensionnelles d'endommagement et de contrainte effective 
se generalisent facilement au cas tridimensionnel tant que l'endommagement est 
isotrope: la presence des microdefauts se traduit par une perte de resistance 
identique queUe que soit la direction consideree dans l'espace des contraintes et 
la variable scalaire D est suffisante pour developper des theories satisfaisantes : 
on se reportera entre autres aux travaux de Rabotnov [33] Martin et Leckie 
[21] Hayhurst [I 3], Lemaftre et Chaboche [25, 22, 3] sur ce sujet. 

Malheureusement, Ie comportement reel est beaucoup moins simple et 
de nombreux travaux experimentaux demontrent l'existence d'une anisotropie 
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de l'endommagement, aussi bien pour ce qui conceme sa structure micros
copique [I 7, 18] que pour les effets macroscopiques : ainsi on observe genera
lement que les microdecohesions se multiplient et se propagent dans des 
directions plus ou moins perpendiculaires a la direction de la contrainte 
principale maximale (en cas de chargement proportionnel bien s11r). Ceci 
rejoint evidemment les observations faites en Mecanique de la Rupture pour des 
fissures macroscopiques. 

Pour traduire ce phenomene Rabotnov [34], Leckie, Hayhurst et Martin 
[27, 14], Goel [12] introduisent Ie tenseur de contrainte effectif de la forme 
suivante dans Ie systeme principal des contraintes : 

(2) 

OU U l' u2 ' u3 sont les contraintes principales dans l'ordre decroissant. 
Une telle theorie avec une variable D restant scalaire est utilisable tant que l'on 
ne considere qu'un chargement proportionnel. Dans Ie cas contraire, il faut 
envisager l'introduction d'un tenseur endommagement: deux sortes de theorie 
ont ete proposees jusqu'a present: 

- la premiere est basee sur un tenseur endommagement D du second 
ordre et dans laquelle Ie tenseur des contraintes effectives s'exprime sous la 
forme generale : 

(3) 

Cette approche due Ii Murakami et Ohno [28] est tres interessante par sa 
generalite et sa simplicite pour l'etude du materiau viscoplastique mais elle ne 
permet pas de traiter Ie cas du materiau elastique, comme nous Ie verrons plus 
loin. 

- la seconde utilise la loi d'elasticite du materiau endommage pour definir 
en meme temps Ie tenseur endommagement et Ie tenseur des contraintes 
effectives. Dans ce cadre, plusieurs formulations peuvent etre proposees suivant 
que l'on utilise une equivalence en deformation, en contrainte, ou en energie : ce 
demier cas est celui etudie par Sidoroff et Cordebois [8]. Nous nous interessons 
ci-dessous au cas d'une equivalence en deformation. 

1.3. Lignes generales de I 'approche proposee 

Commen¥ons par deux remarques : 

l'anisotropie de l'endommagement peut se mesurer ou s'identifier de 
deux rnanieres differentes pour un meme etat actuel endommage: soit en 

25 
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mesurant la perte de resistance a la deformation dans diverses directions de 
l'espace des contraintes, dans Ie cadre du comportement elastique par exemple, 
soit en effectuant divers essais jusqu'a rupture (essais de flu age en traction dans 
des directions differentes) a partir d'un meme etat d'endommagement. 

- l'anisotropie n'est pas une caracteristique de l'endommagement lui
meme mais plutOt de sa loi d'evolution: on peut ainsi imaginer un chargement 
non simple produisant un etat endommage quasi isotrope (D spherique) sur 
un materiau dans lequella loi d'evolution est anisotrope. 

La theorie que nous proposons consiste a introduire l'anisotropie dans la 
loi d'evolution de D, conformement ala remarque ci-dessus. 

La loi est choisie de fa~on a rendre compte du comportement elastique du 
materiau endommage par un essai en chargement simple (proportionnel) : elle 
est particularisee en etudiant deux cas limites: - celui de l'endommagement 
isotrope pour lequel les defauts sont repartis en direction de fa~on statis
tiquement isotrope, - et un cas ideal d'anisotropie elastique provoquee par des 
reseaux de microfissures toutes para1leles. Une hypothese simplificatrice est 
faite pour que la non linearite des phenomenes d'endommagement puisse etre 
traduite par la loi d'evolution d'un parametre scalaire D. 

On verra que Ie moyen Ie plus simple de satisfaire a ces conditions est 
d'utiliser un tenseur d'endommagement du quatrieme ordre mais non 
symetrique et que l'anisotropie de sa loi d'evolution peut etre traduite par 
trois coefficients seulement, dependant du materiau et eventuellement de la 
temperature. Un exemple concret sera etudie dans Ie cas particulier d'une loi 
d'endommagement de fluage. 

2. I.e materiau eiastique soumis Ii un endommagement anisotrope 

2.1. Generalites 

Cet aspect de la theorie etant aborde de fa~on plus detaillee par Sidoroff et 
Cordebois [8] on se contente ici d'apporter les complements necessaires a 
l'approche particuliere qui est envisagee. Tout ce qui suit est evidemment 
ecrit dans Ie cadre des petites transformations. 

La fa~on la plus generale d'introduire des modifications anisotropes du 
comportement elastique est d'introduire un operateur d'ordre huit [5]: 
en effet Ie comportement elastique est lui-meme caracterise par un operateur 
d'ordre quatre "permettant de passer du tenseur des deformations elastiques 
au tenseur des contraintes : 

(4) 
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Le comportement elastique du materiau endommage est decrit par un 
tenseur d'elasticite,i(D) : 

(5) 

D represente formtillement un operateur d'ordre huit puisqu'il assure 
la transformation de /~enl'. 

Le tenseur de contrainte effectif s'exprime alors facilement. En suivant 
Ie concept de l'equivalence en deformation, c'est celui qu'il faut appliquer au 
materiau vierge pour obtenir Ie meme tenseur de deformation elastique que 
celui produit par Ie tenseur " applique au materiau endommage (Ia defor
mation elastique est bien sur mesuree par rapport a un meme etat de reference; 
l'etat relache) : 

(6) 

La combinaison des relations (5) et (6) donne: 

~= M(D): ,,=,,:~-1(D):" (7) 

La manipulation de l'operateur D d'ordre huit dans Ie cas d'un chargement 
complexe pose de difficiles probIemes et il est donc souhaitable de se ramener 
a des operateurs d'ordre inferieur. Dans ce but, Murakami [28] rem place la 
relation (7) definissant la contrainte effective par la relation (3) indiquee plus 
haut dans laquelle D est un tenseur d'ordre deux: malheureusement une 
equivalence en deformation ne peut plus s'appliquer car elle conduit a un 
tenseur d'elasticite lieD) non symetrique (A1122 "* 1\2211) condition cependant 
imposee par Ie principe de Onsager par exemple : en se pla9ant dans Ie systeme 
d'axes principaux de D on verifie facilement que cette condition de symetrie 
n'est verifiee que si D est spherique (ou isotrope: D1 = D2 = D3 ). 

En utilisant une equivalence en energie de deformation elastique Sidoroff 
et Cordebois [8] proposent eux aussi l'utilisation d'un tenseur d'endom
magement d'ordre deux qui permet d'exprimer la contrainte effective et Ie 
tenseur d'elasticite par: 

a = (1 - D)- 1/2 • a. (1 - D)- 1/2 

(8) 
""(D) = (1 - D)1/2 ® (1 - D)1/2 QI) (1 - D)1/2 QI) (1 - D)1/2 :: ,," 

ou ® designe Ie produit tensoriel et :: Ie produit tensoriel contracte sur quatre 
indices. Cette forme de ,'i presente l'inconvenient de ne pouvoir etre identifiee 
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avec une anisotropie elastique quelconque et en particulier avec Ie cas ideal que 
nous utiliserons ci-dessous. 

2.2. Tenseur d'endommagement d'ordre quatre 

C'est une formulation avec un tenseur d'ordre quatre non symetrique qui nous 
semble fournir Ie meilleur compromis entre un souci legitime de simplicite et 
un desir non moins legitime de decrire Ie mieux possible les phenomenes niels : 
les possibilites phenomenologiques res tent tres larges avec un nombre restreint 
de coefficients caracteristiques pour definir l'evolution des trente six 
composantes du tenseur (six composantes pour Ie tenseur d'ordre deux, deux 
cent trente et un pour Ie tenseur d'ordre hUit) dans Ie cas Ie plus general. 

Remarquons que l'introduction d'un tel tenseur se justifie par les theories 
modernes d'homogeneisation qui montrent qu'un endommagement orthotrope 1 

modifie les composantes du tenseur de rigidite elastique ~par une relation 
du type [10] [11] [30] : 

ou Vest Ie volume apparent de matiere, V* Ie volume solide (c'est-a-dire Ie 
volume apparent diminue du volume des vides), bkllrs une famille de champs 
de deformation, solutions elementaires du probleme d'elasticite sur la maille 
elementaire definissant la structure a homogeneiser. 

Si la matiere solide est homogene on a : 

qui peut encore se mettre sous la forme: 

On voit ainsi apparaitre un tenseur endommagement d'ordre quatre, 
de composantes : 

V* 11 
Dk2rs = (1 - v) °k2rs + V v. bk2rs dv 

1 La geometrie des derauts est periodique et comporte plusieurs plans de symetrie. 
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Ce cas orthotrope est interessant puisqu'il irnplique une geometrie de 
defauts comportant plusieurs plans de symetrie, ce qui correspond bien a 
l'idee du developpement des microfissures dans des plans perpendiculaires 
ala contrainte principale maximale. 

L'obtention des champs bkQrs dans un cas quelconque n'est pas pos
sible. Par contre des travaux recents [9,16] portant sur Ie comportement 
elastique d'un materiau con tenant divers arrangements de fissures planes et 
paralIeles (Fig. 2) peuvent etre utilises pour obtenir la forme du tenseur en
dommagement dans ce cas ideal orthotrope. 

Dans Ie cas d'un milieu bidimensionnel les auteurs montrent que la 
mat rice des complaisances elastiques apparentes a la forme suivante (c'est 
une matrice 6x 6 correspondant aux six composantes 011' 022' 033' 023' 031' 

012 dans cet ordre) lorsque Ie materiau sans fissure est isotrope de module 
d'Young E et coefficient de Poisson v [9] : 

-.!.... -~-~ 
E, E2 E, 

_~ ~ _ V32 

1 

E 

1 + Q, - v - v 

- v - v 

-v - v 1 

1 + v 

(I + v)(1 + Q,) 

(I + v)(1 + Q.) 

(9) 

ou Ql' Qs, Q6 dependent de la surface, de l'espacement et de l'arrangement 
des fissures. La matrice des raideurs s'obtient facilement par inversion: 

ou l'on a pose: 

v(I -D,) 

(1 -v)(I-D2 ) 

v(I - D2,) 

___ (1_---,-1' )_Q_IL..-__ 
D1 = 

1 -- v - 21'2 + (1 - v) Q 1 

v(I - D,) 

v(I - D2 ,) 

(I -v)(1 -D2) 

1 - 2v 

(1 - 2v)(1 - D,) 

V 2 

D2=(-) Dl 
I-v 

(I - 2v)(1 -D.) 

(10) 



www.manaraa.com

744 J.L. Chaboche 

y y 

= = 

= x 

=== 

=== == 

Arrangement rectangulaire. Arrangement en quinconce. 

Figure 2. - Arrangements de fissures permettant l'etablissement d'une solution quasi 
analytique. 

Comme on Ie voit, trois variables endommagement seulement (D 1 ,Ds ,D6 ) 

sont necessaires pour decrire ce cas ,.particulier. Le tenseur d'endommagement 
est celui qui permet de passer de "a "par: 

A(D) = (1 - D) : " (11) 

ou 1 est l'operateur unite d'ordre quatre. 11 s'obtient facilement par: 

- -1 D=l-":l"- (12) 

c'est-a-dire, dans Ie cas present: 

Dl 0 0 

V 
--D1 0 0 
I-v 

v 
D= --D1 0 0 

I-v 
(13) 

o 
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Le tenseur des contraintes effectives est donne alors par (7) et (11) 

(14) 

ou la matrice representative de l'operateur (1 - D)-I s'exprime : 

0 0 
1 - Dl 

V Dl 
----- 0 
1 - v 1 - Dl 

V Dl 
0 

(1 _D)-1 = I-v 1- Dl 

1- Ds 

Vetat d'endommagement decrit par la matrice (13) correspond a une 
anisotropie ide ale creee en etat de chargement simple dans Ie systeme d'axes 
principaux avec u 1 > u2 > u 3. On verifie facilement que les axes principaux 
du tenseur des contraintes effectives sont les memes et que 0'1 > 0'2 > 0'3. 

Remarquons que les variables d'endommagement Ds et D6 n'interviennent 
qu'en cas de chargement non simple et que la contrainte effective differe du 
cas anisotrope pur (2) introduit par Leckie et ses collaborateurs [27, 14, 12]. 

L'interet de la particularisation (13) pour Ie tenseur d'endommagement 
dans Ie cas de chargement simple reside dans la possibilite d'identification 
des rapports d'anisotropie a partir des resultats de l'analyse elastique du cas 
ideal. Dans Ie cas tridimensionneI, on aDs == D6 [16] et Ia relation (9) donne: 

fJ.31 = fJ.12 = 1 _ D 
fJ. fJ. 6 (15) 

Nous supposerons par la suite que D6 = aD t • Les resultats de I'analyse 
eIastique montrent que a # 0,5 dans Ie domaine 0 < Dl < 0,5 qui interesse 
la plus grande partie de Ia vie de I'element de volume. 
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3. Loi d'evolution de l'endommagement 

3.1. Forme generale proposee 

La loi d'evolution du tenseur D peut avoir une forme tres complexe faisant 
apparaitre d'une part, l'anisotropie de l'endommagement, d'autre part la forte 
non linearite des phenomenes physiques lies a la nucleation et la progression 
des microfissures. De fa90n a disposer d'une formulation suffisamment simple 
pour etre utilisable de fa90n pratique et identifiable par quelques essais par
ticuliers seulement, tout en foumissant une modelisation assez fine des phe
nomenes d'anisotropie, nous nous limitons au cadre foumi par les trois hypo
theses qui suivent : 

1) L'anisotropie de la loi d'evolution est independante de l'instant 
considere au cours de la vie de l'element de volume et du type de sollicitation : 
elle depend seulement de l'orientation de la direction de contrainte principale 
maxim ale (comme dans [28]) et se met sous la forme: 

. - . 
D = Q(a;) D (16) 

oil Q est un tenseur d'ordre quatre qui depend du materiau, eventuellement de la 
temperature, et des directions principales du tenseur de contrainte effectif. 
Toute la non linearite des phenomenes est contenue dans la loi d'evolution du 
parametre scalaire D qui est representatif de la quantite de microdefauts par 
unite de volume, independamment de leur orientation. 

2) Dans Ie systeme d'axes principaux de a (avec 0'1 > a2 > 0'3) Ie 
tenseur Q ne depend plus que du materiau et de la temperature. La loi s'exprime 
alors: 

. . 
D = Q* D (17) 

3) La forme du tenseur de repartition de l'endommagement Q* est 
particularisee a partir des resultats de Panalyse elastique faite en 2-2 : 

Q* = r 1 + (1 - r) I' (18) 

oil 1 represente Ie tenseur unite du quatrieme ordre (de composantes 
~ijk12 = 0ik OjQ' 0 ctant Ie symbole de Kroenecker) et I'designe Ie tenseur du 
quatrieme ordre represente dans Ie systeme principal par: 
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0 0 

viI - v 0 0 

viI - v 0 0 
r= (19) 

0 

a 

a 

II est facile de verifier que 'Y = I correspond au cas parfaitement isotrope 
et qu'avec 'Y = 0 on retrouve exactement Ie cas ideal d'elasticite anisotrope 
examine precedemment. Cette forme de loi, assez generale puisque permettant 
une combinaison lineaire quelconque du cas isotrope et du cas anisotrope ideal 
ne necessite la determination que des deux coefficients 'Y et a en plus de la loi 
d'evolution du dommage scalaire D. La presence des termes viI - v permet dans 
tous les cas d'obtenir un tenseur d'elasticite " symetrique (pour un materiau 
elastique isotrope initialement) de la forme (10). 

Dans Ie cas d'un chargement non proportionnel c'est la loi (16) qui doit 
etre employee. En pratique on obtient la matrice representative de Q dans Ie 
systeme de reference: 

(20) 

ou V s'exprime en fonction de la mat rice de passage du systeme principal au 
systeme de reference 

(21) 

En fait, les relations (20) et (21) ne s'appliquent que pour chaque in dice 
variant de 1 a 3 ce qui fait que l'on utilise des matrices 9 x 9 au lieu des matrices 
6 x 6 qui ont ete indiquees ci-dessus : ceia ne pose cependant aucun probleme de 
principe. 

Le critere de rupture peut n'etre defini que sur la variable scalaire D 
puisque, si a < I (mais on a vu que a etait proche de 0,5) toute composante de 
D est inferieure a D quels que soient les chargements subis. Nous poserons done 
comme valeur limite definissant l'amon;:age d'une fissure maeroseopique ou la 
rupture de l'element de volume: D = Dc"" 1. 

3.2. Loi d'endommagement de fluage 

La loi d'evolution de la variable sealaire D est maintenant etablie dans Ie cas de 
l'endommagement par fluage qui se produit a temperature elevee sous des 
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Figure 3. - Temps Ii rupture en fiuage .. [oi de Rabotnov- Kachanov. 

sollicitations constantes ou lentement variables. Dans ce domaine, les lois 
d'endommagement sont generalement basees sur les travaux initiaux de 
Kachanov et Rabotnov. Dans Ie cas de la traction, la loi d'endommagement de 
Rabotnov s'ecrit [33] : 

D = [ a .Jf (1 _ D)-k 
A(1 - D) 

(22) 

Pour une contrainte constante, Ie temps a rupture dans l'essai de fluage 
s'exprime apres integration entre D = 0 et D = 1 : 

1 (a )-f 
t(1 = k + 1 A (23) 

Cette relation s'applique dans un assez large domaine pour de nombreux 
materiaux, en particulier pour l'alliage refractaire IN 100 comme Ie montre la 
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figure 3: les essais de flu age jusqu'a rupture permettent la determination des 
coefficients r et A. Le coefficient k, lie ala rapidite d'evolution de l'endomma
gement, peut etre determine par les courbes de flu age tertiaire [5]. 

En fait, des etudes experimentales montrent que k depend iegerement 
de la contrainte [24, 25], mais nous nous limitons ici a la generalisation 
tridimensionnelle de la loi de Rabotnov (22) (Ie cas particulier OU k = 0 
correspond ala theorie initiale de Kachanov [19]). 

Les travaux de Leckie et ses collaborateurs [27,14,12] puis de Murakami 
et Ohno [28] montrent comment generaliser la loi de Rabotnov en tridimen
sionnel: on utilise une fonction invariante X(~) du tenseur de contrainte effectif 
et du tenseur d'endommagement D. D'apres les observations de Johnson et ses 
collaborateurs [18] sur des eprouvettes sous chargement multiaxial, il y a deux 
types essentiels de criteres de rupture: l'un est caracterise par la contrainte 
principale maximale de traction a1 (comme Ie cuivre), l'autre par la contrainte 
de cisaillement octahedrale (comme l'aluminium) : 

(24) 

Ceci n'implique pas necessairement que Ie premier cas corresponde a un 
endommagement preponderant dans la direction associee a a1 , ni que Ie second 
corresponde a un endommagement isotrope, des contre-exemples ayant ete 
observes sur divers materiaux [18, 15]. En utilisant Ie critere de rupture propose 
par Hayhurst [13] qui donne aussi une influence de la contrainte hydrostatique 
on pose: 

La formulation proposee dans les references [27, 14, 12] consiste dans Ie 
cas anisotrope, a choisir Ie tenseur de contrainte effectif donne par la relation (2) 
dans Ie systeme principal. La variable D est scalaire et la loi d'evolution 
generalise la loi de Rabotnov : 

(26) 

ou <u> est nul si u ..;; 0, egal au si u > O. 
Dans Ie cas de la traction on retrouve exactement la relation (22) quelles 

que soient les valeurs de a et {3. On remarquera que l'endommagement en 
compression uniaxiale peut soit etre nul (a + (3 ~ 0,5) soit egal a celui de la 
traction (a = (3 = 0), soit prendre des valeurs intermediaires. Signalons que la 
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loi (26), valable dans Ie cas du chargement simple, a ete generalisee a un cas 
quelconque par Murakami a l'aide du concept de contrainte effective (3) dont 
nous avons parle plus haut. 

Dans Ie cadre de la theorie que nous proposons, qui prend en compte 
l'endommagement en elasticite, deux modifications mineures sont necessaires : 

- on considere que la loi d'evolution ne depend de D que par la contrainte 
effective mais depend aussi de la variable scalaire D. 

- pour retrouver la loi de Rabotnov (22) dans Ie cas particulier de la traction 
simple on remplace xC;;') par la fonction : 

(1 - Ct - (3)J (';;) 
x(~ D) = Ct ';1 + (3 TJ~) + ------

v (1 - r) D 
1-------

I-v l-rD 

(27) 

Compte tenu de ces choix la loi d'evolution proposee s'exprime dans 
Ie cas general par: 

(28) 

Q (-;;) etant donne par (18) et (19) dans Ie systeme des axes principaux 
par (18), (20) et (21) dans un cas quelconque. 

Cette formulation englobe les deux cas limites (isotrope et anisotrope) 
et les cas intermediaires, elle s'applique dans Ie cas d'un chargement non 
proportionnel quelconque, elle permet de prendre en compte l'effet de 
l'endommagement sur Ie comportement elastique et viscoplastique (voir 
ci-dessous). En plus des coefficients Ct, {3, r, k, A propres a la loi d'evolution 
de D, seuls deux coefficients suppIementaires r et a sont necessaires pour 
traduire les effets d'anisotropie. 

Bien sur ces avantages se font au prix d'un nombre de variables plus eleve 
(la variable scalaire D et les trente six composantes de 0 dans Ie cas Ie plus 
general) que dans la theorie de Murakami qui ne fait intervenir que les six 
composantes d'un tenseur symetrique d'ordre 2. 

3.3. Loi de comportement viscopZastique 

On sait traduire assez finement de nombreux phenomenes de viscoplasticite, 
en chargement monotone ou cyclique, au moyen de variables internes 
d'ecrouissage et dans un cadre thermodynamique precis [3, 15] : flu age primaire 
et secondaire, essai de relaxation, effets Bauschinger, adoucissement ou 
durcissement cyclique, courbes d'ecrouissage cyclique, effets de restauration, 
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effets d'histoire de la temperature [11], effets d'histoire du trajet de deformation 
[6]. Nous nous limitons ici au cas particulier d'une loi de fluage secondaire 
(loi du type Norton, sans effet d'ecrouissage), en examinant les consequences de 
l'apparition de l'endommagement. 

On suppose l'existence d'un pseudo-potentiel de dissipation obeissant 
a un critere de type Von Mises (deformation plastique insovolumique) : 

n = ~ [J(;)JN+I 
N + 1 K 

(29) 

ou J <'~') s'exprime par (24) ou ce qui revient au meme : 

;jj designant les composantes du deviateur de a. Suivant l'hypothese de 
dissipativite normale la vitesse de deformation plastique s'ecrit : 

(30) 

ou encore: 

e .. = ~ [J (~)l N 
p'J 2 K 

MjjkQ representant la matrice representative du tenseur d'ordre quatre 
(1 - D)-I. 

Dans Ie cas du materiau non endommage (D = 0) on retrouve la Ioi 
de flu age secondaire proposee par Odqvist et Huh [29]. La presence de 
l'endommagement se traduit par Ie phenomene de fluage tertiaire: pour une 
loi d'endommagement isotrope ('Y = 1) on obtient: 

(31) 

qui differe de la formulation utilisee dans les references [27] et [14] par Ia 
presence de l'exposant N + 1 au lieu de N pour Ie facteur d'endommagement : 
ceci est da au fait que I'hypothese de dissipativite normale doit s'appliquer 
dans l'espace des contraintes (et non des contraintes effectives) pour etre 
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coherente avec Ie cadre thermodynamique et verifier en particulier Ie second 
principe, meme lorsque l'endommagement est anisotrope [3, 5]. 

Vne telle loi de comportement viscoplastique (30) permet de decrire 
Ie flu age tertiaire d'un materiau a endommagement isotrope ou anisotrope: 
elle permet inversement une mesure indirecte de l'endommagement dans la 
phase de fluage tertiaire comme cela a ete pratique pour plusieurs materiaux 
avec l'hypotMse d'isotropie [25]. Les figures 4 et 5 indiquent les resultats 
de l'IN 100 a 10000 e et de l'AV2GN-T6 a 1800 e pour lesquels l'exposant 
N est determine par quelques essais de flu age jusqu'a rupture, la mesure du 
rapport des vitesses de fluage secondaire et de fluage tertiaire donnant une 
mesure de D. En effet, de la relation (31) appliquee en traction on tire 
facilement : 

e* IfN+ 1 

D = 1 -( e:) 
ou e~ est la vitesse de fluage secondaire (lorsque D # 0). 

Pour l'IN 100 on observe une dependance entre les courbes d'evolution 
de D en fonction du pourcentage de vie t/te et la contrainte appliquee; ceci 
devrait se traduire par une dependance entre l'exposant k de la loi d'endomma
gement de flu age et la contrainte, com me cela a ete propose dans [25] et [5]. 

4. Endommagement de fluage en traction-torsion 

4.1. Torsion constante 

Dans ce cas on est en chargement simple et Ie systeme principal du tenseur de 
contrainte effectif a est fixe. On obtient alors facilement Ie tenseur D a un 
instant quelconque pour lequella mesure scalaire D est connue : 

D 0 0 

v(1 - r) 
rD 0 D 

1 - v 

D 
v(1 - r) 

0 D rD 
1 - v 

(32) 

rD 

[r + (1 - r) a] D 

[r + (1- r) a] D 
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Figure 6. - Influence du coefficient a et du 
degre d'anisotropie 'Y sur Ie temps d rupture en 
torsion. 

o 

T- a 
- a + (1-a)v'3" 

a=1 

as 
1=1 _ISOTROPE PUR 

1=0_ ANISOTROPE PUR 

I 

Les composantes principales de -; s'expriment en fonction de Ia contrainte 
de torsion: 

T V (1 - 'Y) D T _ _ T ° 1 = --; 02 = -- ---; 03 = 02 - -- (33) 
I-D I-v I-I'D I-D I-I'D 

Dans Ie cas isotrope (1' = 1) on retrouve evidemment 

T 
a =-a =--

1 2 1 _ D 
et 

et la loi d'endommagement (27) (28) s'integre facilement. Dans Ie cas contraire 
l'integration n'est pas analytique et l'on a recours a une methode numerique. 
Un programme base sur la methode de Runge-Kutta et un calcul automatique du 
pas d'integration [35] a donc ete elabore : il permet d'integrer la Ioi d'endomma
gement generale pour un chargement quelconque comprenant plusieurs niveaux 
de contrainte (y compris en chargement non simple). Le calcul d'un essai de 
fluage a deux niveaux prend moins d'une seconde de temps CPU sur CDC 7600. 
Ce programme a donc ete applique systematiquement et la figure 6 donne par 
exemple l'influence des coefficients a et 'Y sur Ie rapport entre temps a rupture 
en torsion et en traction Iorsque T = ° j[ a + (1 - a) '1'3]. Dans Ie cas d 'un 
critere de rupture influence par la contrainte octahedrale (a =1= 1), ce rapport 
depend du degre d'anisotropie comme dans la theorie classique [14]. 

La figure 7 indique l'evolution des caracteristiques d'elasticite en fonction 
du temps pour trois exemples avec 'Y = 0 et a = 0,5. Eile est comparee avec 
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Figure 7. - Influence de l'anisotropie de l'endommagement sur ['evolution des caracteris
tiques d'eiasticite au cours du fluage en traction ou en torsion 
v=O.33, k+r=15 , a=1 , i3=O, 'Y=O, a =0,5. 

l'evolution obtenue en flu age en traction uniaxiale par les relations (15) et 
l'integration de la loi (22) qui donne: 

t 1/k+r+ 1 

0=1-(1--) 
ta 

On remarquera les evolutions tres differentes par rapport au cas de la 
traction pour les modules E l' E2 pour les coefficients de Poisson v 13' V 23 ' V 21 ' 

pour les modules de cisaillement 1112' J.123' 

4.2. Chargement en traction suivi d'une torsion 

C'est l'exemple traite par Murakami et Ohno [28] pour etudier l'influence de 
l'anisotropie : essai sous la contrainte de traction a jusqu'a l'instant t*, poursuivi 
en torsion sous la contrainte T = a jusqu'a rupture. La comparaison porte sur Ie 
rapport du temps total a rupture au temps a rupture en torsion tR ItT' Dans Ie 
cas traite par Murakami (Q = 1, ~ = 0) les temps a rupture en traction constante 
et en torsion constante sont egaux et les courbes qu'il prevoit sont indiquees 
en pointilie sur la figure 8 (cas particulier oil k = ° et r = 1 ou 5). Dans notre 
theorie des courbes analogues sont obtenues pour Ie materiau a anisotropie 
ideale (oy = 0, a = 0,5). Par contre en faisant varier Ie degre d'anisotropie on 
observe des variations sensibles des resultats comme l'indique la figure 9 : 
en particulier, une valeur nulle pour Ie coefficient a donne des courbes similaires 
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a celles obtenues par la theorie de Kachanov [20] (pour r = 5 et r = I). De plus, 
l'effet de l'anisotropie est diminue lorsque Ie coefficient k est non nul (courbe 
r = 5, k = 10, 7 = 0, a = 0,5). La figure 10 montre l'influence du coefficient a 
lorsque a = 0, c'est-a-dire Iorsque Ie temps a rupture en torsion est different 
du temps a rupture en traction (pour T = a/../3) , sauf dans Ie cas isotrope. 

(1:1 13=0 k=O 
y=O 1J;.5 

Figure 8. - Influence du temps en traction 
sur Ie temps total a rupture (- tMorie pro
posee; - - - . theorie de Murakami [281). 

(1= 1 
13=0 
k:.O 

t* Ita 

Figure 9. - Influence du degre d'anisotropie 
et de I'exposant k sur la rupture en traction· 
torsion (-theorie proposee, - - - - - - theo
rie de Kachanov [20)). 

Tous ces exemples montrent la souplesse et les possibilites de la theorie 
proposee puisqu'elle permet un eventail de previsions assez large en traction
torsion tout en rendant possible la prise en compte de l'effet de l'endomma
gement sur les caracteristiques d'elasticite. II reste main tenant a appliquer cette 
theorie sur un materiau reel en realisant des experiences de fluage en traction, 
en torsion et en traction suivie de torsion (ou l'inverse) de fa90n a determiner 
Ie critere de rupture (valeur de a) et Ie degre d'anisotropie (valeur de 7). 

Les essais de flu age en traction donnent aussi les valeurs des coefficients 
r, k, A; par ailleurs, des mesures de module de cisaillement au cours des 
essais de torsion devraient permettre de verifier la validite de la theorie (la 
procedure inverse peut etre utilisee, a savoir determination de 7 et a par 
des mesures des caracteristiques d'elasticite du materiau endommage et 
verification par les essais de rupture en fluage sous traction puis torsion). 
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Figure 10. - Influence du coefficient a sur 
la rupture en traction-torsion (Oi. = /3 = 0, 
r = 5, k = 0, 'Y = 0). 

Raideur initiale -----------~ 

Figure 11. - Evolution des derniers cycles d'un essai d allongement impose avec periode 
de maintien en traction: IN 100d 1 OOO°C ± 0,1 mm, tm = 300s). 

5. Conclusion 

La theorie d'endommagement anisotrope develop pee ici s'appuie sur l'analyse 
elastique de c~s ideaux de materiau endommage. Elle permet de traduire par 
deux coefficients seulement (1 et a) Ie degre d'anisotropie du materiau 
endommage et Ie concept utilise pour defmir Ie tenseur de contrainte effectif 
est compatible avec la description de l'effet de l'endommagement anisotrope 
sur Ie comportement elastique. La loi d'endommagement proposee scinde les 
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difficultes: la non-linearite des phenomenes d'evolution de l'endommagement 
est rejetee sur une seule variable scalaire, l'anisotropie etant introduite par un 
tenseur de repartition ne dependant que du materiau et de la direction de 
contrainte principale maximale. 

Cette theorie, develop pee ici dans Ie cas de l'endommagement de fluage, 
peut s'appliquer sans difficulte particuliere pour d'autres types d'endomma
gement (en plasticite [26,22] ou en fatigue [25,2]), et meme dans des cas 
de couplage, par exemple a temperature elevee pour des chargements cycliques 
lents dans lesquels les endommagements de fatigue et de fluage se cumulent 
et interagissent [25,7,31,23]. Dans Ie cas des chargements cycliques cepen
dant, une difficulte suppiementaire surgit lorsque l'on s'interesse a l'influence 
de l'endommagement sur Ie comportement a la deformation, en particulier 
sur les caracteristiques d'elasticite : dans les demiers cycles avant la rupture, 
lorsque plusieurs microfissures existent dans l'eprouvette, il se produit en 
compression un phenomene de fermeture de ces microfissures qui implique 
une difference entre les caracteristiques d'elasticite en traction et en compres
sion : on a ainsi besoin d'un comportement elastique non lineaire gouverne 
par un "seuil de fermeture" : ce seuil en contrainte est negatif mais d'autant 
plus proche de zero que l'endommagement est important comme Ie montrent 
les cycles de la figure 11 pour un essai a allongement impose. La prise en 
compte de ce phenomene complexe par introduction d'une variable interne 
suppiementaire constitue un sujet interessant. 

La theorie proposee pour traduire l'endommagement anisotrope des 
metaux cherche a generaliser Ie plus simplement possible des theories deve
loppees anterieurement en traction-compression ou dans Ie cas tridimensionnel 
isotrope. En effet, deux coefficients suppiementaires seulement sont intro
duits pour decrire l'effet d'anisotropie. On cons;oit bien alors la necessite de 
verifications experimentales de cette formulation, avec par exemple des essais 
particuliers de traction-torsion combinees, comme nous en avons discute au 
paragraphe 4. 
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ABSTRACT 

The concept of effective stress applied to elasticity and to viscoplasticity in 
presence of anisotropic damage. 

For some years various articles have shown the possibility of applying 
continuum mechanics to the model representation of the evolution of variable 
damage, initially introduced by Kachanov. Of interest here are the complex 
problems posed by the anisotropy of this damage, an anisotropy which affects 
both the elastic behaviour and the visco plastic behaviour, and also rupture. 

It is shown how a damage tensor of the fourth order can be introduced 
through the concept of effective stress in order to take into consideration the 
effect ofthe damage on the elastic behaviour, on the basis of results furnished by 
homogenisation techniques. A three-dimensional law of anisotropy is proposed 
for creep damage, introducing a minimum number of characteristic coefficients. 
The possibilities of this law are studied for the case of the traction-torsion of 
thin tubes and are compared with previous formulations. 
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1. Introduction 

The concept of damage has been introduced by Rabotnov and Kachanov in 
1958 for the description of creep rupture. Since then this concept has been 
used to account for various types of rupture occuring in metals and other 
kinds of solids: creep rupture, fatigue, plastic rupture. For the one-dimensional 
case a survey of the basic ideas as well as some recent results can be found 
in [1]. The three-dimensional case has been far less investigated and many 
conceptual problems remain to be solved. Most of these problems are related 
to the anisotropy of the damage and of the resulting properties, for instance 
the elastic response. This paper is devoted to an approach to these problems: 
a model will be presented for the description of the damage concept in the 
three-dimensional case and its consequences, as regards the induced elastic 
anisotropy, will be investigated in order to allow the evaluation of this model 
by comparison with experimental results or numerical simulation. 

A crude but significant insight into the physical nature of damage can 
be gained by viewing the damage processe as the generation and growth of 
micro-defects (micro-holes or micro-cracks) within an initially perfect ma
terial. The material remains the same but its macroscopic properties change 
with its microscopic geometry. The damage variable is a macroscopic measure 
of the microscopic geometrical deterioration of the material. Thus the elastic 
response, or more generally any mechanical property, of the damaged material 
will depend on the true elastic response of the material and on the microscopic 
deterioration, i.e. on the damage. 

In the following we shall consider an elastic-plastic material and we shall 
limit ourselves to the influence of damage on the elastic response of the ma
terial. There are two reasons for this. First, most of the problems mentioned 
above are already present within this limited framework. Secon, this is the 
only part of the theory which can be directly tested against experiment or 
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numerical simulation. Indeed, even in the one-dimensional case, the varia
tion of the elastic modulus is the simplest way for identification of the damage, 
[2] . 

2. Three dimensional damage 

2.1. The thermodynamic framework 

In this section a brief outline of the model for three-dimensional damage will 
be presented. For a more complete presentation and for discission of the under
lying assumptions and motivations, the reader is referred to [3]. In subsection 
2.1 the general thermodynamic framework will be presented while the model 
itself will be developed in the following subsections. 

We consider an elastic-plastic material and defme the plastic strain as 
the residual strain after unloading. Therefore the specific energy and enthalpy 
for the damaged material are 

1 
w(~e,d,a)= - ~e:~(d)[~]+ ¢(a) , 

2 
1 

V( ~,d, a) = ~: ~e - W = 2' ~: A(d)[ ~] - ¢(a), 

where d denotes the damage variable, a the plastic internal variables (harden
ing parameter for instance), A(d) and ~(d) = A(d)-l the damaged elas
ticity tensors. The corresponding relations for the virgin (undamaged) material 
are 

1 
Wo(~e, a) = - ~e :~o[ ~e] + ¢(a) , 

2 

1 
Vo(~,a)= 2' ~: Ao[~] - ¢(a) , 

where, assuming the virgin material to be isotropic, 

1 + v v 
A [~] = -- ~ - - (tr~) 1. 

o E E 

The constitutive equation is then obtained as 

av aw 
~e = _= A(d)[~], ~ = - =l\,(d) [~e], a ~ a~e 

(2) 

(3) 

(4) 
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while the dissipation is given by 

4>= ,,: 5.P+Gd-A& ~O, 

av 1 , 
G = - = -2 ,,: A (d)[ ,,]. ad 

763 

(5) 

(6) 

The thennodynamic force associated to the damage, G, is analogous to the 
Griffith's energy release rate in fracture mechanics. 

2.2. The general model 

In the one-dimensional case, damage is introduced in the constitutive equa
tions through the concept of effective stress. Extending this to the three
dimensional case, we define the effective stress tensor ; by a linear trans
formation law acting upon the actual stress tensor ", 

0' == M(d) [,,] (7) 

where M( d) is a linear transfonnation of the space S of all symmetric tensors 
into itself (Le. a fourth order tensor MjjkQ such tha~ MjjkQ = MjjkQ = MjjQk). 

Since (7) is a generalization of the one-dimensional a = af(1 - D), the trans
fonnation M(d) depends non-linearly upon the damage. The damaged cons
titutive equation is then obtained by an energy identification 

V(",d,a) = Vo(~,a), (8) 

damage being introduced by replacing the actual stress by the effective stress 
in the energy function; see [3] for details. The damaged elastic tensor is then 
derived as 

A(d) = MT (d) Ao M(d) (9) 

and the constitutive equation (4) can be interpreted as the undamaged elastic 
law relating the effective stress to an effective elastic strina tensor ~e defined 
by 

(10) 

It can further be shown that this model involves no restriction upon the 
damaged elastic tensor A(d), since any symmetric (AijkQ = AkQi) positive 
defined A(d) can be written in the fonn (9) with a proper choice of M(d) 
which can even be assumed to be symmetric, as will be the case later. 
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2.3. Specialization 

Two choices remain to be made in order to specialize the theory; they concern 
1) the nature of the damage variable d, 2) the special form of the transfor
mation (7) or (10). Si we want to describe an anotropic damage, the damage 
variable must be of tensorial character. The simplest case is a 
symmetric second-order tensor D. This implies some limitations which will 
be discussed later and the possibility of other choices [4]. However, in view 
of practical applications, this seems a reasonable assumption. The transforma
tion law (7) or (IO) is supposed to be a generalization of the one-dimensional 
law a -= 0/(1 - D). In the case where the stress tensor and the damage tensor 
have the same eigendirections, this extends naturally to 

(11) 

To obtain an appropriate transformation law, we have to symmetrise 
this expression which can be achieved in at least three different ways, lading 
to the following transformation laws: 

A. ~= (I-Dr I/2 • ". (I-DrI/2, 

B. ,,= ~ [(1 - D)-I. " + ". (1 - DrI], 

c. ~ = ~ [(1 - D) • ; + ;. (1 - D)]. 

(12) 

The corresponding constitutive equations are obtained from (9) and 
(3) as 

1 + v v 
A. Eo = -- (I-Dr i •. ". (1_D)-I - - tr[". (I_D)-l] 

E E 

l+v 
Eo = -- {(1-Dr2 • ,,+ 2(1 -Drl • (S. (1 _D)-l 

4E 

v 
+ ". (I-Dr2}- - tr[,,(I-Dr 1] (1 - D)-1 

E 

(1 - D)-l 

(13) 

c. Eo= 4{I + v) x2 (I-D)["] -!. tr[". (1_D)-I] (I-D)-1 
E E 
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corresponding to (12), A, B or C respectively, and where x is the linear ope
rator such that X = x(A) [H] is the unique solution of the equation 

A·X+X·A=H (14) 

(cf. [3], appendix E). 
The remaining part of this paper will be devoted to an analysis of the 

induced elastic anisotropy and of the experimental and numerical programs 
developed to test the validity of this model. 

3. Induced elastic anisotropy 

3.1. Interpretation of the transformation laws 

Since damage is described by a symmetric tensor D, it is convenient to work 
in its principal axes, i.e. in the coordinate system in which D is diagonal; 
we shall denote by D 1 ,D2 and D3 the 'principal damages', i.e. the eigen
values of D. With this choice of axes, the transformation laws (12) A, B or 
C can be given a phenomenological interpretation. For the normal stress all' 
(12) gives in all cases 

all 
a = 

11 1 D - 1 
(15) 

which can be viewed as expressing some kind of 'weakening' of the material 
in the direction Xl' For the shear stress 0 12 , the transformation laws (12) 
A, B or C can be written as 

0 12 
0 12 = -- , 

w12 

where the shear-weakening coefficient w 12' given by 

2Wl W2 [1 1 J-1 B. w12 = 
2 (I-Dl) + (1-D2) WI +w2 

1 1 [(1 - D1) + (1 - D2)] C. w12 = 2" [w1 +w2]= 

(16) 

(17) 

is the geometrical (in case A), inverse arithmetic (B) or arithmetic (C) mean 
of the weakening coefficients WI' W 2 valid for the normal stresses. 
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3.2. Damaged elastic response 

It is clear that in our model, 5: is a linear isotropic function of -;; , and therefore 
e is an isotropic function of ~ and D, linear in ~. The damaged elastic 
response, i.e. the linear relationship between e and ~ at fixed damage D 
is then orthotropic with respect to the principal axis of D. Accordingly, 
with respect to the principal axes of D, this linear relationship can be 
written as 

e 
€ll Al B12 B13 0 0 0 all 

e 
€22 B12 A2 B23 0 0 0 a22 

e 
B13 B23 A3 0 0 0 €33 a33 

(18) 
e 

€12 0 0 0 C23 0 0 a12 

e 
€23 0 0 0 0 C31 0 G23 

e 
€31 0 0 0 0 0 C12 a31 

Starting from (13), we obtain for the coefficients A and B the values 

I 1 
A =-

1 E (1 - Dl)2 E w2 
1 

(19) 
v 1 v 1 

B12 = =-----
E (1 - D1) (1 - D2) E WI w2 

which hold true in the three cases A, B, C while we obtain for C 

_ 1 + v ( 1 )2 C --- --12 E ' w12 
(20) 

where the weakening coefficients w 12 are defmed by (17), depending on 
the choice A, B or C. 

This analysis shows that our approach imposes certain limitations on 
the damaged elastic response: 

1) It must be orthotropic; the directions of orthotropy being those 
of the principal axes of o. This limitation is a consequence of chOOSing a 
symmetric second-order tensor for the damage. 

2) By (19) and (20), it depends only on three constants D 1, D2 and 
0 3 (E and v are known and fIxed) while a general orthotropic law depends 
on 9 coeffIcients. 
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Whether these limitations are important or not can only be answered 
on experimental grounds, and the remaining part of this paper will be de
voted to the experimental and numerical programs now being developed to 
test this model and to identify the damage tensor in a given state. 

4. Experimental verifications 

4.1. Uniaxial damage 

In the process of damage growth due to plastic deformations, significant 
modifications of the elastic properties occur only for large deformations. 
The major experimental difficulty is to create a significant homogeneous 
damage and at the same time, to be able to measure the anisotropic elastic 
properties. From a practical point of view, it is possible to create a uniaxial 
state of damage only by a loading in pure traction. Due to the symmetry of 
the loading, it is quite clear that the damage tensor and the damaged elastic 
response will show a transverse isotropy around the direction of traction Ox 1 ' 

(21) 

By elastic unloading we are able to measure the apparent modulus E 
and the apparent contraction coefficient v (Fig. 1). From (18) and (19) we 
obtain 

v = v (22) 

so that, in a given state, the damage tensor can be determined from measure
ments of E and V. 

The ratio D2/Dl characterizes the degree of anisotropy of damage 
(isotropic damage is obtained for D 1 = D2 while a perfectly uniaxial damage 
would be D2 = 0). It may be reasonable to assume that this ratio 0 is a 
material constant for a given material. Starting from (22), we get Figure 2 
showing the relation between v and E. These curves can be compared to 
experimental results, and thus the material c.£nstant 0 can be determined. 
Once this is done, damage will depend only on E. 

The first experimental results are described in subsection 4.4. 
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The traction test alone leads to the identification of the damage tensor. However 
it doesn't allow any verification of the model. This verification requires other 
kinds of experiments for measuring other elastic properties. 

A first kind of experiment can be performed on a traction-torsion ma
chine: after a loading in traction, which generates an uniaxial damage state 
as described above, the specimen is u,nloaded and then loaded in torsion, which 
gives an apparent shear modulus G. This apparent shear modulus can be 
computed from E, V, E , v and G, and the results are expressed in Figure 3 
giving (G/G)/(E/E) as a function of vlv, according to whether A, B or C 
is chosen in (12). 

A comparison of these results with experiments will allow testing the 
theory and choosing between A, B or C. 
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4.3. Apparent directional modulus 

Another kind of experiment consists in performing traction tests on different 
specimens obtained from a plate, previously subjected to a damage-generating 
traction, and with different orientation () with respect to the direction-Ef 
traction. For each specimen we obtain an apparent directional modulus Ee 
which can be computed from ,g,~, E , II. Some results are presented in 
Figure 4 where we have ploted EolE as a function of () for II = 0.3 and 
for two values of viII: 0.8 (when the three curves corresponding to A, B or 
C cann£t be distinguished) and_O.5. In Figure 5 we have presented the curves 
giving E450 IE as a function of E/E for different values of [j. 

EYE 

3 1 'rE--------------------

2 

l~o~~~---~.-------~~--e 

- -Figure 4. - Ee as a function of e. Figure 5. - E45 0 as a function of E and 6. 

4.4. Experimental results 

The experimental results obtained so far concern only measurements of E 
and v, see section 4.1. 

In the case of AU4GT4, a material of average ductility, Figures 6, 7 
give the variations of E and v as functions of the plastic deformation Ep. 

Even though the plastic deformation at rupture is not very large (35 % , 
we can obtain variations of the elastic modulus up to 20 %. Evolution of 
the longitudinal damage, while Dz remains very small, is shown in Figure 8. 
Accordingly, the material constant [j is very small, but this seems to be 
specific to this material. 

We also have performed experim~nts on CUat , a very ductile material 
exhibiting very important variations of E, Figure 9. 



www.manaraa.com

770 J.P. Cordebois, F. Sidoro!! 

I daN/mm, 

AU4&T4 

... 

5000 

o 10 20 30 

Figure 6. - E as a function of fp for A U4GT4. 
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Figure 7. - v as a function of fp for A U4GT4. 
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Figure 8. - The longitudinal damage parameter D1 as a function of fp for AU4GT4. 
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i 

10 

CUAl 

Figure 9. - E as function of ep for CUAI. 

0,3 

Figure 10. - " as a function of ep for CUAI. 

For all materials we obtain v < II, which by (22) shows that D2 < D1 . 

This corresponds to a damage which is more prominent in the longitudinal 
direction than in the transverse direction. This result seems reasonable. 

26 
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S. Nwnerical simulation 

5.1. Damage simulation 

Experimental investigations are limited by the actual damage process: testing 
the elastic properties of a damaged material requires the homogeneous creation 
of this damage and therefore of large plastic deformations on a sufficiently 
large scale. This is a strong limitation both on the 'shape' of the damage and 
on its 'magnitude'. Practically, we are limited to uniaxial damage. For instance, 
the orthotropy of the damaged elastic response, which is a consequence of our 
approach as mentioned in sub-section 3.2, cannot be tested experimentally 
since this would require the generation of a potentially non-orthotropic damage, 
i.e. a non-orthotropic damage-generating history (!). 

Therefore it is quite interesting to be able to generate artificially a given, 
perfectly controlled, damage. In the two-dimensional case, this is physically 
possible by perforation of a plate [5]. In the three-dimensional case however, 
this is not so easy and it is more convenient to use a numerical simulation: 
a damaged material is simulated by a material with a given distribution of 
micro-holes. The damaged elastic response can then be computed by solving 
appropriate boundary value problems for the perforated material. 

5.2. Homogenisation 

The appropriate mathematical technique for this· problem is 'homogenisa
tion'. Generally speaking, homogenisation is the process of obtaining the 
global homogeneous behaviour of a locally non homogeneous material with 
inhomogeneities periodically distributed in space [6]. In the case of linear 
elasticity this problem is completely solved and the homogenised elastic 
law resulting from a given damage, i.e. a given repartition of micro-holes, can 
be computed by solving a simple boundary value problem [7]. 

Strictly speaking, this result holds only for elastic materials with a 
periodic repartition of holes, while we are dealing here with an elastic plastic 
material with a random distribution of holes. Plasticity has no influence on 
the result because it is well known that the global rigidity of a structure does 
not depend on previous plastic deformations. However, the assumption of 
a periodic distribution of holes may seem to be a strong limitation of our si
mulation. Nevertheless, it seems reasonable to hope that the results are not 
essentially affected the precise distribution of holes. 

A fmite-element program is now being developed to solve the remaining 
boundary value problem and to obtain the damaged elastic law for a given 
damage. Comparison of this law with (18) will lead to an estimation of the 
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value of our model. In particular, it will be possible to answer the following 
questions: 

- How is the damage tensor 0 related to the actual damage, i.e. to the geo
metry of the micro-defects? 

- Is the limitation of an orthotropic damaged elastic law a strong one? (since 
it is quite easy to generate a non-orthotropic damage). 

- More generally, are the limitations imposed by our model, for instance, 
a cubic damage resulting in a isotropic damaged elastic law, not too strong? 

Comparison of these results with measurements of the density varia
tions and of other physical quantities will also provide information about the 
microscopic nature of damage, for instance, about the shape of the micro
defects (micro-voids or micro-cracks ?). 

6. Conclusion 

Much experimental and numerical work remains to be done along the lines 
described above. However, in view of the experimental difficulties mention
ed in Section 4, it is doubtful that we shall ever be able to distinguish between 
our model and more refined ones. In fact, our model is the simplest one tak
ing into account isotropic damage. In particular, even though options A, B 
and C in (12) can, in principle, be distinguished experimentally (cf. Section 4, 
Fig. 3 and 4), this is not possible in actual experiments because of the covered 
range of damage. Therefore we shall choose the simplest one, A, in future 
developments of the theory. 

In order to obtain a constitutive theory including damage for applica
tion to metal forming process, two fundamental problems have to be solved: 

1) Extension of the theory to plasticity, with the difficult problem of 
deciding how damage affects hardening; 

2) Assumption of the evolution equations for damage, with the help 
of thermodynamic restrictions imposed by the second law. 

These problems are now being investigated. 
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RESUME 

Anisotropie elastique induite par endommagement 

On presente un modele thermodynamique d'endommagement tridimension
nel et on etudie l'anisotropie elastique qui en resulte. On discute ensuite la 
confrontation de la thetorie proposee avec l'experience ou la simulation 
numerique. 
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1. Introduction 

Directionally-solidified eutectic alloys are metallic composite materials with 
excellent high temperature creep resistance which are being developed for 
gas turbine blades. These materials consist of a metallic or inter-metallic 
matrix reinforced by strong inter-metallic or carbide fibres. By cooling the 
molten alloy in an intense uniaxial temperature gradient, it is possible to 
precipitate fibres which align to within a few degrees of the solidification 
direction. Much of the recent research on eutectic composites (see for example 
[5]) has concentrated on understanding and controlling the solidification process 
and on the development of materials with improved high temperature 
performance. However, before these materials can be used confidently in appli
cations, further work is needed to provide design information and to develop 
relevant design methods. At the high temperatures encountered inside gas 
turbines, eutectic composites exhihit excellent creep resistance in the fibre 
direction; but for the same stress, the creep rate may be as much as three orders 
of magnitude higher in directions transverse to the fibres. Thus the materials 
are highly anisotropic in their creep properties and it is this aspect of behaviour 
which can be critical in design and which concerns us here. We model 
directionally-solidified eutectic composites as homogeneous, transversely 
isotropic metallic materials and consider the steady state creep properties, which 
are important in the assessment of creep and are readily incorporated into design 
rules (see for example [2]). 

The steady-state or secondary creep of isotropic metals is adequately 
modelled for many applications by the Bailey-Norton law (see for example 
[2, 3]) which connects the strain-rate and applied stress by a power-law 
relation. In an earlier paper [4], this expression was generalized to triaxial 
stress states in a transversley-isotropic metal and this theory is summarized in 
Section 2. The method adopted is to express the constitutive equation for the 
strain rate tensor in terms of a scalar dissipation potential, which for isotropic 
materials is a function of the second principal invariant of the deviatoric stress. 
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The extension to anisotropic materials is made by allowing the dissipation 
potential to depend on additional stress invariants, relevant to the appropriate 
symmetry class of the material. It is then found that three material parameters, 
in addition to the power law index, are necessary for characterizing the 
secondary creep properties of a transversely isotropic metallic material. In 
Section 3 we consider the response predicted by the theory to uniaxial tensile 
loading at an angle to the fibres and to combined tension-torsion loading along 
the fibre axis. The predictions of the theory are compared in Section 4 with 
experimental data obtained at NPL from creep tests on a Co - Cr - C eutectic 
alloy. The data enable the parameters of the theory to be determined and 
provide a check on the validity of the proposed constitutive equation. Finally 
the influence of combined tension-torsion loading on the creep behaviour of a 
eutectic composite is discussed and its significance for design assessed. 

2. Secondary creep in anisotropic metals 

Secondary creep in isotropic metals under uniaxial loading may be adequately 
modelled for many applications by the Bailey-Norton creep law 

(1) 

(see, for example, [2, 3]). Here e is the creep strain and e the strain rate which 
result when a uniaxial stress a is applied to the material. In the secondary 
stage of creep considered here, the strain increases linearly with time thus 
(1) refers to a steady state and A, n are material constants, independent of 
time. In general they will depend on temperature, although this is not considered 
explicitly. Experimental evidence on creep of metals suggests that n > I, which 
we assume here. 

For three-dimensional deformations we adopt the referential or material 
description, so that referred to a rectangular co-ordinate system (xl' x2 , x3) 

fixed in the undeformed body, aij and eij (i, j = 1, 2, 3) denote respectively 
the stress components measured per unit area in the undeformed body and the 
components of the finite material strain tensor. In the initial development of the 
theory we use direct tensor notation. The deviatoric stress tensor s is defined by 

1 
s = !J - - (tr!J) I 

3 
(2) 

and we note that tr s = Sjj = O. Extensions of (1) to triaxial loading of isotropic 
metals are discussed by Hult [3], who gives the constitutive equation 

3 -e = "2 A (a)n - 1 S, (3) 
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where 

_ 3 ) 1 
a = ( 2" tr s2 2, (4) 

is the effective stress. Equation (3) satisfies the requirements of objectivity and 
reduces to (1) for uniaxial loading. It also defines a strain rate tensor e which, 
through its dependence on s is independent of a superposed hydrostatic stress, 
in accord with creep data on metals. We show in [4] that the constitutive 
equation (3) can be written in the alternative form 

a<p 
e=-

a~ , (5) 

where the scalar <p is defined by 

(6) 

'We refer to <p as the diSSipation potential. In the absence of heat conduction, it 
can be shown that <P must satisfy the thermodynamic restriction <I> ~ 0. 

As a general framework for characterizing the secondary creep of metals, 
we assume a basic constitutive equation in the form (5) in which <I> is a non
negative scalar function of the deviatoric stress s. For an isotropic material, 
<I> must depend on the principal invariants of s. We denote the principal 
invariants of a second-order tensor A by lA' IIA' lIlA' where 

and since tr s = 0, it follows that 

(7) 

Thus for isotropic materials, the dissipation potential has the general form 

and the supporting experimental evidence for equations (3){6) suggests that 
<P is a power function of - lIs and independent of Ills' 

For anisotropic metals, we assume that the constitutive equation for 
secondary creep may again be expressed in the form (5), with the dissipation 
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potential <II now dependent on the invariants of s appropriate to the symmetry 
class of the material. Let the fibre direction in a transversely-isotropic composite 
material be denoted by a unit vector d and introduce the tensor product 1*, 
defined by 

(8) 

It can then be shown [1], [4] that <II satisfies the invariance requirements for a 
transversely-isotropic material if and only if it is expressible as a function ofthe 
five scalar invariants 

Is, lIs, Ills, tr(l* s), tr(sl* s). 

Rather than consider general forms for <II, we seek the simplest extension of (6) 
to the transversely isotropic case. Since (6) is independent of the third order 
invariant Ills, this suggests we allow <II to be a power-law function of combi
nations of invariants which are second order in s. We therefore assume 

1 
<II =- Urn 

2m ' 

where 

u = -} a tr S2 + t t3 (tr 1* S2 + i 1 tr (s 1* s), 

and a, t3, 1, m are material constants. 
Making use of the results: 

a<ll a<ll 1 (a<ll) a - = -- - tr - I, - (tr s2) = 2 s, 
a" as. 3 as. as 

a a 
3; tr (1* s) = 1*, a; tr (sI* s) = I*s + sl*, 

equations (5), (9) and (I 0) yield the constitutive equation 

e= ~ urn-II as+/3tr(l*s)I*+! 1(I*s+sl*) 

(9) 

(10) 

-+ (J3 + 1) tr (1* s) I I, (11) 
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which is the proposed equation for secondary creep in directionally-solidified 
eutectic composites. Creep behaviour is characterized in the theory by three 
material parameters a, ~, 'Y and an index m. It can be shown that the thermody
namic restriction ~ ;;;. 0 is satisfied for all stress states provided that these 
parameters satisfy the conditions a,~, 'Y ;;;. 0, m;;;' 1. We note that on setting 
~ = 'Y = 0, (11) reduces to the corresponding equation for isotropic materials 

(3) with n = 2m - 1 and A = (~a r 
We observe that the creep index m is independent of the loading direction, 

which is in accord with creep tests on a directionally solidified eutectic 
performed by Miles and Mclean [6] and discussed in Section 4. A more complex 
theory than that given here is required when this assumption is not valid. From 
the discussion given above this could be derived by adding further invariant 
functions to (9) giving terms with additional indices. These generalizations are 
not considered in the present paper, but may be necessary for modelling creep 
data on certain materials. 

3. Applications ofthe theory 

Before considering the predictions of the theory in particular loading situations, 
we derive an explicit form, for the constitutive equation (11). We choose 
Cartesian axes in the undeformed material so that the fibre direction is aligned 
with the x3-axis and introduce an independent set of non-negative material 
constants A, /.I, v, defined by 

which are more meaningful physically than a, ~, 'Y as we shall show later. On 
setting di = Si3' Iij = Si3Sj3' where 8ij is the Kronecker delta, and replacing 
s by the stress (I, equations (10) and (11) may be written in component form 

• _ Urn -1 ~ 1 (2 '\) 1 "l el1 - ! /.I all -"2 /.I- 1\ 0 22 - "2 1\ 0 33 ~' 
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" 1 Um - 1 e23 = 2" va23 , 

" 1 Um - 1 e13 = 2" va13 , 

(13) 

where U is given by 

We note from (12) that for an isotropic material A = J,J. = tv. 
3.1. Uniaxialloading 

A physical interpretation of the material constants A, J,J., v follows from 
considering the response predicted by equations (13) to some simple uniaxial 
stress states. For a uniaxial tensile creep test in the fibre direction 

the theory gives 

e" - "m a 2m - 1 
33 - 1\ L • 

For a second uniaxial tensile creep test in a direction transverse to the fibres, 

e" - 11m a2m - 1 
11 -,.,. T • 

For a shear creep test parallel to the fibres 

. -!vm a2m - 1 e13 - 2 S 
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Thus Am, 11m may be determined from uniaxial tensile creep tests along and 
transverse to the fibre direction and ~ vm from a longitudinal shear creep 
test. Furthermore these three uniaxial loading tests completely characterize the 
secondary creep response. It follows that when analysing the influence of 
composite structure on the secondary creep properties it is only necessary to 
consider these three loading conditions. Since A is dominated by the fibre tensile 
properties and j.I, v by the matrix tensile and shear properties respectively, the 
understanding of the influence of fibre and matrix properties on the composite 
material is simplified. 

In order to compare the predictions of the theory with the creep tests 
performed by Miles and McLean [6], we consider the response of a transversely 
isotropic material subjected to uniaxial tensile loading in directions inclined at 
an angle 0 to the fibre direction. For an applied stress in the 1-3 plane at an 
angle 0 to the 3-axis the non-zero stress components are 

(15) 

and 

(16) 

The strain rate e in the loading direction is given by the transformation 

• • . 2 •. • 2 
e = ell sm 0 + 2 e 13 sm 0 cos 0 + e33 cos 0, 

whence from (13) and (15) with n = 2 m - 1, 

1 
• -2 (n+1) 
e = Fan, (I 7) 

where the function F(O) is given by 

(18) 

We see that the response predicted by the theory to this "off-axis" uniaxial 
loading is in the form of the Bailey-Norton law (1), with the parameter A now 
being given as a specific function of loading angle 0 and the material constants 
A, j.I, v. We note that for isotropic materials when j.I = A, v = 3A then 
F(O) = A, which is independent of the loading direction as it should be in this 
case. It follows from (I 7) and (18) that tensile creep tests at any three distinct 
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values of (h will enable the material constants to be determined, and a check on 
the theory is obtained from further creep tests at other values of 8. 

3.2. Combined tension-torsion loading 

A convenient experimental method of examining biaxial stress states, which is 
also amenable to simple analysis, is to subject a thin-walled tube to both tension 
and torsion. Consider a thin-walled tube of radius a, wall thickness h, with 
h « a, composed of a transversely-isotropic metallic composite in which the 
fibres are aligned along the tube axis. In keeping with the notation used above, 
we choose co-ordinates (Xl' x2 , x3) with origin and x3 - coordinate measured 
along the tube axis, as shown schematically in Figure 1. The tube is subjected 
to an axial tensile load T combined with a twisting moment M about the tube 
axis. For a thin-walled tube the wall through-thickness stresses may be neglected 
and the stress field is biaxial consisting of a tensile stress a and shear stress T, 

where 

a = T/21Tah, T = M/21Ta2h. 

At a point (xl? x2 ' x3) in the tube wall, the nonzero components of the stress 
tensor a are given by 

x, 

M 

.. -- ---- ... 
~, 

(19) 

Figure 1. - Schematic diagram of thin
walled tube. 
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It follows from (14) that 

u = X02 + v(xi + x~) T2/a 2 

= X02 + VT 2 , 

783 

(20) 

since we may assume for a thin-walled tube that xi + x~= a2 • The creep rate 
along the tube axis e33 is given from (13) and (20) by 

which may be written in the alternative form 

(21) 

Expressed in this way, the significance of a superimposed shear stress on the 
axial creep rate in the fibre direction can be assessed. 

We note that the solution given above can be generalized to apply to the 
combined tension and torsion of a thick-walled tube or a solid cylinder by using 
the methods of Hult [3]. This extension is not considered here since the simpler 
solution (21) is sufficient to illustrate the effects of combined loading on the 
axial creep properties of a transversely-isotropic material. 

4. Comparison of theory with creep test data 

Miles and Mclean [6] have carried out uniaxial tensile creep tests at NPL on the 
unidirectionally solidified eutectic C73 provided by Brown Boveri and Co., 
Baden. The material has composition by weight Co 56.9 %, Cr 40.7 %, C 2.4% 
and consists of a (Co, Cr) matrix reinforced by faceted (Co, Cr)7 C3 fibres. The 
tests were performed to rupture under constant load in air at 825°C on 
specimens cut at angles of 0°, 10° , 15° , 20° , 40° , 60° , 90° to the fibre direction. 
In the secondary creep region it was found that a plot of log e against log 0 for 
different loading angles () gave a set of almost parallel straight lines, see 
[6, Fig. 5]. These data are in agreement with the form of equation (17) and it 
was concluded that, to a reasonable approximation, the power law index n was 
independent of loading angle e, and a value n = 5.5 ± 1 was obtained for this 
material. 

Miles and Mclean [6, Table 2] also determined the stress level 0 to give a 
constant creep rate of e = 2.5 x 1O-4 /hour for each loading angle () and their 
experimental results are reproduced in Table 1. These data enable the parameters 
X, /J., v of the theory to be determined and the predicted form of F(() in 
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equation (18) to be checked. We use the experimental data from Table 1 at 
o = 0°, 40° , 90° , with n = 5.5, in equations (17) and (18) to give the calculated 
values 

A = 0.556, p. = 5.85, v = 11.2 (22) 

TABLE 1. Measured (u,fxp ) and calculated (Uth) values of stress to give constant 
creep rate of 2.5 x 10- Ihour. (Experimental results from [6]). 

0° uexp °th. 
(MPa) (MPa) 

0 313 313 
10 266 243 
15 226 200 
20 178 166 
40 101 101 
60 81 82 
90 78 78 

where the units are (hours)-2/(n+1) (MPa)-2n/(n+l) . These three parameters 
and n characterize the secondary creep behaviour and we may now calculate 
F(B) from equation (18) and thus determine the influence of loading direction 
on the creep properties. Figure 2 shows the calculated function F(B) and, as 
a test for the validity of the theory, compares it with experimentally measured 
values of(elun //(n+l) taken from Table 1 with n = 5.5. There is fair agreement 
between the theoretical curve and the experimental data. We note that the 
agreement at 0 = 0°, 40°, 90° follows from the choice of these angles for 
determining A, p., v. 

As a further test of the theory, we may employ the theoretically determin
ed F(O) in Figure 2 and equation (17) to calculate the stress level at various 
loading angles 0 which yield a particular steady creep rate. Choosing a creep 
rate of 2.5 x 1O-4 /hour, we compare in Table 1 stress values calculated in 
this way with the measured values given in [6]. Again there is reasonable 
agreement between theory and experiment. We note that the theoretical 
calculations are very sensitive to the value chosen for n, which did show 
some scatter about the mean value 5.5. 

Since F(8) is constant for isotropic materials, Figure 2 shows how 
strongly anisotropic are the creep properties. For the eutectic alloy studied 
F(90)/F(O) = 10.5 at the test temperature of 825°C. As the creep rate for 
a fixed stress is proportional to F3.25 , it follows that the creep rate increases 
rapidly for loads inclined to the fibres and, transverse to the fibres, it is 
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Figure 2. - Comparison of experimental data with theoretical values of F(8) calculated 
from equation (18). 

2.08 X 103 times greater than in the fibre direction. This highlights the 
design problems which may arise when using eutectic composites, since 
small misalignments of fibres from the main load direction, or the presence 
of secondary transverse stresses could lead to excessive creep behaviour. 

It is also of interest to use equation (21) and the materials data (22) 
to assess the significance of superposed shear stresses on creep behaviour 
along the fibres. This type of loading has some relevance to the design of 
composite turbine blades where the main loads are uniaxial along the blade 
and fibre axis, but which may be subjected to secondary shear or torsional 
loads. The term X m a2m -1 in equation (21) is the uniaxial creep rate in the 
fibre direction and, since m > I, it follows that the presence of a torsional 
stress r will always increase the uniaxial tensile creep rate. This is shown in 
Figure 3 where e33/X m a2m -1 is plotted as a function of ria using the ma
terials data (22). For this eutectic composite the figure indicates a rapid 
increase in the axial creep rate as the shear stress increases from zero. Thus 
the tensile creep rate along the fibres is increased by a factor of 10 for rela
tively small superposed torsional loads for which ria = M/aT = 0.3. We see 
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Figure 3. - The influence of torsion on 
tensile creep properties as predicted by 

,'--~~-iO.'1 ~~---,00.2'--~~""03'------~--'!04 equation (21). 
</a 

that if the excellent high temperature creep resistance of eutectic composites 
is to be fully exploited then great care will be needed in component design. 

S. Concluding remarks 

The main theoretical results of the paper are equations (l3) and (14) which 
provide a constitutive equation for secondary creep of a transversely isotropic 
metal. They were derived as the simplest generalization to transversely isotropic 
materials of the Bailey-Norton law for secondary creep in isotropic metals. 
The creep behaviour is found to be characterized by three material constants 
X, /.1, v and a power law index m or n. In the theory it is assumed, on the basis 
of experimental evidence, that the index is independent of loading direction 
in the material. Uniaxial tensile creep tests on a directionally solidified eutectic 
composite were found to be modelled reasonably well by the theory, although 
further tests involving biaxial and triaxial loading are necessary to establish 
its more general validity. 

The theory enables creep experiments on eutectic composites to be 
analysed; it provides a basis for design calculations on these materials and 
defines the materials data needed by the designer. Experimental data on a 
Co-Cr-C eutectic composite obtained at NPL shows the highly anisotropic 
creep properties of these materials, with excellent creep resistance along the 
fibres but with creep rates up to three orders of magnitude higher transverse 
to the fibres. The predictions of the theory, when uniaxial loads are applied 
at an angle to the fibres or when combined tension and torsion loads are 
applied, indicates the design problems which arise in using these highly ani
sotropic materials. It is clear that the successful application of eutectics to 
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components such as turbine blades will require more emphasis on stress 
analysis and detailed design methods. However, the results of the idealized 
analyses given here suggest that some improvement in the matrix creep re
sistance is needed if best use is to be made of the excellent fibre creep 
properties. 
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RESUME 
Caracterisation du fluage des composites eutectiques. 

Une equation de comportement, basee sur une generalisation pour les materiaux 
orthotropes de revolution de la loi de Bailey-Norton, est proposee pour la mode
lisation du flu age secondaire des alliages eutectiques a solidification direction
nelle. Nous montrons, qu'en plus de l'indice de la loi de puissance, trois para
metres materiels sont necessaires pour la caracterisation du comportement 
en flu age secondaire; la determination experimentale de ces parametres est 
discutee. La theorie est comparee avec des donnees experimentales du flu age 
d'un alliage eutectique Co-Cr-C. 
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DISCUSSION 

QUESTION BY R.G.C. ARRIDGE : What was the aspect ratio of the particles in 
the eutectic? 

REPLY BY A.F. JOHNSON: The fiber aspect can be controlled during the fabric
ation process. The Co-Cr-C eutectic alloy tested at N.P.L. had fibers about 
100 IJ.m long with diameter about IlJ.m. 
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1. Introduction 

Le comportement plastique de la glace polycristalline a principalement ete 
etudie sur des glaces isotropes. Cependant, pour des deformations superieures 
a quelques %, la testure initiale (orientation statistique des axes optiques) 
est modifiee soit par les processus de recristallisation soit par la deforma
tion elle-meme [3]. Le changement de texture induit Ie plus souvent des va
riations de la vitesse de deformation [5]. L'ecoulement des glaciers parait lui
meme fortement influence par la texture de la glace [14]. Ainsi les vitesses 
mesurees en surface en Antarctique ne peuvent etre expliquees qu'a partir 
de modeles OU l'influence de la texture sur la visco site est prise en compte 
[14 ]. 

Dans ce travail, nous nous proposons de decrire d'abord Ie comporte
ment plastique du monocristal, de determiner dans des cas particuliers les 
variations de la visco site de la glace polycristalline avec la texture et fmale
ment de tenter d'expliquer les vitesses mesurees sur la calotte polaire pres 
de Byrd Station (Antarctique). 

2. Deformation plastique du monocristal de glace 

La glace des glaciers de notre planete est cristallisee dans Ie systeme hexagonal. 
Elle se deforme plastiquement surtout par glissement sur les plans de base 
(0001). L'axe optique ou axe "C" est perpendiculaire aux plans de base. 
La deformation resulte du mouvement de dislocations dont Ie vecteur de Burgers 

est t (120) [8]. D'autres types de dislocations ont ete observes, par exemple, 

des boucles de dislocations prismatiques [16]. La dissociation des dislocations 
basales, meme si elle n'a pu etre observee experimentalement du fait du manque 
de resolution des appareils utilises, semble possible [18]. 
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Plusieurs courbes contrainte-deformation sont montrees sur les figures 1 
et 2. Pour les cristaux orientes pour Ie glissement basal, les courbes pre sen
tent d'importants pics de contrainte et aucun in dice d'ecrouissage (Fig. 1). 
Dans Ie cas OU Ie cristal est oriente pour eliminer Ie glissement basal, les courbes 
montrent l'effet de l'ecrouissage et la contrainte est environ 20 fois plus 
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Figure 1. - Courbes contrainte-deformation 
pour Ie glissement basal d 'un monocristal de 
glace. D 'apres Higashi (1967), [10). Deformation (%) 
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Figure 2. - Courbes contrainte-deformation pour Ie glissement non basal pour dif[erentes 
orientations de l'axe "a". L 'axe de traction est dans Ie plan de base. Vitesse de deforma
tion : 310-6 sec-I. D 'apres Higashi et al (1964), [11). 
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elevee que dans Ie cas ou Ie cristal est oriente pour Ie glissement basal [10]. 
Pour des essais a contrainte imposee (fluage), Ie rapport des vitesses de de
formation est superieur a 1 000 pour les deux orientations extremes. Aussi 
la deformation des monocristaux de glace est-elle contr6lee principalement 
par l'intensite de la cission dans Ie plan de base (0001). 

3. Fluage de la glace polycristalline 

La deformation plastique de la glace polycristalline a principalement e16 
etudiee par des tests de fluage [7, 17, 2]. A l'echelle macroscopique, comme 
les metaux, la glace polycristalline presente d'abord un fluage transitoire 
qui diminue avec Ie temps, ensuite un fluage stationnaire (ou fluage secon
daire). Pres du point de fusion et pour des deformations superieures a quelques 
%, Ia vitesse du fluage augmente et un nouveau fluage stationnaire est obtenu 
(fluage tertiaire). 

Pour Ie fluage secondaire de glaces polycristallines isotropes, les vitesses 
de deformation Eij sont liees au deviateur des contraintes 7ij suivant Ia 
relation de Bailey-Norton: 

• T.', 
E .. = -'L = 

1J 27] 

B 

2 
7n - 1 7~' 

1J (1) 

oU 7] est la visco site , B un parametre qui depend principalement de la tempe

rature et 7 la cission efficace definie par: 72 = 1 ~ (7ij?' L'equation 

(1) a ete verifiee par des experiences de fluage en torsion-compression [2]. 
La valeur de n est de l'ordre de 3 pour des cissions efficaces comprises entre 
0,5 et 5 bars. Les courbes de flu age des glaces polycristallines et des mono
cristaux orientes pour eviter Ie glissement basal sont similaires et les vitesses 
de fluage sont du meme ordre de grandeur [1]. Pour ces glaces, la deforma
tion n'est pas contr6Iee par Ia vitesse de deplacement des dislocations mais 
plut6t par des processus de restauration [2]. 

L'influence de la texture sur la vitesse du fluage a Me etudiee sur des 
glaces polycristallines naturelles. L'echantillon en forme de cyJindre etait 
soumis soit a une torsion soit a une compression selon l'axe [2]. La tem
perature etait fixee a - 7,2 0 C. La texture initiale de la glace etudiee est 
donnee sur la figure 3. La plus grande partie des axes optiques est suivant 
l'axe de l'echantillon. Cette glace provient d'un glacier polaire (Antarctique). 
La taille des cristaux etait de l'ordre de 6 mm. Sur la figure 4 sont representees 
la courbes de flu age de cette glace en torsion et en compression. Dne courbe 
de fluage d'une glace polycristalline isotrope est representee sur cette meme 
figure pour comparaison. Le rapport des vitesses minimum de torsion et de 
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Figure 3. - Orientation initiale des axes C d'une glace polycristalline, en provenance de 
l'Antarctique, deformee en torsion et compression (cf, Fig. 4). 

compression en fin d'expthience thait de l'ordre de 40. Les valeurs respec
tives de B calculees a partir de l'equation (1) avec n = 3 sont de 0,20 et 
0,005 bar-3 an- 1 . Des variations beaucoup plus faibles (rapport des vitesses 
inferieur aiD) etaient trouvees par Lile [12] a partir d'experiences du meme 

! • ! -. o 

i 

~ 

Figure 4. - Courbes de jluage en torsion et compression d'un echantillon de glace poly
cristalline presentant une texture Ii. un maximum suivant I'axe de torsion et de compres
sion. La courbe en pointilIes a ete calcuIee. Ii partir des resultats obtenus pour les glaces 
dont I'orientation des axes C etait aIeatoire. Temperature .. - 7,2 0 C. Cission efflcace 
T = 1,35 bar. 
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type. Ce type d'essais ne pennet pas de detenniner les trois coefficients de 
viscosite caracteristiques du comportement anisotrope de la glace polycristal
line. Des essais en torsion-compression sont en cours pour detenniner ces 
trois parametres necessaires pour caracteriser Ie flu age permanent. 

4. Texture des glaces de glaciers 

De nombreuses etudes petrographiques de glaces naturel1es ont pu etre faites 
grace aux differents carottages effectues ces demieres annees aussi bien dans 
les glaciers polaires que dans les glaciers aipins. La glace des glaciers alp ins 
est dans sa plus grande partie au point de fusion. Aussi la glace recristallise
t-elle facilement pendant la defonnation. Les textures observees sont prin
cipalement induites par la recristallisation dynamique [5]. Les dislocations 
produites pendant la defonnation fonnent des sous-joints. De nouveaux cris
taux sont crees a partir de sous-grains fortement desorientes. Les cristaux 
orientes pour minimiser l'energie de la defonnation plastique grossissent aux 
depens des cristaux presentant une energie de defonnation plus importante. 
Les textures fonnees sont Ie plus souvent a plusieurs maximums (3 a 5) 
[19, 20]. Vne texture typique de la glace des glaciers temperes est montree 
sur la figure 5. L'influence de ces textures a plusieurs maximums sur la vi
tesse de deformation est faible [5]. 

La temperature de la glace des glaciers polaires est Ie plus souvent infe
rieure a -10 °c. Elle peut atteindre - 55°C dans les parties centrales de la 

/ 
/ 

Figure 5. - Texture typique d'une glace de glacier tempere - Vallee Blance. Profondeur: 
171 m. Contours a 0, 3,6,9 et 12 % des paints dans 1 % de loire - 88 cristaux. 
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Figure 6. - Textures de la glace de Byrd (Antarctique) d differentes profondeurs. D 'apres 
Gow et Williamson (C.R.R.E.L.), (9). 

calotte Antarctique. Cependant, de la glace temperee semble etre localisee 
dans les parties les plus profondes de la calotte [9]. 

La texture de la glace froide differe beau coup de celle de la glace tem
peree. Des textures a 1 seul maximum, comme celle de la glace etudiee dans 
ce travail, sont frequemment. observees [9, 13]. Gow and Williamson [9] ont 
etudie les textures des glaces du carottage de Byrd (Antarctique) (epaisseur 
du glacier: 2160 m). Trois de ces textures sont representees sur la figure 6. 
Elles caracterisent l'evolution observee avec la profondeur. En effet aucune 
orientation preferentielle n'apparait jusqu'a 100 m de profondeur. Au-dessous 
de 100 m, les axes optiques s'orientent progressivement suivant la direction 
verticale. Entre 1200 et 1300 m, la texture a un seul maximum apparaft et 
persiste jusqu'a 1 800 m. Au-dessous de 1 800 m, la texture a plusieurs maxi
mums, du meme type que celle apparaissant dans les glaciers temperes, est 
observee. La formation de cette texture est probablement liee aux temperatures 
proches du point de fusion mesurees entre 1800 m et Ie lit rocheux [9]. En 
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effet la recristallisation dynamique ne semble intervenir, comme processus de 
restauration ou d'adoucissement de la glace, que pour les temperatures les 
plus elevees. 

5. Essais d'interpretation des vitesses mesurees sur un carottage en 
tenant compte de la variation de la viscosite avec la texture 

Un prom de vitesse a ete mesure in situ a Byrd Station, Antarctique par 
Garfield et Ueda [6]. 

Nous avons suppose que dans cette region l'ecoulement de la glace etait 
assimilable a l'ecoulement bidimensionnel d'un nappe d'epaisseur uniforme, 
inclinee d'un angle a: par rapport a l'horizontale, soumise a l'action de Ia 
pesanteur et adherant au lit rocheux. La den site de la glace a ete supposee 
constante avec la profondeur. 

La vitesse dans Ie sens x de l'ecoulement est notee u. Elle ne depend 
que de la profondeur z mesuree perpendiculairement a la surface de la nappe. 
Ces hypotheses ne sont probablement pas valables pour les couches supe
rieures du glacier. Mais, la temperature restant tres basse jusqu'a 1000 m de 
profondeur (Fig. 7), la deformation de Ia glace doit rester tres faible dans les 
couches proches de la surface. 

Notant a la cission s'exer~ant dans la couche et p la pression isotrope, 
les equations de l'equilibre se reduisent a : 

da - + pg sin a: = 0 
dz 

dp 
- + pg cos a: = 0 
dz 

d'ou l'on tire, la surface de la nappe etant libre : 

a(z) = - pgz sin a: 

p(z) = - pgz cos a:. 

D'apres la relation (1) liant les vitesses de deformation au deviateur des 
contraintes : 

(2) 

Ayant suppose que l'etat de deformation de la glace en profondeur est 
un cisaillement simple dont l'axe peut etre confondu avec la verticale, nous 
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pouvons obtenir un ordre de grandeur de la valeur du parametre B de l'equa
tion (1) a partir des resultats de la figure 4 et des textures donnees par Gow and 
Williamson [9]. La valeur de reference de B a ete prise egale a 0,02 bar-3 an-I 
a la temperature de - 7°C, valeur obtenue avec des glaces isotropes en fluage 
secondaire [4]. n a ete alors, tenu compte de la variation de B avec la tempe
rature grace au prom de temperature donne par Gow and Williamson [9]. Nous 
avons ado pte deux valeurs pour l'energie d'activation du flu age : 15 kcal/mole 
pour T < - 7 ° C et 25 kcal/mole pour T> - 7 ° C [15]. Enfin, pour tenir compte 
de l'effet de la texture sur la vitesse de deformation, la valeur de B etait mul
tipliee par 10 entre 1 300 et 1 800 m. Au-dela de ces profondeurs la glace etait 
supposee isotrope. 

L'integration de (2) pour une variation quelconque de B avec la profon
deur est possible numeriquement. Compte tenu des hypotheses grossieres 
faites sur l'ecoulement ainsi que de l'incertitude sur la valeur de l'inclinaison 
de la nappe, nous avons approche la courbe B(z) obtenue ci-dessus par une 
ligne polygonale representee sur la figure 7. (Sur cette figure on donne la 
variation de la temperature de la glace avec la profondeur). 

Dans chaque couche pour laquelle la variation de B avec zest lineaire, 
l'integration exacte de (2) est possible. 

Dans la couche i, comprise entre les profondeurs zi_1 et zi (zi > zi_l) 
nous posons : 

-"'r-----:i.'o,,-r .... - .... -· -"' .. -(.r-----
Figure 7. - Variations de la temperature et 
du parametre B de ['equation (1) avec la 
pro!ondeur (Byrd, Antarctique). 
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et (2) donne: 

Nous avons trace sur la figure 8 Ie prom de vitesse obtenu avec n = 3, 
pour les valeurs de B adoptees, en estimant l'angle a = 0,18° et avec 
pg = 0,0911 bar/m. 

La forme de la courbe obtenue est semblable au prom publie par Whillans 
[21], mais la vitesse calcuIee en surface est inferieure a la vitesse observee 
(12,7. an-I). Cette difference peut s'expliquer par une valeur trop faible de 
a ou par une valeur trop faible du facteur d'amplification du a la texture. 
Pour obtenir la vitesse observee, il faudrait prendre soit a = 0,23° soit un 
facteur d'amplification de 25 (au lieu de 10). 

Notons qu'en supposant la glace isotrope, avec n = 3 et B = 0,02 
bar- 3 an- 1 a - 7°C, la vitesse calcuIee en surface est de 1,7 m/an. 

Figure 8. - Variations de la vitesse horizon
tale avec la profondeur (Byrd, Antarctique) 
(Projiits theoriques). A - Viscosite indepen
dante de la texture. 

6. Conclusion 

00 1,0 
'V'1f_ (lft/on) 
S,D ~ !I,O 1.0 1,0 

B 

Ces resultats ont permis de montrer la forte influence de la texture sur 
la vitesse du fluage de la glace polycristalline. Comme montre dans ce papier, 
l'anisotropie plastique devra etre prise en compte pour calculer l'ecoulement 
des calottes glaciaires. 
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Les trois parametres lltlCessaires pour caracteriser l'anisotropie de la 
glace devront etre determines en laboratoire a partir de divers types d'essais. 
La connaissance de ces parametres permettra de calculer l'ecoulement des 
calottes glaciaires pour des situations plus complexes que celles traitees dans 
ce papier. 
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ABSTRACT 

Ice single crystals undergo plastic deformation by slipping on the basal planes 
(0001>. Strain rates of crystals orientated for basal glide are of 3 orders of 
magnitude higher than those of crystals orientated for hard glide. 

Creep tests in torsion and compression were performed on natural ices 
with strong fabrics. Creep rates were compared to the ones of randomly orien
tated poly crystalline ices. Ice fabrics of temperate and cold glaciers were 
described. 

Measured velocities near Byrd Station (Antarctica) were approached by 
considering the two-dimensional flow of the glacier supposed of uniform 
thickness and by taking into account the influence of fabrics on the ice viscosity. 
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1. Introduction 

The overall response of perforated metal sheets to mechanical agencies depends 
on the hole arrangement specified by the penetration pattern and on the ma
gnitude of holes characterized by the ligament efficiency. In general this 
response is direction dependent, thus specific to materials with oriented in· 
ternal structure. A regularly perforated isotropic material behaves under 
stress as an equivalent anisotropic solid, thus as a homogeneous material of 
oriented internal structure. This results in direction dependent material cons
tants such as the Young moduli, the yield stress and alike. The mechanical 
anisotropy of equivalent materials is not the same in the elastic and plastic 
ranges. Therefore different methods of homogenisations are needed for 
establishing the above equivalence. 

In order to evaluate the effective elastic constants of a perforated 
elastic material, the homogenisation usually compares the elastic energy 
and deformability of respective isotropic and equivalent materials. Slot and 
O'Donnell [22] as well as Grigolyuk and Filshtinskii [8] evaluated effective 
elastic constants. 

In the plastic range a homogenisation procedure is intended to give the 
yield condition and the flow rule of an equivalent material. Usually the 
attention is focused on evaluation of the yield locus. Porowski and O'Donnell 
[6, 16] employed the methods of limit analysis to derive bounds to the yield 
surfaces for perforated materials with square and triangular penetration pat
terns. Winnicki, Kwiecmski and Kleiber attempted to derive the yield surface 
for perforated materials with triangular penetration pattern [24]. The finite 
element technique and the Huber-Mises yield condition were used for this 
purpose. In these homogenisation techniques as well as in applications of 
the derived anisotropic criteria to plate problems by Sawczuk, O'Donnell and 

27 
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Porowski [19] the plastic potential flow rule was assumed to hold both for 
the original and for the equivalent material. 

It appears worthwhile to study the problem of plastic homogenisation 
both as regards the yield condition and the plastic flow law. The perforated 
materials often are deformed so that the volume changes cannot be neglect
ed and the flow law should account for this fact. The theoretical basis allow
ing for a consistent analysis of the plastic behaviour of perforated materials 
is furnished by the tensor function representations. The basic notions of 
tensor functions polynomial representations due to Rivlin and Ericksen [17] 
proved useful in studying the fluid and solid materials behaviour, cf. Rivlin 
[18]. To investigate the plastic flow of isotropic materials polynomial repre
sentations were used by Thomas [23] and by Sawczuk and Stutz [20]. It has 
been shown in [20] that both the yield condition and the flow law, but not 
necessarily that of the potential rule, can be obtained via such an approach 
in a consistent manner. Boehler [1] and Boehler and Sawczuk [4] applied 
the tensor functions to studying anisotropic materials at plasticity and rupture. 
Boehler [2] developed further the method of tensor functions representations, 
considering non-polynomial representations. 

As the behaviour of perforated materials is not isotropic and an appro
priate account has to be made when deriving the flow law and the yield con
dition on the perforated material symmetries, the tensor function approach 
to the question is adopted in the paper when outlining the theoretical setting. 
To allow for the anisotropic response of equivalent materials, the notion of 
perforation tensor is introduced. Its components will be related to the pene
tration pattern and to the perforation density. The present note concerns 
mostly the experimental motivation for further studies on specifying a suitable 
representation. 

To establish the overall plastic anisotropy tensor, experiments are needed 
on the plastic response of a perforated material. Experiments performed on 
perforated tubes of a square penetration pattern are presented in order to 
furnish the experimental data necessary when specifying the perforation 
tensor, the yield condition and the flow law for perforated materials. Atten
tion is focused in the paper on experiments regarding yielding and deforma
bility. The theoretical aspects are outlined. A theoretical study will be given 
elsewhere, employing further tests including triangular penetration patterns 
as well. 

2. Experimental setting 

Experiments on perforated sheets should allow to record the overall response 
at different stress biaxiality ratios for a given penetration pattern. The influence 
of the orientation of the overall stress principal directions with respect to the 
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privileged directions of the considered penetration pattern should be taken 
into account. 

Studies on plastic anisotropy of perforated sheets with square and trian
gular penetration patterns, subjected to uniaxial loading, were initiated by 
Litewka and Rogalska [12, 13], whereas Cordebois [5] considered a square 
penetration pattern. When the direction of loading does not coincide with 
a material symmetry axis, the known off-axis effect occurs and the principal 
directions of the overall stress and strain do not coincide. The actual stress 
state in perforated sheets in the case of a uniaxial off-axis loading is disturbed 
with the increasing plastic strain so that the influence of shear cannot be 
neglected at larger deformations [13]. The deviations are negligibly small for 
overall plastic strains lesser then 0,5 per cent. It means that for the onset of 
yielding the off-axis effect has practically no influence in perforated materials 
at least for the large ligament efficiences. 

The experiments reported here concern perforated materials with a 
square penetration pattern, subjected to a plane stress. A unit cell, and the 
notation employed are shown in Figure 1. The angle Q specifies the inclina
tion of the overall stress directions to the direction of one of the symmetry 
lines of the perforation pattern. The tests were carried out on tubular speci
mens of mild steel St3S subjected to an axial load, internal pressure and torsion. 
The yield stress of the unperforated material in uniaxial tension of the tube 

MN 
was ao = 236 -2-· The specimen had the outer diameter d = 46 mm and 

m 
the wall thickness h = 0.7, 1.0 and 2.0 mm. Details of the experimental tech-
nique employed can be found in [14] . 

The tests concerned the inclinations Q = 0°, 1T/8 and 1T/4, Figure 2, 
h 

and the ligament efficiency p. = p = 0.3, 0.5, 0.7 and 1.0. The material 

tested showed a slight anisotropy since the yield stress in the circumferential 

Figure 1. - Unit cell of the perforated material. 
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0(=0 

Figure 2. - Tubular specimens with various orientations of the holes a"ay. 

direction of the tube did amount to about 0.90 ao . The tests were made for 
seven biaxiality ratios. 

3. Recorded yield loci 

The recorded yield stress concerning the overall behaviour at the permanent 
overall equivalent strains €j = 0.1 percent is presented in dimensionless form 
in Figure 3. The respective diagrams concern different ligament efficiencies 
J1.. In each case the multiaxial state is referred to the actual yield stress in 
uniaxial tension in order to exhibit the perforation induced anisotropy. 

It should be noticed fIrst of all that the material tested showed a slight 
anisotropy, as for the unperforated tube, J1. = 1.0, the recorded yield locus 
differs from the Huber-Mises ellipse. The yield locus cannot be approximated 
by an ellipse, according to the Hill criterion [9], as the yield points in tension 
and in compression are not equal. 

The recorded yield points for different angles of inclination of the overall 
stress directions to the preferred orientations of the original perforated ma
terial indicate that the overall behaviour is anisotropic. When the perfora
tion efficiency decreased to J1. = 0.3, thus at increasing diameter of holes, 
the resulting curves formed more elanced fIgures when the direction of stress 
and material structure differed more. In Table 1 the length of the stress vectors 
is compared with the respective results concerning the Huber-Mises ellipse. The 
changes of the recorded yield point and the ligament efficiency are not the 
same and therefore the overa! anisotropy depends not only on the pene
tration pattern but also on another geometrical parameter related presumably 
to the area of the plastically deformed material. 
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TABLE 1 

O'k. Stress vector 0/0: Stress vector ratio 

Huber e-xperimE'ntot 
Mises Expertmental rE'sutts isotropic 
ellipse 

~ 1.0 07 0.5 03 to 0.7 0.5 0.3 

=> 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 

2.0 1.258 1.29 134 1.24 1.12 1.02 1.07 0.99 0.89 

1.0 1.414 1.46 1.38 1.35 1.20 1.03 0.97 0.95 0.B5 

as 125B 1.14 - - - 0.91 - - -
0.430 1229 - 1.13 1.15 0.99 - 0.92 0.93 o.B1 

0 to 0.90 0.90 090 091 090 0.90 0.91 0.90 

-1.0 0.816 0.78 0.71 0.77 O,B4 0.95 0.87 Q94 1.03 
_CD 1.0 1.15 1.14 099 1.03 1.15 1.14 0.99 1.03 

In Figure 4 the equivalent overall stress is traced versus the equivalent 
overall strain for various loading paths. The results concern the ligament effi
ciency IJ. = 0.3. It is clear that a conventional yield stress should be employed 
to specify transition from the elastic to the plastic range. The material exhibits 
hardening. 

4. Flow law and volume changes 

Experimentally obtained strains were measured, using mechanical extenso
meters. The overall strains of the diameter and the base length were recorded. 
The directions of the strain rate vector were found by the method developed 
by Miastkowski and Szczepmski [15]. The method consists in making plots 
of the circumferential and longitudinal strains versus the equivalent stress 
ui . The slope of the tangent to each curve gives the respective values of the 
strain increments measured at the actually considered yield stress. The obtain
ed vectors are plotted in Figure 5 for two orientations of the perforation pattern 
with respect to the principal overall stress directions, namely a = 0 and 
a = rr/4. 

In Table 2 the inclinations of the strain rate vector are reported for the 
loading path and the ligament efficiences considered. It is seen that the strain 
rate vector has a different orientation in comparison with that resulting from the 
plastic potential flow law for isotropic materials. However, it is yet impossible 
to state whether the strain rate vector is perpendicular to the actual yield curve, 
as no analytic expression for the yield curve is known. In this respect only quan
titative information can be obtained from Figure 5. 
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0, 

MN 
"'iTiT iJ. = 0.3 
160. ex = Tt4 

40 

E , 0/0 
~----------~----~----~----~---. 

0.5 1.0 15 20 25 

Figure 4. - Equivalent stress versus equivalent strain for various loading paths: a) '" = 0, 
b) '" = 1T/4. 

The second important subject in the plasticity of perforated materials 
are the permanent overall plastic volume changes of the specimen. These 
changes are due to the changing geometry of the holes. It is assumed at present 
that the overal plastic strain in the thickness direction of the perforated plate 
is negligibly small. In Figure 6 the permanent volume change is related to a 
dimensionless hydrostatic pressure s == tr fl/Y 0.' where Yo. represents, for 
the given loading path, the tr fl at the considered yielding. 

It is seen from Figure 6 that for a given value of the ligament efficiency, 
the volume change depends on the angle 0: specifying the perforation orien-
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b) 
o.=~ 

MN 
__ ~~~~~~~~~ ____ ~~~~~~~~~~~~_O_x~ 

Figure 5. - Permanent strain increment vectors: a) 0< = 0, b) 0< = 1r/4. 

TABLE 2 

Stress 
arc tg(dE~/dE~ ) 

ratio 0.=0 a=n:A 

Ox;6. 
Isotropy 

Il 03 0.5 07 03 0.5 0.7 

= -005n: -0.12 n: -0.15 n: -0.12 n: -0.16 n: - 0.17 n: -0.15 n: 

2.0 0.04 n: 001n: 0 -0.16 n: -0.04 n: 0 0 

1.0 0.29n: 0.30n: 0.29 n: 0.2B n: 0.31 n: -- 025n: 

0.430 0.46 n: U50 n: 0.48 n: 0.57 n: 0.54 n: U51 n: U50 n: 

0 0.55 n: U62 n: 0.65 n: 0.62 n: 0.66n: 0.67 n: U65 n: 

-1.0 0.75 IT 0.75 n: 0.75n: 0.75n: 0.75 n: 0.75 n: 075 n: 
_ co 0.96 n: U83 n: 0.80n: 0.79 n: O.BO IT 0.83 n: 0.85 n: 
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Figure 6. - Permanent volume deformation versus dimensionless hydrostatic pressure: 
a) I/o = 0.7, b) I/o = 0.5, c) I/o = 0.3. 
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(tr~ 2 ) 1/2 

MN 
fii2 250 0.= 0 

200 

\ 150 11= 0.7 

\ 11 = 05 

50 11= 03 

trg . .wf 
-200 -100 0 100 200 300 400 500 

Figure 7. - Yield surfaces in the coordinate system (tr 8·)1/2, tr ~. 

tation with respect to the principal direction of overall stresses. It can be con
cluded that the yield locus probably depends on the hydrostatic pressure. 
In Figure 7 the obtained plastic strain rate vectors are plotted in the plane 
specified by the first two basic invariants of the stress. The experimental 
points are scattered, as concerns the stresses at yield. In the appropriate space 
of stress and perforation tensor invariants these points belong to the actual 
yield surface, whereas on the plane (Jtr?, tr (7) they are only projec
tions. Had the equivalent material been isotropic and exhibiting no overall 
volume change, the stress points would have been on a surface which would 
be independent of the perforation, except in the case of material porosity 
where a sensitivity to hydrostatic pressure at yielding is also observed. For 
comparison sake the plastic potential flow law was used to draw the respec
tive yield curves on the plane (.JtfW, tr (7). Evidently, curves are obtained 
similar to those for a porous solid. The purpose of giving Figure 7 here was 
to demonstrate the permanent overall volume changes which occur in per
forated materials, and also that the yield condition is probably sensitive to 
hydrostatic pressure. 

5. Theoretical setting 

We assume that the material perforation, and thus the induced directional 
properties of an equivalent material, are described by a perforation tensor 
P. For example in the case of plasticity of porous solids, usually an isotropic 
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second order tensor is introduced to specify the porosity and to introduce 
the tr a into the yield condition. A porosity tensor for rectilinear cylin
drical pores was derived by Kubik [11]. Similarly, the continuum theory of 
material damage at brittle fracture employs the concept of the crack density 
tensor as defined by Kachanov [10] and Dragon [7]. 

When an appropriate tensor associated with the penetration pattern 
and with the ligament efficiency is given, the tensor function representations 
lead to some conclusions regarding the general form of the flow law and of 
the yield criterion for an equivalent material. 

The most appropriate way would be to account for the material symme
tries by the number of vectors specifying the privileged directions associated 
with the perforation pattern. Representations involving the respective number 
of vectors and the stress tensor would follow next. Such an approach was 
successfully used by Boehler [2] and Boehler and Raclin [3] for certain cases 
of anisotropy. There is, however a too large number of invariants usually in
volved to permit a wieldy expression involving few tensor generators Gj and 
scalar functions a j , expressing the stress tensor T in the form 

(1) 

The tensor independent variables in the proposed approach are the 
strain rate tensor D and the tensor parameter P specifying the perforation. 
The perforation tensor is an array of material constants of the equivalent 
material. These constants are determined experimentally or by an appropriate 
homogenisation procedure. In the case of isotropy the perforation tensor is 

P = f(J.l) I, (2) 

where f(J.l) is a scalar function of the ligament efficiency and I stands for 
a unit tensor. In the isotropic case, all the yield curves in Figure 3 would not 
depend on a and would represent an appropriately diminished yield locus 
corresponding to J.l = 1, the f(J.l) specifying the law of reduction. 

In Figure 8 there is shown the experimentally obtained relation between 
the ligament efficiency and the equivalent stress at the equivalent plastic strain 
ei = 0.1. It is seen that the effective equivalent stress depends on the orienta
tion of the perforation pattern. In a somewhat different form, this conclusion 
is illustrated in Figure 9. It appears justified to assume that the perforation 
tensor has the form analogous to (2), except that in the case of anisotropy 
the unit tensor is replaced by an appropriate array of numbers related to the 
penetration pattern. A detailed study of this array will be given elsewhere 
on the basis of the tests described, as well as others concerning a triangular 
penetration pattern [21]. 
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Figure 9. - Dimensionless equivalent stress at yielding versus angle 0<. 

The overall stress for an equivalent material has to be looked for in the 
form 

T = F(D, P), (3) 

where D denotes the plastic strain rate tensor. The generators and the scalar 
multipliers appearing in the representation (1) are known for the function (3) 
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involving two independent tensor variables. To describe the perfectly plastic 
behaviour, the representation (3) has to satisfy the requirement of homoge
neity of order zero with respect to tr D as discussed in [20]. Eventually the 
flow law is obtained as well as the most general form of the yield condition. 
It appears reasonable to look for the Simplest possible form of the yield con
dition involving only certain stress and mixed stress-anisotropy invariants, 

f(trT, tr S2, trPS) = 0, (4) 

where S denotes the deviatoric part of the stress tensor. A form, quadratic 
in stress and constituting the sum of invariants, would give a yield condition 
for a porous material. 

It can be concluded from Figure 8 that anisotropy in the considered 
case of perforation is but slightly pronounced. To certain extent a similar 
conclusion could be drawn already from Figures 3 and 5. 

6. Final remark 

The paper concerns a homogenisation of perfectly plastic perforated materials. 
Experiments undertaken on perforated tubes with a square penetration pattern 
are described, and discussed. They were intended to give an indication regard
ing tensor functions suitable to specify the flow law and the yield condition. 
The notion of perforation tensor is introduced in order to account for the 
anisotropic behaviour of an equivalent homogeneous material replacing the 
perforated one. Experiments on tubes with a triangular penetration pattern 
and eventually a homogenisation procedure leading to the perforation tensor 
will be reported separately. 
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RESUME 

Sur une approche par un continu de l'anisotropie plastique des materiaux 
perfores 

Dans ce travail, nous presentons une etude experimentale sur la reponse plas
tique glob ale des materiaux perfores a reseau carre, soumis a des etats de 



www.manaraa.com

On a Continuum Approach to Plastic Anisotropy 817 

contrainte plans. Les surfaces d'ecoulement effectives ont ete determinees 
experimentalement pour plusieurs valeurs de l'efficacite de la partie utile. 
On remarque que l'anisotropie plastique des materiaux perfores est une fonc
tion de cette efficacite. Pour la description du comportement plastique du 
materiau equivalent, les representations des fonctions tensorielles ont ete 
utilisees, en prenant en compte les symetries specifiques du materiau. 



www.manaraa.com

Colloques inlernalionaux du CNRS 
N° 295 - CO~1PORTEMENT MECA~IQUE DES SOLI DES ANISOTROPES 

Apparatus Effects in the Determination 
of Strength Variation in Anisotropic Rock 

F. A. Donath l 

University of Illinois. Urbana. Illinois. U.S.A. 

K.W. Schuler and 1.R. Tillerson 
Sandia Laboratories. Albuquerque. New-Mexico. U.S.A. 

1. Observed and theoretical strength variation 

Experimental studies of strength variation in anisotropic rock have demons
trated that compressive strength can vary significantly depending upon the 
orientation of the anisotropy with respect to the direction of maximum 
compression, e.g. (1,3,14]. The presence of anisotropy can greatly influence 
the geometry and the mode of deformation in the rock as well as its strength, 
[5]. Of the several theories presently available in the literature to explain this 
strength variation, the continuously variable shear strength theory of Jaeger 
(13] has been shown by Donath [3, 7] and McLamore and Gray [14] to explain 
as well as any the failure of rocks characterized by pervasive planar anisotropy. 

Jaeger [13] derived his criterion for failure in anisotropic rock by assuming 
the Coulomb relationship 

T = TO + a tan c;I> (1 ) 

to hold, the internal friction (tan c;I» to remain constant, and the cohesive 
strength (TO) to vary continuously according to the relation 

TO = a - b cos 2(a - (3) , (2) 

where (3 is the inclination of the anisotropy to the direction of maximum 
compression, a and b are constants, and a is the orientation of ~ for which TO 

is a minimum. Because, as shown in [3], the internal friction as well as cohesive 
strength can vary with inclination of the anisotropy, a more general form of 
the failure criterion is given by 

2(TO + a3 tan cp) 
a l - a3 = 

sec c;I> - tan c;I> 

1 Present affiliation: CGS, Urbana, Illinois 61801. 

(3) 
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where 

tan <I> = c - d cos 2(a - ~) (4) 

and TO varies as in (2). Thus, both TO and tan <I> are made to vary systematically 
with ~ , [7, 14]. 

Use of the failure criterion represented by (3) requires the empirical 
determination of the variation of cohesive strength and of internal friction 
from experimental data. These values are normally determined by plotting 
the Mohr circles for failure at several confining pressures on a T vs. a diagram 
and drawing a linear envelope tangent to the circle [11]. The straight line thus 
obtained satisfies Equation (1) and is commonly referred to as the Coulomb
Mohr criterion. The slope of the line (tan <1» represents the coefficient of 
internal friction and its intercept on the T axis represents the cohesive strength. 
It should be noted that the Coulomb-Mohr envelope may not be linear; indeed, 
it will always be concave toward the a axis if the normal stress is sufficiently 
high. At lower pressures, however, the envelope for most common rocks can 
be represented by a straight line. 

Because of the difficulty of drawing a single line tangent to several circles 
of differing diameters, it is usually preferable to obtain the Mohr envelope by 
transformation of a plot such as maximum differential stress vs. confining 
pressure, [15]. Figure 1 shows the least-squares fits to the experimental data 
for several orientations of phyllite deformed at 50, 100, and 200 MPa confining 
pressure. The slopes and intercepts of these lines provided the data plotted in 
Figure 2. Equations of the general types (2) and (4) which best satisfy the data, 
as determined by a least-squares fit, are indicated in the figure. These equations 
permit solutions to be obtained for Equation (3) for the different orientations 
of anisotropy (cleavage) at the several pressures tested. The resulting theoretical 
curves of strength variation are superposed on the experimental data in Figure 3. 
Excellent agreement exists between the observed and predicted values for most 
orientations, although the rock is seen to be slightly stronger in the O-degree 
orientation and somewhate weaker in the 90-degree orientation than predicted 
by the theoretical curves. 

Similar results have been obtained for other anisotropic rocks, and certain 
effects of anisotropy on the strength and deformational characteristics of 
Martinsburg slate can be found elsewhere, [3,4,5,7]. In connection with 
the cited studies on slate, the experimentally determined values of strength 
were found to be highly sensitive to differences in test apparatus and procedure, 
as well as to differences in material properties that affect the strength parameters 
(especially cohesive strength) [7]. Some typical results are shown in Figure 4. 

The data presented in Figure 4 are all from triaxial compression tests 
run at room temperature, dry, at a strain rate of about 3.0 x 10-4 per second, 
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Figure 2. - Variation of the coefficient of internal friction and cohesive strength in 
Moretown phyllite as a function of anisotropy orientation (reprinted from GSA Memoir 
135,1972, [7)). 
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Figure 3. - Observed strength variation in Moretown phyllite (symbols) as a function of 
anisotropy orientation, compared with curves of theoretical strength variation (reprinted 
from GSA Memoir 135,1972, [7J). 

and at a confming pressure of 200 MPa. Right circular cylinders of slate I/2-inch 
diameter by I-inch length, were prepared under identical, closely controlled 
conditions from cores taken from a single block of slate at 0°, ISO, 30°, 4So, 
60°, 7 So, and 90° to the plane of anisotropy. Two different pressure vessels 
were used. Both were of conventional design, but one utilized a Newhall 
controlled-clearance packing for the piston seal whereas the other incorpor
ated a Bridgman unsupported-area packing for that seal. A description of the 
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ferent apparatus with and without specimen end lubrication. All data are for tests run at 
200 MPa confining pressure. 

controlled-clearance packing can be found in [9] , and a schematic drawing 
of the vessel utilizing the unsupported-area packing is shown in [6]. The 
principal difference between the two apparatuses, referred to as the Nand B 
apparatuses, respectively, is the rigidity with which the piston is held. In both 
units the piston passes through a gland to which it has a lapped tolerance, but 
the cylindrical surface of contact is I/2-inch long in the N apparatus and 4 
inches long in the B apparatus. Thus, the piston is held much more rigidly 
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in the B apparatus. The different apparatuses used to obtain the results, 
along with the presence or absence of lubricant on the surfaces of the spacers 
that separate the specimen from the piston and anvil, respectively, are indicated 
in Figure 4. Some aspects of the observed apparatus effects were discussed in 
[7] and will be reviewed after presenting the results of a finite element analysis 
of triaxial compression of anisotropic rock. 

2. Calculated stress nonuniformities 

In interpreting test results such as those in Figure 4 it is generally assumed that 
the stress distribution in the sample is uniform. Moreover, investigators normally 
assume that the axial stress in triaxial compression tests is a principal stress, 
although it clearly cannot be if shear stress exists on the ends of the specimen. 
If the axial stress is not a principal stress, then measured values of axial stress 
will, of course, be lower than the true strength of the rock under the imposed 
test conditions. For isotropic rock, analysis has shown that end effects caused 
by constraint of radial expansion at the end loading plates are insignificant in 
the center region of the test sample and that the assumption of a uniform 
stress distribution is reasonable for this region in samples having a length-to
diameter ratio of 2: 1 [2]. When anisotropic rock is loaded, stress nonuniformity 
can result as a consequence of the anisotropy, in addition to the usual end 
effects. This is caused by the tendency for the anisotropic sample to shear as 
it is compressed if the anisotropy is inclined to the loading axis. End constraints 
inhibit this shearing and results in a net lateral shear stress being applied to the 
ends of the sample. The normal stress distribution on the sample ends must 
therefore become skewed to preserve equilibrium [16]. 

To analyze the possible effects of stress nonuniformity on the strength of 
Martinsburg slate, we assumed the rock to be a linearly elastic, transversely 
isotropic medium and ran the fmite-element computer program BMINES [12] 
in the two-dimensional mode to determine the magnitude and nature of this 
stress nonuniformity. Although actually a three-dimensional problem, previous 
results had indicated that a plane strain approximation can illustrate the effects. 
The material constants determined for Martinsburg slate from ultrasonic wave 
velocity measurements are listed in Table 1 along with the values used in the 
analysis, assuming transverse isotropy for this rock. 

The two-dimensional idealization of the test specimen and attached steel 
end plates is shown in the upper right corner of Figure 5. The element spacing 
in the slate specimen was selected to provide element controls located on lines 
oriented at 35° to the vertical axis. Four node isoparametric quadrilateral 
elements were employed, and bilinear displacement functions were used withfu 
the elements. The mesh consisted of 533 elements surrounded by 588 nodal 
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TABLE 1. Elastic coefficients and moduli for Martinsburg slate, MPa x 104 

Determined Used in Analysis 

Cll = 11.11 Cll = e22 = 10.8 Ell = E22 = 9.15 

C12 = 10.37 

C33 = 7.16 CS3 = = 7.2 E33 = 5.91 

C44 = 2.40 C44 = Css = 2.4 

Css = 2.37 

C66 = 3.89 C66 = 
Cll - Cl2 = 3.8 

2 

Cl2 = 3.21 Cl2 = 3.2 G l2 = 3.80 

C13 = 3.17 C13 = C23 = 3.0 Gl3 = G23 = 2.40 

C23 = 2.89 V l2 = 0.204 

V l3 = 0.331 

points, giving 1 130 total degrees of freedom for the system after the boundary 
conditions were applied. 

Both stress and displacement constraints were used as boundary 
conditions. Nodes at the bottom end were not allowed to displace vertically, 
and axial pressure was applied uniformly to the upper steel plate. Rollers were 
simulated three-fourths of the distance from the ends of each steel end-plate. 
This restricted the lateral movement of those boundary nodes, and ensured that 
the loading ram would vertically displace the sample. An inconsistency in the 
field near the steel-slate interface would have resulted if the lateral movement 
of the end-plates were completely restrained in the presence of lateral loads. 
Lateral confining pressure loads were applied at nodes below the rollers in 
the simulation of multiaxial loading. No slip between the steel end plates and 
the slate specimen was allowed. to occur; this condition results in the greatest 
amount of stress nonuniformity. 

The stress nonuniformity produced at the interface (AB) between the 
upper end plate and slate during uniaxial loading is plotted in Figure 5 for 
eight orientations of the anisotropy. The stress distribution is seen to be 
uniform only for the 0 and 90-degree orientations, and is similar to that 
calculated by other investigators for an isotropic cylinder whose end faces are 
restrained from free radial motion. The maximum nonuniformity in the stress 
distribution occurs when the anisotropy is oriented at 35 degrees to the central 
axis of the specimen. It is apparent from a comparison of the plots that the 
stress distribution skews rapidly as the anisotropy is inclined from 0 to 
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two-dimensional idealization of the test specimen and steel end plates is shown at upper 
right. 
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35 degrees. In contrast, the skewness diminishes rapidly for inclinations greater 
than 45 degrees; it has dropped off markedly for the 75-<iegree orientation. 

An understanding of why the 30° to 35° orientations result in the worst 
nonuniformities can be gained by considering the stress-strain relationships 
governing plane-strain deformations of transversely isotropic materials. Of 
particular interest is the compliance coefficient S16 which determines the 
shear strain-normal stress coupling. Calculations performed for various 
representative sets of coefficients have shown that the maximum value of 
S16' and hence shear strain-normal stress coupling, occurs at approximately 
30 degrees, [16]. Thus, the maximum amount of stress nonuniformity appears 
to be strongly related to the manner in which S16 transforms. 

The calculations and analysis have established that the worst non
uniformities occur for slate samples cored at about 35 degrees to the bedding 
planes, and we therefore simulated triaxial testing only for this orientation. 
Because failure invariably occurs along the cleavage for this orientation, it is 
of interest to examine the stress distribution along the cleavage plane which 
passes through the center of the specimen. All of the numerical calculations 
show that both the shear and normal stresses on this plane have maximum 
values at the extremities of the plane and minima at the center of the specimen. 
Plots of the variation in vertical stress along this cleavage plane (SS') for 
different values of applied axial stress are shown in Figure 6 for a simulated test 
at 200 MPa confining pressure. It should be noted that the 500 MPa axial stress 
with 200 MPa confining pressure provides 300 MPa differential stress which, as 
seen from Figure 4, is approximately that required to cause failure in this 
orientation of Martinsburg slate. The nonuniform stress distribution on the 
cleavage strongly suggests that failure might initiate in the high stress regions in 
the externities of the plane and progress catastrophically inward to the center 
of the plane. 

3. Discussion 

Although the coefficient of internal friction and the cohesive strength are 
somewhat unsatisfying physically, they are, nevertheless, useful strength 
parameters by which to compare the deformational properties of different rocks 
or the effects of various factors on the behavior of a single rock, [10]. Because 
the internal friction and cohesive strength must be empirically determined 
from the experimental strength determinations, values for these parameters are 
highly sensitive to boundary conditions imposed by apparatus. The analysis of 
stress nonuniformities has demonstrated that the degree of nonuniformity 
increases as the piston is more highly constrained laterally, that it is most severe 
for inclinations of the anisotropy near 30 degrees, and that the variation of stress 
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along the anisotropy is characterized by maxima at the extremities. As shown 
by the simulated triaxial testing (Fig. 6), the nominal vertical (axial) stress is 
realized only at the center of the specimen; it is significantly higher at the 
margins of the test sample. Thus, values measured by the experimental 
investigator at failure will be lower than those which actually exist in the 
specimen and cause the failure. The measured values, when plotted on a 01 - 03 

vs. 03 or similar diagram, will therefore yield unrepresentative values for the 
strength parameters of the material being tested. The results will be strictly 
valid only for the behavior of a single orientation under the identical testing 
conditions. 

Stress nonuniformity of the type described can be reduced or eliminated 
by lubricating the interface between the specimen and end plates1 and by 
removing the lateral constraint on the end plates. This has been confrrmed by a 
calculation that simulated a specimen with thin lubricated end caps; the stress 
nonuniformity virtually disappeared, [17]. Thus, the calculations predict that a 
specimen with lubricated end caps appears to be stronger than one with 
unlubricated end caps, since the stress nonuniformities are minimized and do 
not act as stress risers that precipitate failure at lower applied loads. Indeed, the 
experimental results shown in Figure 4 for lubricated and unlubricated triaxial 
tests of slate confirm this prediction; strength values for lubricated specimens 
are normally higher than for unIubricated specimens. 

Other apparatus-related effects on strength determinations in anisotropic 
rock are seen in the data of Figure 4. These are the differences between results 
from tests using the Band N apparatuses, respectively, which reflect Significantly 
different boundary conditions. Although the apparatus configurations and their 
influence on stress distributions in the test sample have not yet been simulated, 
it appears that Significant shear stress can develop at the ends of test specimens 
during laboratory testing of anisotropic rock, [7]. This has also been noted 
during displacement on faults in pre-faulted specimens under triaxial testing 
conditions, [8]. A simplified analysis of the results shown in Figure 4 for the 
lS-degree orientation suggests that the direction of maximum principal stress 
might have been rotated from the direction of loading by as much as 30°, [7]. 
Consequently, the measured differential stress at failure in such instances can be 
moderately to appreciably less than the true strength of the rock at the 
conditions being evaluated. 

It is clear from experimental results and theoretical calculations that the 
stress distributions leading to failure in anisotropic rock can be Significantly 
affected by the anisotropy orientation, lubrication of specimen end surfaces, 

1 We recognize that lubrication of the end pieces might introduce other effects in 
the stress distribution depending on the specific rock type and conditions of testing. 
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and constraints on the loading'piston of the test apparatus. Therefore, in 
addition to consideration of the selection and preparation of test samples, which 
affect the variation of material properties, the determination of truly repre
sentative values of strength parameters for anisotropic rock requires careful 
evaluation by the investigator of apparatus-related factors. 
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RESUME 

Effets d'appareil dans la determination de la variation des resistances des roches 
anisotropes. 

Des resultats experimentaux et des calculs theoriques de la variation des resis
tances des roches anisotropes sont passes en revue et discutes avec les resultats 
d'une analyse en elements finis des effets d'appareil. Des distributions de 
contraintes fortement non-uniformes peuvent etre imposees sur les echan
tillons d'essais par les appareils ; on conclue que les distributions de contraintes 
conduisant a la rupture des roches anisotropes sont particulithement affectees 
par l'orientation et la lubrification des bases des echantillons, ainsi que par les 
conditions imposees au piston de charge de l'appareil d'essais. Negliger ces 
facteurs peut resulter en la determination de valeurs non representatives pour 
les parametres de resistance du materiau teste. 
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1. Forward 

The mechanical behavior of saturated clay soils has been intensively investigated 
in the last 25 years within a framework valid only for isotropic materials. It is 
only relatively recently that researchers have started thinking in terms of de
termining the mechanical properties of clays taking into account their natural 
structural and mechanical anisotropy. It is a well established fact that deposition 
followed by one dimensional consolidation arranges the clay particles and 
results in bonds such that the material acquires the property of cross anisotropy 
with the axis of symmetry along the direction of consolidation. 

In this paper the methods of testing anisotropic clay are briefly discussed. 
The static behavior of normally consolidated and overconsolidated clays is 
examined under a variety of stress paths. The dynamic behavior under cyclic 
loading is studied for both small and large strains. The fabric is found to have 
a pronounced effect on both static and dynamic response. 

2. Equipment and testing procedures 

2.1. Introduction 

The directional properties of cross-anisotropic materials have generally been 
studied by subjecting specimens which have been cut at different inclinations 
to the axis of symmetry to direct compression or extension tests. Under such 
conditions, initially circular cross sections of specimens do not remain circular 
and initially square cross sections do not remain square. In addition, the pre
vention of the rotation and shearing strains by the end platens during an un
confined compression or a triaxial compression test on inclined specimens 
results in shearing stresses and couples of substantial magnitude. 

Figure 1 shows schematically what will subsequently be called a vertical, 
an inclined and a horizontal specimen. Figure 2 indicates the forces and mo
ments that act on inclined specimens in the triaxial cell when it is subjected 
to an axial compression [6]. Figure 3 illustrates the expected deform-
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ation of an inclined specimen tested in compression a) under uniform stress, 
b) between rough rigid plates and c) between smooth rigid plates. In an effort 
to prove that a cross-anisotropic clay will indeed react as in Figure 3, a series 
of unconfined compression tests were conducted on square specimens 
[25 mm x 25 mm x 76 mm] cut out of a block of a one-dimensionally 
consolidated slurry of Kaolinite [10]. The inclination of the specimens 
varied between 0° and 90° with the axis of symmetry. For each inclination 
two identical specimens were tested, one between greased smooth plates and 
one between plates covered with coarse sanding cloth. As expected the inclined 

Figure 4. - Compression of Inclined Specimens Between Rough and Smooth Platens. 

28 
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specimens took different shapes according to their inclination. Figure 4 shows 
photographs of these tests; the labels give the inclination and the type of end 
platens, smooth (S) or rough (F) used in the test. The forces and moments 
acting at the ends of the specimen are not self equilibrating. If the ends are 
not free to deform, a uniform state of stress will not exist in the material. 

2.2. Testing Cross-Anisotropic Clays 

In view of the previous discussion it is seen that the use of the standard triaxial 
cell will give reliable results only when a vertical specimen is tested under axial 
loads. For a horizontal specimen, although the initially circular cross section 
becomes an ellipse, no bending effects are generated at the ends and the results 
should be reliable enough. 

To avoid all the extraneous end .effects that develop when inclined speci
mens are used, one can keep the specimens vertical and incline the principal 
stresses. If an inclination is produced by a loading system which gives uniform 
and axially symmetric stresses, no tendencies for out of plane shears will be 
generated. One way to accomplish this is to combine the effects of axial and 
torsional stresses on thin hollow vertical specimens. For the results to be 
meaningful, the inclination of the principal stresses must be constant during 
each test. Since this inclination is given by the well known formula (Fig. 5) 

1
3 JBz 

<T23 .T,Z -E23 • -2-

t t <T33 • CTZ --E33• EZ 

OJ1 • <Tr 

2 

NOTATION 

a; Figure S. - Reference Axes and Stress Systems. 
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Tan 2{3 = 2a23 /(a 33 - a22 ) each experiment must be conducted in a way 
such that a23 /(a33 - a22 ) does not change during the shearing process. As 
shown in Figure 5, if the hollow cylinder is within a cell and subjected to a 
hydrostatic pressure, the same pressure will act inside and outside the cylinder 
and this pressure will be equal to the intermediate principal stress. By changing 
the ratio in the previous formula from test to test, a complete spectrum of 
inclinations of principal stresses on the axis of symmetry can be covered without 
creating the ends effects associated with the testing of inclined specimens. 

The only end effects remaining under the conditions above are the ones 
due to the prevention of uniform radial expansion or contraction during axial 
compression or extension. The resulting system of radial shearing forces is self 
equilibrating and its influence vanishes away from the ends. Using the equations 
of the theory of thin elastic shells, Wright, Gilbert and Saada [14] deduced that 
the length of hollow cylinders should be equal to or larger than 5.44 v'r~ - rr 
where ro and rj are the outer and inner radii. In a hollow cylinder subjected 
to torque, the shearing stress varies with the radius. The assumption of a uni
form distribution leads to an error which decreases as the ratio n = rdro in
creases. It has been estimated that a value of n ~ 0.65 would lead to a very 
acceptable approximation. 

2.3. Testing Equipment 

There are two types of equipment in use at Case Western Reserve University 
to study the bavior of anisotropic clay; one strictly dynamic namely the 
resonant column and the other both static and dynamic namely the Saada 
Pneumatic Analog Computer. 

The Resonant Column used at Case is the fixed-free Drnevich apparatus. 
Using two independent circuits it has the capability of inducing both axial 
and torsional vibrations in a specimen under a spherical state of stress. It was 
modified to accomodate thin, hollow, circular cylinders and equipped with 
a central piston rod through the base plate. The rod is used to apply axial 
loads prior to the shaking of the specimen and can be actuated by a pneumatic 
servomechanism to produce Ko consolidation condition. Two accelerometers 
mounted on the top cap monitor the axial and torsional motions. This appar
atus is used to determine Young's modulus and the shear modulus of the soil 
and it can develop at resonance strains as high as 10-3 for relatively soft clays. 

The function of the Saada Pneumatic Analog Computer is to drive two 
actuators, one applying axial stresses and the other torsional stresses to a 
specimen inside a cell; as well as to vary the cell pressure such that a given 
relation among the stresses applied to a soil specimen is continuously satisfied. 
The machine can apply combinations of axial and torsional stresses at any ratio 
to either a hollow or a solid cylinder. The ratio can be kept constant or can be 
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varied during a given test. This allows one to incline the major and the minor 
principal stresses at will. If desired, the pressure in the cell (which is equal to 
both the internal and external pressures acting on the hollow cylinder) can also 
be changed simultaneously so that the intermediate principal stress can maintain 
a given ratio with the two others. The changes in cross section of the specimen 
are continuously accounted for by the computer. The above operations can 
also be conducted in a cyclic way at speeds as high as 4 cycles per minute. 
This testing device can generate practically any stress path and induce any 
inclination of the principal stresses on the axis of symmetry. 

Attached to each of the devices above is a Ko consolidation servome
mechanism, which during the consolidation phase of any specimen, measures 
the water expelled and imposes an axial displacement such that the cross section 
of the sample remains constant. 

2.4. Sample Preparation 

For undisturbed clay the standard shelby samples (2.8 in O.D.) were placed 
in a mould and a 2 in diameter core cut with a piano wire following a template 
at both ends [3, 5]. As for laboratory prepared specimens, they were obtained 
through a one-dimensional consolidation of slurries in large consolidometers. 
2.8 in. diameter samples were then cut from the resulting blocks and cored as 
previously mentioned. All specimens were placed in the cell and if needed 
additional Ko consolidation induced. Such Ko consolidation in the cell added 
substantially to the degree of orientation of the particles obtained during the 
initial densification of the slurries. 

3. Static behavior of anisotropic clay 

3.1. Introduction 

A very extensive testing program was conducted at Case Institute of Technology 
between 1967 and 1977 on anisotropic clays, both natural and laboratory 
prepared. All the tests were conducted on thin long hollow cylinders first Ko 
consolidated in the cell then rebounded to the cell pressure. This resulted in an 
axial overconsolidation ratio generally close to 2 and a lateral one equal to unity. 
To obtain highly overconsolidated specimens the cell pressure was additionally 
reduced to the desired amount. 

Various clays at different water contents were tested under as many as 13 
stress paths in which the mean stress was either allowed to change or kept 
constant [7, 8]. In all cases, because of the way SPAC operates, a condition of 
proportional stressing was present in the specimen. 
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3.2. Normally consolidated and Slightly Overconsolidated Clay 

Following a pattern established by Dorn [2], Saada and Zamani [7] suggested 
that, under static testing, the stress-strain relations for cross anisotroqic normally 
consolidated clay could be written in the form eij = 8jjkQ OkQ with 8jjkQ = 
Q!jjkQ (€eq/oeq) and Eij = 1/2 (au/a.Xj + au.jaxl); u1 , u2 , u, are the three 
components of the displacements; €jj are the ir!stantaneous strain rates; 0jj 

are the instantaneous components of the stress; SijkQ are variable coefficients 
having dimensions of strain rate over stress and depending on the mechanical 
history of the material; Q!jjkQ are constants of anisotropy; €eq is an equivalent 
strain rate; 0eq is an equivalent stress. The equivalent stress and increment of 
equivalent strain were defined by assuming that the increase in the deviator 
stress is a function of the work done per unit volume and that the increment 
in the specific work dW is always given by 0eq d€eq. The constants of anisotropy 
were obtained through a series of simple tests and a variety of stress paths gave 
results supporting the proposed stress-strain relations. Later, Saada and Ou [8] 
found that clays Ko consolidated in the triaxial cell had a high degree of 
anisotropy and that their behavior in extension and compression differed quite 
substantially (Fig. 6). The material was found to be weaker in ultimate strength 
but much more ductile in extension than in compression. Two different sets of 
Q!jjkQ were sought, to be used depending on whether the sample was extended or 
compressed along the axis of symmetry. Experimental data obtained in an 
extensive program supported the theory above [8]. 
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Figure 6. - Typical Tension and Compression Behavior of a KO Consolidated Clay. 
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Saada and Bianchini [9] showed that Ko consolidated clays led to different 
effective stress paths to failure for different inclinations of the principal stresses 
on the axis of symmetry. For example, Figure 7 shows the total and effective 
stress paths for a Kaolinite clay one dimensionally consolidated at a cell pressure 
of 80 psi. The notation and the details of those tests can be found in 
Reference [9]. If the ends of the effective stress paths are joined to the origin 
of a (p, q) system of axes with straight lines they define angles of friction 4> 
terms of effective stresses varying between 260 and 450 • The classical Mohr
Coulomb failure criterion obviously does not apply to Ko consolidated clays. 
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Figure 7. - Total and Effective Stress Paths for a K 0 Consolidated Kaolinite. 

A failure criterion due to Goldenblat and Kopnov was found to be quite 
satisfactory for the states of stress present in hollow cylinders subjected to axial 
and torsional stresses [8]. Its drawback is that it requires too many parameters 
to characterize the failure of the material. It does not seem possible, however, 
to escape this situation because of the difference in behavior in extension 
and compression. 

3.3. Overconsolidated Clay 

Overconsolidation seems to result in a material which, while still being more 
brittle in compression than in extension, fails at a stress that is much higher in 
extension: Overconsolidation of a material with cross anisotropy seems to 
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reverse what is to be expected from clays under stress. The pore water pressure 
increases slightly in compression, but then quickly decreases. Both extension 
and torsion result in significant decreases in the pore water pressure even for 
relatively small degrees of oversconsolidation. Fig. 8 shows typical examples 
of compression, tension and torsion for a cell pressure of 10 psi and an 
overconsolidation ratio of 2. 
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Figure 8. - Test Results for an Anisotropic Overconsolidated Clay. 

4. Dynamic behavior of anisotropic clay 

4.1. Introduction 

The response of clay to dynamic loading was studied under small strains in the 
resonant column and large strains in SPAC as previously mentioned. Anisotropic 
specimens were prepared as described above through Ko consolidation of 
slurries. Isotropic specimens were prepared by hand mixing and kneading of the 
clay followed by consolidation under hydrostatic stress. It is interesting to note 
that the blocks of clay removed from the large one dimensional consolidometers 
(refered to earlier) at 48 per cent water content were much stiffer than the 
isotropic clay at 39 to 42 per cent water content. The system of stresses applied 



www.manaraa.com

842 A.S. Saada, L.P. Shook 

during the preparation phase of the specimen has a very significant effect on 
particle orientation and/or bonds. 

4.2. Normally Consolidated and Slightly Overconsolidated Clay at Small Strain 
and High Frequency 

Moduli were studied under both longitudinal and torsional modes of vibration. 
The specimens were placed in resonance in a fIXed-free configuration and 
strains and natural frequencies were measured. These allow one to compute the 
Young's Moduli and the shear moduli for isotropic clays. Actually, these 
moduli are secant moduli. For isotropic clays the assumption of constant volume 
was very well supported by the result [11] ; E was found nearly equal to 3G. 
For anisotropic clays E, E', G and G' (Fig. 9) were found to decrease as the 
strain increases. Notice that the water content versus the effective consolidation 
pressure of isotropic and anisotropic clays is quite different (Fig. 10). Figure 11 
shows the variations of the Young's and the shear moduli with strain for various 
values of the effective consolidation pressure. 

The damping ratios were measured by the magnification factor method 
and by the logarithmic decrement method. Figure 12 shows damping at small 
and large strain. Measurements showed that damping increases with strain, but 
that no particular difference could be found between isotropic and anisotroqic 
clays. 

Hysteresis loop fitting using Rambert-Osgood's and Masing's criteria was 
found unsatisfactory in predicting both modulii and damping [1]. For example 
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Figure 1l. - Variation of Modulii With Strain. 

experimentally obtained damping was found to be considerably smaller than the 
damping computed using a backbone curve derived from secant moduli. 
Inversely, the measured damping leads to a prediction of modulii that are 
considerably larger than the corresponding measured valus (Fig. 13). 

4.3. Nonnally Consolidated and Slightly Overconsolidated Qay at Large Strain 
and Low Frequency 

Cross-anisotropic specimens as well as isotropic specimens were subjected to 
cyclic loadings at approximatley 2 cycles per minute. The cyclic stress patterns 
involved one directional as well as bi-directional loading in compression, 
extension and torsion. Figure 14 shows the envelopes of the axial and shearing 
strains and those of the pore water pr~ssures versus the number of cycles of 
one directional cyclic loading. The difference in behavior between dte 
anisotropic and the isotropic specimens is l1rarnatically illustrated by the 
compression and extension tests. The brittleness and ductility characteristics 
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indicated by the static behavior (Fig. 6) are very noticeable in spite of the 
enormous remolding that takes place at high strain. The contention that high 
cyclic straining erases the memory of clays is certainly not true for this clay. 
In the torsional mode the effects of anisotropy are the least noticeable. In spite 
of the fact that the stress level applied was as high as 85 percent of the static 
failure load some specimens did not fail, supporting Sangrey's observations 
[12] of a threshold stress level below which failure does not occur. 

Figure 15 shows the envelopes of the axial and shearing strains and those 
of the pore water pressure, versus the number of cycles for bi-directional 
loading. Because of the high ductility of the anisotropic clay in extension and 
its brittleness in compression, the strain build up is seriously biased towards the 
tension side to the extent that the first cycle both envelopes fell on the tension 
side of the reference axis. The isotropic clay reacted in a totally different way. 
The reference axis was crossed at every cycle but with a larger build up of 
strain on the tension side. The isotropic samples failed after a comparatively 
smaller number of cycles that the anisotropic ones. 

As expected the pore pressure build up was much higher and faster for the 
bi-directional than it was for the one directional loading; and catastrophic 
failure was observed to take place after a relatively small number of cycles. 

Hysteresis loops were used to compute the moduli and the damping. 
Obvious difficulties arise where a material behaves differently in extension 
and compression. There is no symmetry with respect to the origin and a 
Ramberg-Osgood representation yields different coefficients in extension and 
compression. The use of the one dimensional kinematic hardening model (which 
can be made to coincide with the Masing hypothesis for materials having 
the same behavior in tension and compression) leads to hysteresis loops that 
will move away from the origin along the strain axis each time the level of the 
cycling stress is increased. If cycling is conducted between two fixed levels of 
strain the loop will move along the stress axis each time this level is changed. 
If there is degradation of the backbone curve, additional displacement and 
rotation of the loops will take place. Figure 16 illustrates the motion of the loop 
for a material whose behavior is different in tension and compression and 
which is cycled between constant levels of stress, but with no degradation. 

Figure 17 shows the hysteresis loops obtained when a Kaolinite Ko 
consolidated clay was axially and cyclically loaded for two different levels of 
stress. One notices that even for very small strains, the loops move and 
rotate showing the effects of both differences in tension and compression 
behavior and degradation. Figure 18 shows the hysteresis loops obtained in 
torsional loading. Because of the cross anisotropy the direction of the rotation 
is immaterial. The loop moves very little along the strain axis and degradation 
results in a rotation of the loops about the origin. A brief examination of Figure 
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Figure 17. - Axial Cyclic Loading of a K 0 Consolidated Clay. 

17 and 18 indicates that whatever interparticle mechanism is responsible for 
mechanical degradation in the axial direction it is quite different from the one 
operating in the shearing direction along the fabric's preferential orientation. 

The relation between the number of cycles N and the degradation index 
[j [4] is not easy to get. While the secant moduli E' and G' are in theory 
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obtained by joining the ends of the loops, one has to wait for the loops to 
stabilize and stop moving along the strain axis before those ends are defmed. 
Thus the first cycle relative to which degradation is measured has a secant 
modulus that, at best is approximately determined. It was found by extra
polation of the values obtained from higher numbered cycles on a Log G' 
or Log E' versus Log N diagram. Figure 19 shows the relation between Log {j 

and Log N in the axial and torsional modes. These relations are only linear for 
very small strains. Here too, hysteresis loop fittings using Ramberg-Osgood's 
and Masing's criteria led to results somewhat similar to those mentioned for 
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small strain behavior; in other words unsatisfactory (19). Damping energy 
computed as the area of the hysteresis loop was found to increase with the 
strain and consequently with the number of cycles. On the other hand specific 
damping which involves dividing this area by a multiple of the maximum 
potential energy did not indicate a clear trend when plotted with respect to 
the number of cycles (13). 

T~ .9 • ftA 
E' 

& 

- .8 
E'mol 

. 7 

l I I 
1.0 2.0 

~n '10-& 
1.0 . 

~ OCR 

· 10 2 

· 10 4 
A 10 B 
o 15 2 
llo 15 4 

• 20 2 
.9 • 2 " 
.8 

.7 

C· .6 

G'mOI 
.5 

.4 

.3 

T 
1.0 2.0 3.0 4.0 5.0 6 .0 7.0 8.0 

rez . 10- & 

Figure 20. - Normalized Moduli Versus Strain for an Overconsolidated Anisotropic 
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4.4. Overconsolidated Gay 

Resonant column tests as well as slow cyclic loading tests were conducted on 
clays with overconsolidation ratios of 2,4 and 8 and final effective mean stresses 
of 10, 15 and 20 PSI. In the resonant column it was found that if the shear and 
Young's moduli were normalized with respect to their maximum value a simple 
curve would be obtained between G' /G~ax and the strain (Fig. 20). Damping 
follows a trend similar to the one established for normally consolidated clays. 

Slow cyclic loading tests presented a trend faily consistent with normally 
consolidated clay. Again, the damping predicted by the Ramberg-Osgood-Masing 
model was unsatisfactory when compared with the measured one. 
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S. Conclusion 

Our present understanding of the behavior of clays under static loadings while 
extensive, has not yet allowed us to find general constitutive equations that 
can be used in the solution of many common problems in foundation 
engineering. More laboratory investigations involving combined states of stress 
are necessary before any of the present theories can be accepted; since all of 
these theories have, at best, been supported by axially symmetric tests in the 
standard triaxial cell. 

In the dynamics area clays have held second place to sands in the minds of 
investigators because of the paramount importance of the liquefaction pheno
mena. However, with the spread of offshore structures research in the response 
of clays to cyclic loading has substantially incrased and many design criteria 
are being formulated. 

The research described in the present paper has been sponsored by the 
National Science Foundation over the last seven to eight years. The authors 
wish to express their gratitude for this support. 
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RESUME 

Comportement experimental des argiles anisotropes 

Dans cette communication, on discute les methodes utilisees dans les essais sur 
les argiles anisotropes. Un appareil permettant une rotation controIee des 
contraintes principales par rapport a l'axe de symetrie est decrit. Le compor
tement statique et dynamique des argiles consolidees sous ko et soumises a de 
petites et a de gran des deformations est etudie. On trouve que les modules 
d'elasticite dynamiques, ainsi que l'amortissement, dependent de la structure 
du rnateriau. Cette structure n'est pas compietement detruite, malgre la 
degradation qui a lieu pendant les chargements cycliques, meme apres de tres 
grandes deformations. On montre que les modeles mathematiques actuellement 
utilises ne sont pas satisfaisants. 
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in Anisotropic Elasticity Theory 
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1. Introduction 

The simplification arising in elasticity theory from consideration of resultant 
boundary conditions instead of mathematically exact pointwise conditions has 
been the key to widespread application of the subject. We cite, for example, 
the theories for strength of materials, plates and shells haVing such relaxed 
boundary conditions as cornerstones of their development. The justification 
for consideration of load resultants is usually based on some form of Saint
Yenant's principle characterizing the boundary layer behavior involved. Hence 
there has been continued interest in investigation of the issues underlying this 
'principle', both from a mathematical and physical point of view. 

In this paper, we summarize the results of various investigations, both 
theoretical and experimental, concerned with analysis of Saint-Yenant's 
principle in the context of anisotropic elasticity theory. In particular, we draw 
attention to the fact that the routine invocation of Saint-Yen ant's principle 
in the solution of problems involving highly anisotropic or composite materials 
is not justified in general. In view of the widespread use of some form of Saint
Yenant's principle in diverse areas of solid mechanics, the ramifications of this 
are many. One of the more serious may be the implications for accurate 
measurement of the mechanical properties of such materials (at least for static 
testing). 

Some time ago, the author considered the effect of anisotropy on the 
decay of stresses with distance from the boundary of an elastic solid subject to 
self-equilibrated loads [10-12]. Using widely applicable techniques involving 
energy-decay inequalities of the type developed by Knowles [13] and Toupin 
[20], lower bounds (in terms of the elastic constants) were obtained for the 
rate of exponential decay of stresses giving rise to upper bounds for 'charac
teristic decay lengths'. In (10, 11] the plane problem was treated, while the 
torsionless axisymmetric problem for a circular cylinder was considered in 
(12]. In particular, the case of transverse isotropy relevant to fiber-reinforced 
composites was examined in PI]. For such highly anisotropic materials, a 
characteristic decay length of order b(E/G)1/2 was predicted, where b is 
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the maximum dimension perpendicular to the fibers and E, G are the longitu
dinal Young's modulus and shear modulus respectively. When E/G is large, 
therefore, very slow stress decay is anticipated with end effects being 
transmitted a considerable distance from the loaded ends. Similar results 
were obtained in [12] for the torsionless axisymmetric problem. 

Recently we have considered the plane problem from a different point of 
view [5]. For an anisotropic rectangular strip under self-equlibrating end 
loads, the exact stress decay is analyzed using analogues of the Fadle
Papkovich eigenfunctions. (See Section 4 here). For highly anisotropic 
transversely isotropic materials slow decay rates were obtained confirming 
the lower bound estimates obtained in [10, 11]. In particular, for the case of 
a graphite/epoxy composite, the exact decay rate is about four times smaller 
than that for an isotropic material (see Table 1 here). A similar analysis was 
carried out in [6] for sandwich strips, composed of homogeneous isotropic 
layers perfectly bonded at the interfaces. For the case of a relatively soft 
inner core, we obtain a slow decay rate confirming earlier photo elasticity studies 
of Alwar [1] on the same effect. (See Section 6 here). 

The 'extended end effects' of concern here have been investigated 
experimentally by other authors [2, 3, 8]. Initial attention to the question at 
hand was drawn in the course of conducting torsion pendulum tests for 
measurements of the longitudinal shear modulus for a highly anisotropic 
polymeric microcomposite [8]. It was found [8] that the calculated values 
of the shear modulus varied with the specimen aspect ratio (length/width ratio), 
uniform results being obtained only for samples with aspect ratios of about 
100. This is, of course, in complete contrast with results of testing procedures 
for isotropic materials. For the block copolymer micro composite used in [8], 
E/G is about 280 and so characteristic decay lengths of the order of 16-17 
sample widths might be expected on the basis of the theoretical predictions. 
Further tests are described in [2, 3]. In particular, the results of a simple 
tension test for the measurement of the longitudinal Young's modulus for 
a highly drawn polyethylene are described in [2, 3]. For this material, (E/G)1/2= 
15.1 [3] and so the theoretical results would suggest that specimens with aspect 
ratios of at least 30 would be required for satisfactory measurements. This was 
found out to be the case [2, 3]. 

As is discussed in [2, 3, 8], this failure of the classic application of 
Saint-Venant's principle raises some serious questions for practical stress 
analysis, particularly with regard to current testing practice for measurement 
of elastic constants. Thus, if end effects cannot be neglected, one alternative is 
to obtain exact elasticity solutions for the particular end conditions employed. 
This is extremely difficult in general. Otherwise sample aspect ratios have to be 
chosen sufficiently large such that end effects can be ignored. This may not 
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always be possible, in view of the fact that many materials may present 
themselves only in minute 'whisker' form. 

We note that various facets of such 'failures' of classic applications of 
Saint-Venant's principle in highly anisotropic elasticity theory have been 
encountered by other authors. Thus in the context of idealized theories for 
fiber-reinforced composites, Everstime and Pipkin [7] have observed a 'stress 
channelling' phenomenon. A similar 'load diffusion' is discussed in [15]. The 
fundamental 'skin effect' treated by Biot in [4] is of a similar nature. Many 
investigations in composite material mechanics are concerned with the effects 
of end constraints in mechanical testing (see e.g. Pagano and Halpin [16]). 
An interesting extended boundary-layer has been observed by Wan [21] in the 
problem of bending of a pretwisted strip. 

2. Plane Deformation for Transversely Isotropic Materials 

The stress-strain relations governing the in-plane stresses and strains in plane 
strain of an homogeneous anisotropic elastic solid, transversely isotropic 
about the x-axis, are given by [10, 11]. 

exx = {311 ax + {312 ay ~ 

eyy = {321 ax + {322 a y ( 

2eXY = {366 T xy' , 

(2.1) 

where the elastic constants {3pq = {3qp (p, q = 1, 2, 6) may be written in 
terms of the usual engineering constants as 

1 2 
{3u = - (1 - VLT ET /EL) , {312 = - vLT(1 + VTT )/EL ' 

EL (2.2) 

P22 = (1 - ViT )/ET , {366 = I/GLT . 

Here L denotes the direction parallel to the x-axis, T the transverse direction 
and v, E, G denote Poisson's ratio, Young's modulus and shear modulus res
pectively. The strain-energy density is assumed to be positive definite and 
so the elastic constants are such that 

{3u > 0 , (2.3) 
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We are concerned with the traction boundary-value problem of linear 
elasticity for plane domains in the x-y Cartesian coordinate plane. Introducing 
the Airy stress function <I> (x , y) in the usual way by 

(2.4) 

where the subscript notation on <I> denotes partial differentiation, we obtain 
the governing elliptic partial differential equation [10, 11] 

(2.5) 

For the special case of an isotropic material f3 u = f322 = (1 - v)/2G, 
f366 = I/G, f3 12 = - v/2G and (2.5) reduces to the familiar biharmonic 
equation. 

3. Saint-Venant's Principle for Plane Deformation of Highly Anisotropic 
Materials: General Discussion 

Our interest in this work is to assess the effect of anisotropy on the exponential 
decay of stresses inherent in Saint-Venant's principle. In particular, we are 
chiefly concerned with the case of transversely isotropic materials with a high 
degree of anisotropy in the axial direction. Such transversely isotropic materials 
have had wide usage as models for fiber-reinforced composites. (See e.g. [9, 19]). 
For highly anisotropic materials, we assume that 

(3.1) 

Methods involving energy-decay inequalities were employed by the author 
in [10,11] to investigate Saint-Venant's prinCiple in plane elasticity for a wide 
class of anisotropic materials in a general bounded domain. Lower bounds (in 
terms of the elastic constants) were obtained for the rate of exponential decay 
of stresses (with distance from self-equilibrated boundaries) giving rise to upper 
bounds for "characteristic decay lengths". Thus the typical results obtained 
in [10, 11] for a representative stress component r are of the form 

!r!';;;Ke- kx , x~O, (3.2) 

where K is a constant and the decay rate k is characterized explicitly in terms 
of the elastic constants and cross-sectional dimensions of the body. For highly 
anisotropic transversely isotropic materials satisfying (3.1), it is shown in [11] 
that 

[
(G /E )1/2] 

k = ° LT L , 
b 

(3.3) 
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where b is the maximum cross-sectional dimension. When EL/GLT is large, 
therefore, very slow stress decay is anticipated with end effects being trans
mitted a considerable distance from the loaded ends. For example, for the case 
of a graphite/epoxy composite, this ratio has the value 33.3 (see Table 1 here) 
compared with a range of values of between 2 and 3 for the isotropic case. 
Thus for the problem of a rectangular strip loaded only at the short ends, the 
usual engineering approximation of neglecting Saint-Venant end effects at 
distances of about one width from the ends is justified in the isotropic case 
(see e.g. Fig. 1 here). However, for the graphite/epoxy composite, such ap
proximations are justified only at distances about four times larger. Of course, 
for even more highly anisotropic materials the effects are more pronounced. 

The slow exponential decay rate (3.3) predicted by the analyses of 
[10, 11] might also be anticipated from another viewpoint. Introducing the 
notation 

and using the conditions (3.1) characterizing a highly anisotropic material, 
the differential equation (2.5) can be written in this case as 

A, B constants. (3.5) 

In the limit as €t ~ 0, the equation (3.5) ceases to be elliptic - in fact, the 
equation becomes parabolic with the straight lines y = const being charac
teristic curves. Thus, in this limit, (3.3) implies the complete breakdown of 
a Saint-Venant principle - the "end effects" are transmitted without atte
nuation along the fibers (characteristics). A similar stress "channelling" phe
nomenon was observed in [7] in the context of idealized theories for fiber
reinforced composites. 

4. IDustrative Examples for Rectangular Strips 

To provide explicit illustration of the extended end effects of concern here, 
we investigate the problem of a rectangular strip, of half width unity, traction 
free at the lateral sides y = ± 1, and subject to self-equilibrated load condi
tions at the ends x = ± Q. (See Fig. 1). Eigenfunction expansion techniques 
may be used to assess the exact exponential decay rate and to solve specific 
boundary value problems [5]. Solutions of (2.5) are sought in the form 

<P = L (ak cosh 'Yk x + bk sinh 'Yk x) Fk(y) , (4.1) 
k 

1 The small parameter Et was introduced by Everstine and Pipkin (7) in their 
idealized theory involving the constraint of inextensibility in the fiber (x-) direction. 
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where ak' bk are constants to be determined from the end conditions, and 
F(y) are analogues of the well-known Fadle-Papkovich eigenfunctions. Thus 
F, 1 are the eigenfunctions and eigenvalues (complex) of the problem 

fJ 11 Fiv (y) + (2 fJ 12 + fJ66 ) 12 F" (y) + fJ22 14 F(y) = 0 , 

F(± 1) = 0, F' (± 1) = O. 

From (4.2), (4.3) it is readily verified that 

(4.2) 

(4.3) 

11 F' (y) dy = 0 , 
-1 

11 F"(y) dy = 0, 
-1 

II yF"(y)dy = 0, (4.4) 
-1 

and so from (4.1) and (2.4) it follows that 

11 Tx/x,y)dy=O, fl ux(x,y)dy=O, 11 yux(x,y)dy=O, 
-1 -1 -1 (4.5) 
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valid for each x in the strip. Thus the stresses associated with Fare self
equilibrating and so the representation given by (4.1), (2.4) provides a 
convenient framework for investigating the decay of end effects underlying 
Saint-Venant's principle. The dominant exponential decay rate is governed 
by the smallest real part of the eigenvalues "(. It is shown in [5] that the 
eigenfunctions F satisfy the orthogonality property 

(4.6) 

which can be used to determine the constants ak' bk of (4.1) for prescribed 
end conditions. 

The analysis of (4.2), (4.3) is conveniently broken down into three 
cases. [5] 

The eigenfunctions may be separated into even and odd functions cor
responding to symmetric and anti-symmetric deformations respectively. Thus 
the even eigenfunctions are given by 

(4.7) 

where "( is given as the root of the transcendental equation 

(4.8) 

and the odd eigenfunctions by (4.7) with cos replaced by sin and (4.8) with 
tan replaced by cot. Here 

_ \ 2fJ12 + fJ66 (fJ22 )1/2\1/2 j 2fJ12 + fJ66 (~2 )1/2\1/2 2q - + 2 - +j - 2 - . 1,2 fJu fJu \ fJ ll fJ ll 
(4.9) 

The even eigenfunctions are given by 

cosh "( py cos "( qy sinh "(py sin "( qy 
Fe(Y) = -..' 

cos"(pcos"(q smh,,(psm,,(q 
(4.10) 
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where 

sinh 2 'Y P sin 2 'Y q 
---'-=- + = 0, (4.11) 

p q 

while the odd eigenfunctions are given by (4.10) with cos replaced by sin, 
sin replaced by cos and the plus sign in (4.11) replaced by a minus sign. Here 

(4.12) 

Case C (2~12 + ~66)2 - 4~11 ~22 = 0: In this case, we have 

cos 'Y ry Y sin 'Y ry 
Fe(y)=---. ,sin2'Yr+2'Yr=0, (4.13) 

cos 'Y r sm 'Y r 

sin 'Y ry Y cos 'Y ry 
Fo(Y) = -.-- - ,sin 2'Yr - 2'Yr = 0, 

sm 'Y r cos 'Y r 
(4.14) 

where 

(4.15) 

It is readily verified that the case of an isotropic material is a subcase of Case C 
in which r = 1 and then (4.13), (4.14) characterize the Fadle-Papkovich eigen
functions. 

In Table 1, we have tabulated the elastic constants for the transversely 
isotropic materials magnesium and a highly anisotropic graphite/epoxy compo
site. It is readily verified that Case A governs these two materials. The eigen
values with smallest real part are also given, computed from equation (4.8). 
For comparison purposes, we have included the well-known isotropic resu1t 2 , 
computed from (4.13) with r = 1. In the table, we also show the lower-bound 
estimates for the real part given by the energy method [11]. The decay rate 
for the graphite/epoxy composite is almost four times slower than that for 

2 Note that the stresses are independent of the elastic constants in the isotropic 
case. 
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the isotropic material. It is seen that the energy approach gives rise to an 
accurate prediction of the ratio of decay rates between the graphite/epoxy 
and isotropic materials. 

On using the conditions (3.1) characterizing a highly anisotropic material, 
an asymptotic estimate for the decay rate may be obtained [5]. It can be readily 
verified that, under the conditions (3.1), Case A holds. Using (2.2) and (3.1), 
it follows from (4.9) that 

(4.16) 

Under these conditions, it follows that the transcendental equation (4.8) has 
a smallest real root. Using appropriate Taylor expansions in (4.8), it can be 
shown that 

(4.17) 

Thus, for the rectangular strip of half-width unity, (4.17) provides an approxim
ate formula for the decay rate 'Y. For a strip of width b, we thereby obtain the 
approximate result 

(4.18) 

for the decay rate k in (3.2). One anticipates that (4.18) might also be used 
for a general simply-connected plane domain which is 'close' to rectangular, 
where b is now the maximum lateral dimension. It should be pointed out that 
the constant inherent in the order estimate (3.3) has been ignored in the inter
pretation of the work [11] by the authors of[2, 3, 8]. The result (4.18) suggests 
a representative value of 21T for this constant. For the graphite/epoxy material, 
(4.17) yields the result 'Y "" .5442 which is in excellent agreement with the 
exact value 'Y = .5640 given in Table 1. 

Finally, we consider briefly the problem of extension of a finite strip 
composed of the graphite/epoxy composite and compare results with the case 
of an isotropic material [5]. For uniform tension of 2/3uo at both ends, we 
have the Saint-Venant solution 

(4.19) 

Consider the statically equivalent load conditions shown in Figure 1. By sub
traction, we obtain a boundary-value problem involving self-equilibrating load 
conditions, which are symmetric about the x-axis. Using an eigenfunction 
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expansion technique involving the even eigenfunctions, the resulting problem 
was solved numerically [5] for both the graphite/epoxy and isotropic materials 
(with Poisson's ratio equal to zero). In Figure 1, the decay of ax with distance 
from the end x = Q is illustrated for both materials. In the latter case, the 
normal stress distribution reaches that of the Saint-Venant solution at approxim
ately one width from the end. For the highly anisotropic material, the contrast
ing slow decay is evident - the characteristic decay length is about four times 
larger. 

S. TorsionIess Axisymmetric Problem for Circular Cylinders 

Similar results to those described above for plane problems have also been 
obtained for axisymmetric problems. In [12] the torsionless axisymmetric 
problem for a circular cylinder, transversely isotropic about the axial direction, 
under the action of self-equilibrated end loads is considered. Using energy
decay inequalities, a result of the form (3.2) is obtained for the exponential 
decay of stresses and compared with previous results obtained in the isotropic 
case [14]. The exact decay rate is given by the root of a transcendental equation 
involving Bessel functions (see equation (9.5) of [12].) For highly anisotropic 
materials, with e == ET/EL « 1, the decay rate k predicted in [12] is of the 
form 

( el/2 ) 
k=O -- as 

c 
(5.1) 

where c is the radius of the cylinder. An asymptotic analysis of the transcen
dental equation for the exact decay rate also yields the result (5.1). Thus, in 
the present context, we establish again the slow attenuation of end effects 
for highly anisotropic materials. The order estimate (5.1) was confirmed 
experimentally in [2, 3, 8]. In Table 2 below, we provide numerical results 

TABLE 2. Torsionless Axisymmetric Problem. 

Material 
(Exact Decay Rate) xc Lower bound for ck 

(from eqn. (9.5) of [12]) (from eqn. (7.24) of[12]) 

Magnesium 2.87 1.45 

Graphite/epoxy 
0.69 

0.46 (real root) 

Isotropic (v = 1/4) 2.70 1.43 
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for the exact decay rates and lower bounds obtained in [12]. Again we see 
that the decay rate for the graphite/epoxy material (where € = 1/20) is about 
four times slower than that for the isotropic case. 

6. Sandwich Strips 

Finally, we discuss briefly the case of plane deformation of a sandwich strip, 
composed of identical homogeneous isotropic face materials occupying two 
layers of equal thickness enclosing a dissimilar homogeneous isotropic core. 
For the case when the Young's modulus of the core is small compared with 
that for the face layers, it might be expected that the decay of Saint-Venant 
end effects should be much slower than that for a single strip. Such a result 
was demonstrated experimentally by Alwar [1] using photoelasticity techniques. 

Recently a theoretidll analysis of this issue was carried out in [6] , through 
investigation of the exact decay rates characterized as eigenvalues (cf. Section 4 
here). An exponential decay result of the form (3.2) was established. Using 
the notation f = (4Cf)/(4Cf + 2Cc) for the volume fraction of face material 
(where 2Cr , 2Cc denote the width of face layer and core layer respectively), 
and Ef , Ec, "f, "c for the respective Young's moduli and Poisson ratios, it is 
shown in [6] that when Ef/Ec » 1 , 

[
2(f3 -3f+ 3)(1 -,,;)E J1 /2 

k (width) ~ 2 c , 
f3(1 - f) (1 + "c) Ef 

(6.1) 

yielding slow exponential decay for the case of a relatively soft inner core. 
If we assume that Er/Ec = 3600, f = 0.8 as in [1], and let "f = "c = 0.3, 
then from (6.1) we obtain the estimate 

k (width) '" 0.14 , (6.2) 

which is about thirty times smaller than the value for a homogeneous strip. 
Thus the neglect of Saint-Venant end effects is justified in this case only at 
a distance of about thirty widths from the ends. The photo elasticity studies 
of Alwar [1] for sandwich beams under concentrated loads lead to similar 
conclusions. 
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I , 

RESUME 

Le principe de Saint-Venant dans la theorie de l'elasticite anisotrope. 

Dans cet article, nous presentons un sommaire des recherches theoriques et 
experimentales sur l'analyse du principe de Saint-Venant dans la theorie de 
l'elasticite anisotrope, en soulignant les materiaux fortement anisotropes ou 
composites. Nous montrons que, pour de tels materiaux, l'application courante 
du principe de Saint-Venant n'est pas valable en general. Des illustrations sont 
donnees pour les problemes plans des bandes anisotropes et des bandes sand
wich, ainsi que pour les problemes axisymetriques. Les resultats ont des impli
cations pour la mesure precise des proprietes des materiaux anisotropes. 

DISCUSSION 

QUESIlON BY I. MiiuER: Could you please comment on the physical inter
pretation of the fact that the rate of decay of the inhomogeneity in 
the stress field is so much different in an isotropic and in an anisotropic 
material ? 

REPLY BY C.O. HORGAN: Yes. Consider, for example, the highly anisotropic 
transversely-isotropic case discussed earlier. In the limit as the anisotropic 
small parameter f t -+ 0, we have the case of rigid fJbers. Pbysically, 
then, conditions at one end of a fiber are transmitted without decay 
along the fiber. Mathematically, one is considering the idealized cons
traint of inextensibility in the fiber direction. As pointed out in my 
lecture, the governing equation then ceases to be elliptic. In fact the 
equation becomes parabolic, with the fibers acting as a parallel family 
of characteristics. Boundary data is then transmitted without attenuation 
along the characteristics. The fact that the governing equations in inex
tensible elasticity are parabolic seems not to have been pointed out in 
the literature. 

COMMENT BY R.G.C. ARRIDGE: I should like to elaborate on the experimental 
results obtained in our laboratory, as mentioned in Horgan's lecture. 
The importance of the effects discussed in the paper has been demon
strated by measurements made at the H.H. Wills Physics Laboratory, 
Bristol, U.K. by the discusser and his collaborators. In work by MJ. 
Folkes and the discusser the compliance S44 of the copolymer "Kraton" 
was measured by a torsion pendulum. Kraton is a copolymer consisting 
of 20 % by volume polystyrene embedded as rods of 150 A diameter, 
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with hexagonal spatial symmetry, in a matrix of polybutadiene. It is 
therefore a 'molecular' fibre composite in which E, the longitudinal 
Young's modulus is very much greater than the longitudinal shear mo
dulus G. 

In the experiments of Arridge and Folkes the value of S44 was 
found to depend strongly upon the aspect ratio (length/diameter) of 
the sample (Fig. A). This effect was explained (Ref. [1]) by considering 
the sample as made of a central portion and two end portions, the stif
fness of the end regions being greater than that of the central region. 
Constraints at the grips were considered, following Horgan, to propagate 
for a distance Q = c ..jE/G d, where d is the maximum lateral dimension 
of the sample and c a constant. Satisfactory agreement between Q, as 
determined experimentally and by calculation from a knowledge of E 
and G was obtained. 

oci 
~3 0 

Vl 0 

.2 
OJ 
u 
0 

:2: 

ill 
6i 2 

o 0 

30 50 90 120 
Sample Aspect Ratio 

Figure A. 

In the second example (Ref. [2]) the material used was linear 
polyethylene (Rigidex 50) drawn to a draw ratio of 28 by Barham, 
following the method of Capaccio and Ward. Young's modulus at 0.1 % 
strain was determined using the grip separation (corrected for machine 
effects) to measure the mean strain. In Figure B it is shown that the 
apparent modulus E inCreases with aspect ratio approaching a constant 
value only at aspect ratios of about 100. 

In such highly drawn polyethylene it is known from X-ray diffrac
tion that chain orientation is virtually perfect and therefore that the 
measured elastic moduli should approach the theoretical crystal moduli. 
The longitudinal Young's modulus for a crystal of polyethylene should 

29 
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Figure B. 

theoretically lie between the values of about 250 GPa and 320 GPa, 
while the shear modulus is about 1 GPa. The ratio yE/G for this ma
terial is therefore very large and stress channelling along the outer surface 
of the samp~ may be expected, because of the mode of gripping. This 
stress channelling means that uniform stress across the fibre cross section 
willIiot be obtained until the aspect ratio exceeds a value of about 32. 

The measured Young's modulus for a sample gripped in the usual 
way will therefore increase with aspect ratio in just the way that is found 
experimentally. 

The importance of the modified st. Venant principle in the determ
ination of the elastic constants of highly anisotropic materials cannot 
be over-emphasised. This is particularly true for the currently studied 
ultra-oriented polymer fibres such as polyethylene, polypropylene, Kevlar 
and graphite. 

(1) FOLKES MJ. and R.G.C. ARRIDGE. - J. Phys. D., 8 (1975): 1053-1064. 
(2) ARRIDGE R.G.C., P.J. BARHAM, CJ. FARRELL, A. KELLER. - J. Mate

rials Sci., 11 (1976): 788-790. 

REPLY BY C.O. HORGAN: It was a great pleasure for me to finally meet Mr. 
Arridge at this meeting. We have corresponded by mail on these issues. 
The author was gratified to find experimental confirmation of the earlier 
theoretical predictions. My subsequent work has been largely motivated 
by these experimental results. We hope to plan a joint effort in this area 
in the near future. 
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Interpretation d'Essais de Traction, 
de Flexion Trois Points 
et de Dilatometrie 
de Plaques Stratifiees Epoxy/Carbone 

J.L. Seichepine, A. Vautrin et D. Guitard 
Laboratoire d'El1ergetique et de Mecal1ique Theorique et Appliquee, Nll110', Fral1ce. 

(x, y ,z;) 

(a, b, z) 
rp(p) 

e(p) 

z(p) 

(e(p»3 
I(p) =--

12 

LlSTE DES SYMBOLES 

: Repere cartesien lie it une plaque stratifiee. 

: Repere cartesien lie a une monocouche. 

: Angle des directions x et a. 

: Epaisseur d'une couche. 

: Cote du plan moyen d'une couche par rapport au 'plan moyen de 
la plaque. 

S~~ : Composantes du tenseur des complaisances elastiques d'une 
couche, 

ci'{j) : Coefficient de dilatation thermique d'une couche. 

Eij : Composantes du tenseur des deformations linearise. 

aij : Composantes du tenseur des contraintes. 

~T : Champ de temperature uniforme. 

QU'J. : Composantes du tenseur des rigidites elastiques d'une couche. 

~ ,u~ ,w : Composantes du deplacement d'un point du plan moyen. 

Pour l'ensemble des grandeurs defmies ci-dessous, (i ,j ,k ,1) E (1,2)4. 

E~ = ~ (urj + Uf,i) : Deformations de membrane. 
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Kij =- W,ij : Courbures. 

Jh / 2 
Nij = aij dz : Efforts de membrane. 

-h/2 

Jh / 2 
Mij = aij zdz : Moments de flexion-torsion. 

-h/2 

n 

Aijld = L. QU'k e{p) : Rigidites de membrane. 
p=l 

n 

Dijkt = L Q<S~t (Z{p)2 e{p) + I{P») : Rigidites de flexion-torsion. 
p=1 

n 

Bijkt = L. QWI z{p) e{p) : Termes de couplage mecanique. 
p=1 

n 

Eij = ~ QU'~l o:~) e{p) : Termes traduisant la contribution thermique aux 
p= I contraintes de membrane. 

n 

F = '5' Q(p) o:(p) e(p) z(p) . Termes traduisant la contribution thermique ij .... ijkl kl . 
p= 1 aux moments de flexion-torsion. 

h : Epaisseur des plaques. 

Aijkl : Souplesse de membrane. 

Djikl : Souplesse de flexion-torsion. 

Rjj = Aljkl Ekl : Coefficient de dilatation thermique relatif a la plaque. 

(1 ,2, z) : Repere cartesien lie a la plaque, 

e : Angle des directions 1 et x. 

J 1111' J 2211 : Complaisances elastiques mesurees en traction, 

L : Longueur entre appuis au cours de l'essai de flexion 3 points, 

Q : largeur de l'eprouvette 

F : Force appliquee au centre de l'eprouvette lors de l'essai de flexion 
3 points. 

y : Fleche produite par la force F. 

E : Rigidite a la flexion. 

L : Longueur de l'eprouvette de dilatometrie. 
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1. Introduction 

Le comportement thermoelastique de plaques stratifiees equilibrees a fibres 
croisees est prevu a partir: 

- du comportement thermoelastique du composite a fibres unidirection
nelles. 

- des parametres geometriques d'arrangement des couches, en s'appuyant 
sur la theorie c1assique des plaques stratifiees. 

Apres un bref rappel theorique, Ie modele, adapte aux materiaux etudies 
(Epoxy/Carbone), conduit it la defmition des souplesses de membrane et de 
flexion-torsion, ainsi qu'au tenseur des dilatations thermiques. 

L'identification de ces parametres est realisee it l'aide des mesures en 
traction et dilatometrie effectuees sur Ie composite a fibresunidirectionnelles 
constituant les couches du stratifie. Compte tenu de !'interpretation des resultats 
experimentaux obtenus en traction, flexion trois points et dilatometrie sur Ie 
materiau it fibres croisees it 45° et 90°, on apporte une verification experimen
tale des previsions du modele. 

2. Le modele theorique du comportement thermoelastique des stratifies 

Les plaques planes de stratifies it fibres croises sont constituees de n couches 
it fibres unidirectionnelles supposees macroscopiquement homogenes, thermo
elastiquement orthotropes, parfaitement soudees et d' orientations relatives 
connues. 

2.1. Les donnees 

a) Un systeme de coordonnees cartesiennes (x, y , z) est choisi pour 
reperer un point courant de la plaque, z etant la cote par rapport au plan moyen. 

b) Chaque couche de rang (p) admet un repere principal d' orthotropie 
associe aux coordonnees cartesiennes (a, b ,z) ; soit <I>(p} l'angle forme par la 
direction a et la direction x liee it la plaque. 

c) L' epaisseur e (p) et la cote z{p) du plan moyen de couche par rapport 
au plan moyen de la plaque sont, pour chaque couche, des donnees du probleme. 

(e(P})3 
On notera I(p) = --. 

12 
d) On suppose connus dans Ie referentiel d'orthotropie de couche 

(a , b , z) les seules composantes du tenseurs des complaisances elastiques 
notees Si)~{ et les seuls coefficients de dilatations thermiques notes a~f}, neces
saires pour definir l'etat des deformations dans Ie plan de couche, resultant d'un 
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etat de contrainte suppose plan et d'un champ de temperature suppose uni
forme. 

Eij = SU'~I akl + ~T aU') 
avec (i,j,k,I)E(a,b)4 

(1) 

En procedant au changement de base, correspondant it une rotation <p(p) 

aut our de z suivie d'une inversion, on accede a l'expression des contraintes 
planes, dans Ie repere lie a la plaque. 

aij= QU>~I (Ek1 - ~T a~») 

avec (i ,j , ~ ,1) E (x, y)4 

(2) 

Remarque : l'ensemble de definition des indices permet tout au long du texte 
de savoir si l'on travai1le dans Ie repere de couche, de plaque, ou d'echantillon. 

2.2. Loi de comportement thermoelastique du stratifie 

Dans la suite on se place dans Ie cadre des hypotheses de la theorie c1assique des 
plaques stratifiees [3, 10] et on admet que Ie champ de temperature ~T est uni· 
forme [5). 

La 10i de comportement du stratifie s'ecrit alors : 

NIj = Aljkl E~l + Bijkl Kkl - Eij ~T 

MIj = Bljkl E~I + Djjkl Kkl - Fij ~T 

avec (i,j,k,1)E(x,y)4. 

(3) 

Les relations de definition des grandeurs utilisees sont regroupees dans la 
liste des symboles. 

3. Les matenaux 

3.1. Les composants 

Les plaques planes stratifees d'epaisseur h = 1,5 mm sont obtenues par poly· 
merisation de douze couches (n = 12) isoepaisseur d'un preimpregne it fibres 
unidirectionnelles. 

Vne resine Epoxy NARMCO 5208 est associee it des fibres "haute resis
tance" de carbone TORA YCA type T 300 B 6000 conditionnees en meches non 
torsadees de 6000 fllaments de 7p. de diametre [8]. 
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Les trois types de composites testes correspondent a des angles de croise
ment des fibres 2cp = 0 ; 45 et 90 degres obtenus en orientant les 12 couches: 

cp(p) = cp(13-P) avec p E (1, ... , 6) 

cp(p) = _cp(P+l) avec pE(1, ... ,5) 
(4) 

L'ensemble des couches sont donc groupees en deux familIes definies par : 
1>(1) = - cp(2). 

3.2. Consequences sur la loi de comportement thermoelastique 

Les stratifies sont dits equilibres [6]. Du fait de la disparition des termes de 
couplage mecanique (Bljkl = 0) et des contributions thermiques aux flexions 
torsions (FIj = 0) les relations (3) se reduisent a : 

avec: 

NIj = ~jkl €~l - EIj LlT 

[ 1 (1) 1 (2)J 
AUkl = h "2 Q Ukl + 2 Qljkl 

_ h3 [~ (1) , ~ (2)J 
Dljkl - 12 8 Q ijkl 1" 8 Q ijkl 

_ [1 (1) (1) ! (2) (2)J 
Eij - h 2" Q ijkl a: kl + 2 Q Ijkl a: kl 

avec (i, j , k , 1) E (x , y)4. 

(5) 

(6) 

(7) 

(8) 

Remarque 1 : X Les axes x et y du referentiel de la plaque sont des axes de 
symetrie pour les rigidites de membrane. 

X Cette propriete n'est plus vraie en ce qui concerne les rigidites de flexion
torsion du fait que les couches externes (p ;;:: 1 ; 12) sont alors privilegiees (les 

coefficients 2 et ~ sont lies au nombre n = 12 des couches). 
8 8 

Pour des raisons pratiques, on introduit les souplesses de membrane 
Aljkl et de flexion-torsion Dljkl telles que: 

Aijkl Ak1pq = 0ip Ojq 

Dijkl Dklpq = 0iP Ojq 
(9) 
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et la loi de comportement s' ecrit : 

o -
Elj = Aljkl Nkl + Rlj I::.. T 

(10) 
Klj = Dljkl Mkl 

pour (i, j ,k , 1) E (x , y)4 

et avec: 

(II) 

Remarque 2 : Dans Ie cas particulier d'un angle de croisement des fibres nul 
(2rJ> = 0 degre) les referentiels de couche et de plaque sont confondus et il 
vient: 

o - 1 s(p) N + (p) AT 
EIj - h ijkl kl aij ~ 

Les axes x et y etant dans cecas particulier, axes de symetrie pour les 
souplesses de flexion-torsion. 

4. Aspect experimental 

Les essais mecaniques mis en reuvre sont de trois sortes : 

- Essais detraction; 
- Essais de flexion trois points norme ASTM nO D790 ; 
- Essais dilatometriques. 

4.1. Les eprouvettes 

Les eprouvettes sont des bandes de 10 mm de large prelevees dans les plaques 
de stratifies. Le referentiellie it chaque eprouvette note (1, 2, z) (ou 1 est Ie 
grand axe) se deduit du r6ferentiel de plaque (x , y , z) par une rotation connue 
d'angle () autour de z. 

On dispose pour chaque stratifie de lots d'eprouvettes d'orientation () 
fixee : 
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TABLEAU 1. Eprouvettes d'essais. 

21/J : angle de croisement () : orientation des eprouvettes 
en degres en degres 

21/J = 0 0; 45 ; 90 

21/J = 45 o ; 15 ; 22,5 ; 30 ; 45 ; 60 ; 75 ; 90 

21/J = 90 0; 15 ; 30; 45 

Chaque lot comprend : 
2 eprouvettes de traction (10 mm x 250 mm) 
3 eprouvettes de flexion (10 mm x 70 mm) 
1 eprouvette de dilatation (10 mm x50 mm) 

4.2. Les mesures et grandeurs diduites 

a) En traction : on mesure l' effort axial N 11' les defonnations e? 1 longi
tudinales et e~2 transversales dont on deduit : 

o 0 
ell e22 

J 1111 = h - J 22 il = h --
Nil Nll 

Les grandeurs sont interpretees comme les valeurs effectives des compo
santes du tenseur des soupiesses de membrane exprimees dans Ie referentiel 
(1, 2, z) lie 11 l' eprouvette soit : 

Jllll=hAllll (14) 

b) en flexion : de Ia me sure de la fleche y resultant d'une force F imposee, 
compte-tenu de Ia largeur I de l'eprouvette et de la distance L entre appuis, 
on deduit une constante elastique E par une fonnule c1assique de resistance 
des materiaux 

L3 F 
E=---

4Ih3 Y 
(15) 

Cette grandeur est interpretee comme Ia mesure de l'une des compos antes 
du tenseur des soupiesses en flexion-torsion exprime dans Ie referentiel de 
l'eprouvette : 

1 h 3 _ 
-=- D 
E 12 1111 

(16) 
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c) en dilatometrie : la mesure de l'elongation longitudinale de l'eprouvette 
due a une variation uniforme DoT permet de chiffrer la composante R11 du ten
seur des coefficients de dilatation thermique plan. 

DoL 
Ru =LDoT 

S. Comparaison des previsions et des mesures 

5.1. Comportement du monocouche 

(17) 

Le comportement thermoelastique plan du monocouche est deduit des seuls 
essais de traction et de dilatometrie effectues sur Ie stratifie a couches paralleles 
(2rp = 0 degre) au moyen des eprouvettes orientees suivantes () = 0 ; 45 ; 
90 degres, soit, en tenant compte de la remarque 2 § 3.2 : 

Saaaa Saabb Saaab 6,9 - 0,6 0 

Sbbaa Sbbbb Sbbab - 2,2 90,8 0 en (1012 Pa)-l (18) 

Sabaa Sabbb Sabab 0 0 35,8 

et 

aaa aab 

= 10
:

0 2:71 en J1,€tc (19) 
a ba a bb 

Les resultats (18) et (19) sont consideres comme des donnees pour 
l'exploitation du modele defini § 2 et 3. 

Remarques: 
La non symMrie Saabb =1= Sbbaa observee experimentalement sera 

conservee tel quel, bien que contradictoire a l'hypothese d'existence d'un po
tentiel elastique forme quadratique definie positive des compos antes du tenseur 
des contraintes. 

Les termes nuls en (18) et (19) resultent de l'hypothese d'orthotropie qui 
n'a pas fait l'objet d'une confrontation experiment ale. 

5.2. Calcul du comportement des stratifies 

La demarche suivie pour calculer Ie comportement des stratifies a fibres croisees 
se decompose en 5 Mapes : 

1) Inversion du tenseur complaisance du monocouche qui permet Ie 
passage de Sljkl a Qljkl dans Ie referentiel de couche (i, j , k ,1) E (a , b)4 . 
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2) Pour Wl croisement des fibres 2 rj>, en posant rj>< 1) = rj> ; rj> (2) = - rj> on 
procede aux changements de base donnant : 

(1) Q(2) 
Q ijkl' ijkl avec (i,j, k,l)E(x,y)4 

dans Ie referentiel de plaque. 
3) Compte tenu des relations (6), (7), (8) les grandeurs suivantes sont 

calcuIees : 

1 
- E .. 
h lJ 

4) Par inversion des rigidites on accede aux souplesses de membrane et 
de flexion-torsion 

h ··Aijkl 

5) Les coefficients de dilatation thermique des plaques se deduisent des 
resultats des etapes 3) et 4) soit 

Ces resultats calcules acquis dans Ie rMerentiel de plaque (x ,Y ,z) relatifs 
a 2rj> = 45 et 90 degres sont indiques dans Ie Tableau nO 2. 

5.3. Prevision des grandeurs dMuites experimentalement 

Les grandeurs All 11 ,A221 1' DUll et Rll exprimees dans Ie referentiel (1,2, z) 
lie a chaque eprouvette sont determinees a partir des composantes thermoelas
tiques calcuIees au paragraphe precedent dans Ie rMerentiel de plaque (x ,Y , z). 
On procede a Wl changement de base, rotation d'angle (J autour de z. Soit : 

Anll = ~xxx C4 + Ayyyy S4 + (AXXYy + AyyXX + 4AXYXY) C2 S2 (20) 
- - 4 - 4 - - - 22 
A2211 = AyyXX C + AXXYy S + (~xxx + Ayyyy - 4AXYXY) C S (21) 
- - 4 - 4 - - - 22 
Dllll = Dxxxx C + Dyyyy S + (DXXYy + DyyXX + 4DXYXY) C S + 

- - 2 - - 2 
[(DxXXY + DXyxx) C + (Dyyxy + DXYyy) S ] 2CS (22) 

2 2 
Rll = Rxx C + ~y S 

avec C = cos(J ; S = sin (J. 
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Figure 1 

Figure 4 

Figure 1. 2<1> = 90 degres ; 

courbe 1 h A 1111,. J 1111 
courbe 2 -hA2211, • -J2211 

Figure 2. 2<1> = 90 degrtlS ; 
h3 _ 1 

courbe 12 DIll}, • Ii 

Figure 3. 2<1> = 90 degres ; 
~L 

courbe Rll, • LAT 

Figure 2 Figure 3 

Figure 5 Figure 6 

Figure 4. 2<1> = 45 degres ; 

courbe 1 h A 1111,. J 1111 
. courbe 2 -h A221!> • -J2211 

Figure 5. 2<1> = 45 degres ; 
h3 - 1 

courbe 12 D111}' • E 

Figure 6. 2<1> = 45 degres ; 

~L 
courbe R 11, .-

L~T 
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1 :lL 
TABLEAU 3. Ensemble des valeurs mesurees (11111' 12211 ' -, --) comparees 

E UlT 

aux previsions correspondantes du modele (hA1111,hA2211' ~:D1111'R11). 
Ci-dessous, sur des photographies d'eprouvettes a e = 0 degre rQrnpues en traction, 
on observe bien l'angle de croisement des fibres (21) = 45 degres sur la photo 1, 
21> = 90 degres sur la photo 2). 

- hA2211 
h 3 _ 1 LlL 

21> e hA11ll J lll1 - J2211 -D - Rll -12 1111 E LLlT 

° 6,86 2,17 6,86 7,48 0,29 

° 45 59,8 11,8 59,9 53,6 11,4 
90 90,8 0,62 90,8 95,1 26,7 

° 11,1 11,8 13,7 14,2 11,4 13,4 - 1,59 - 2,58 
15 11,2 11,1 8,98 9,19 13,4 15,9 - 0,16 - 0,51 

12,1 11,6 4,26 4,50 15,1 17,2 1,54 1,25 
30 14,7 14,3 - 0,48 - 0,15 18,2 19,9 3,76 3,53 

45 45 27,6 27,2 - 5,42 - 5,27 31,0 27,0 9,10 9,04 
60 49,6 50,1 - 1,13 -0,48 52,1 47,0 14,5 14,4 
75 71,6 71,1 7,86 9,23 72,8 73,2 18,4 18,9 
90 80,9 79,0 12,4 13,5 81,0 88,8 19,8 20,0 

° 42,0 47,5 29,7 33,8 42,3 45,2 2,66 2,27 

90 
15 34,5 37,4 22,3 25,3 36,5 34,8 2,66 2,11 
30 20,1 21,3 7,69 9,15 23,1 22,4 2,66 2,15 
45 12,7 12,3 0,36 0,36 16,2 18,0 2,66 2,09 

degre (10 12 Pa)-1 (10 6 °C)-1 
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Les resultats experimentaux defmis par les relations (14-), (16) et (17) 
sont compares aux previsions donnees par les relations (20), (21), (22) et (23) 
et presentes dans Ie Tableau nO 3 et sur les Figures nO 1 a 6. 

6. Discussion et conclusion 

La premiere remarque est de constater que les ecarts relatifs entre une grandeur 
elastique calculee et la mesure de cette meme grandeur sont dans Ie plus mauvais 
cas de 6 % par un angle de croisement de fibres 21/> = 45 degres et de 12 % pour 
21/> = 90 degres. 

Lorsque l'on souligne que la comparaison "calcul-mesure" implique l'inte
gration des incertitudes portant sur 35 valeurs d'origine experlmentale pour les 
grandeurs elastiques, et de 40 valeurs pour les coefficients de dilatation ther
mique, on con90it que les ecarts constates ci-dessus restent dans la plage d'incer
titude experiment ale. 

Nous concluons : Ie comportement thermoelastique de plaques stratifiees, 
equilibrees, d'epoxy/carbone a fibres croisees est prevu de fa90n satisfaisante 
a partir des caracteristiques du composite a fibres unidirectionnelles en utilisant 
la theorie c1assique des plaques stratifiees. 

La qualite de la verification experiment ale presentee ici resulte de cer
tains choix techniques, de l'utilisation de certaines methodes propres deve
loppees par les auteurs [9], et au respect de conseils que donne la litterature 
quant a la realisation et a l'interpretation de tests mecaniques pratiques sur 
des materiaux renforces par fibres. 

Le choix de stratifies equilibres, en eliminant les possibilites de couplage 
membrane, flexion-torsion [6] est un element simplificateur. 

Pour les essais de traction: 
L'utilisation d'eprouvettes de traction ayant un facteur de forme (longueur/ 

largeur) egal a 25 permet de negliger les effets d'extremite [1] et de minimiser 
!'influence de la rigidite a la rotation des machoires, particulierement dans Ie 
cas d'eprouvettes taillees en dehors des axes de symetrie des plaques [4] [7]. 

Les mesures des elongations longitudinales et transverses effectuees au 
moyen de jauges resistives, placees au centre des eprouvettes semble la technique 
extensometrique la mieux adaptee [11]. 

Le stratifie 21/> = 90 degres a ete teste par un essai de traction a vitesse 
imposee. La methode de traction modulee [9] a ete appliquee au stratifie 21/> = 
45 degres. La concordance meilleure (6 %) observee entre calcul et mesure 
est consideree comme un indice supplementaire de l'interet technique de 
cette methode. 
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Pour les essais en flexion: 
En s'appuyant sur les travaux de J.M. Whitney [12], compte tenu du fac

L 
teur de forme des eprouvettes de flexion - = S (ou Lest la distance entre 

Q 

appuis) et du nombre des couches (n = 12) constituant Ie composite, l'inter
pretation des mesures donnees au paragraphe 4.2.b est raisonnable. 

L' observation attentive des mesures confirme la non-symetrie des rigidites 
de flexion par rapport aux axes (x, y , z) du referentiel de plaque. 

Pour les essais en dilatometrie : 
L' anisotropie du tenseur des dilatations d' origine thermique est fortement 

sensible a l'angle de croisement des fibres. 
Dans Ie cas du stratifie a 2rJ> = 90 degres, l'equivalence des deux axes de 

reference de la plaque conduit a une isotropie dans son plan. Ce result at theo
rique est nettement confirme par l'experience (cf. Fig. n° 3). 

Pour Ie stratifie a 2rJ> = 45 degres, Ie coefficient de dilatation therrnique 
longitudinal, fortement positif suivant Ia bissectrice du grand angle des fibres 
(0 = 90 degres) devient sensiblement negatif suivant l'axe de Ia plaque. Cette 
particularite, prevue par Ie modele, observee par ailleurs [2], est confirmee ici 
experimentalement. 
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ABSTRACT 

Traction, three points flexure and dilatometric test results obtained on Carboni 
Epoxy angle ply composites (45°-90°) are discussed. The thermoelastic beha
viour prediction of those materials is based on the laminated flat plates classical 
theory and takes in account, the geometrical design of the multilayers, seven 
experimental parameters measured on the unidirectional fiber reinforced mate
rial. Predicted and experimental results are in good agreement, even for off 
axis measurements. 

DISCUSSION 

QUESTIONS POSEES PAR R.G.C. ARRIDGE: 1) Was the figure of 32 for the 
ratio length/thickness in three-point bending, recommanded by ASTM, 
determined experimentally on a composite or on an isotropic specimen ? 
If the latter, then I think experiments should be made at higher values 
of the ratio. 
2) How were the elastic constants for the unidirectional composite comb
inded to form the constants for the cross ply laminates? 

REPQNSES DE D. GUITARD: 1) Le facteur de forme longueur/epaisseur = 32, 
que nous avons utilise, est celui recommande par la norme ASTM nO 
D 790, applicable aux echantillons isotropes. Nous n'avons pas, jusqu'it 
present, chercM it optimiserce parametre dans Ie cas desmateriaux compo
sites. Je pense en effet que des valeurs plus elevees de ce facteur de forme 
seraient rnieux adaptees. 
2) Les caracteristiques des stratifies it couches croisees ont ete evaluees it 
partir des constantes elastiques de chaque couche en admettant des etats 
de contraintes planes. 
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QUESTION POSEE PAR F. SmOROFF : Ces dernieres annees on a vu apparaitre 
dans la litterature des modeles de composites renforces par fibres presen
tant des modules differents en traction et compression, cet effet etant 
attribue au fait que les fibres contribuent a la resistance en traction mais 
non a la resistance a la compression. Avez-vous observe experimentalement 
de tels effets soit en traction-compression, soit en flexion? References? 

REPONSE DE D. GUITARD: Ne pratiquant pas d'essais en compression uniaxiale, 
nous ne sommes pas en mesure d'apporter une conclusion experimentale 
a la question de savoir si des materiaux renforces par fibres presentent 
une rigidite a la traction superieure a la rigidite a la compression. Dans 
Ie cas d'essais en flexion, menes sur des echantillons renforces par fiQres 
paralleles au grand axe de l'eprouvette, nous avons observe sur epoxy/ 
kevlar [1] et ici sur epoxy-carbone [2] que les valeurs mesurees de la 
souplesse a la flexion sont superieures aux valeurs predites par Ie calcul 
a partir des souplesses de traction. Vne explication, parmi d'autres, serait 
en effet d'admettre une souplesse des couches comprimees superieure a 
la souplesse des couches tendues. 

(1) MOREAUX C. - "Etude du comportement mecanique des materiaux composites 
a fibre Kevlar", Memoire de D.E.A. : lnstitut National Poly technique de Lorraine, 
Nancy, octobre 1977. 

[2) SEICHEPINE. - "Comportement des materiaux composites carbone/resine a fibres 
croisees", Memoire de D.E.A. : Institut National Poly technique de Lorraine, Nancy, 
octobre 1978. 
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1. Introduction 

Contrarily to the structural engineer who works with materials which meet 
well defined specifications, the rock engineer deals with a material given by 
the nature and which excells by its heterogeneity and complexity. In most 
cases, the rock mass is not a continuous medium, but it exhibits one or several 
sets of discontinuities such as bedding planes, joints or schistosity planes. Fre
quently, these weakness planes confer to the rock mass a 'quasi-homogeneous' 
transverse isotropy provided the considered rock volume be large enough to 
contain a sufficient number of unit elements. 

In the following, a series of typical engineering problems are described 
which are caused by the effects of deformational and strength anisotropy 
of the rock mass. 

2. Problems encountered in underground works 

2.1. Layered and schistous rocks 

The major part of tunnels, particularly those with small overburden, are situated 
in bedded sedimentary rocks. These rocks are generally composed by alternat
ing, more or less deformable strata exhibiting quite different strengths. The 
interfaces between the layers are often very smooth or covered by e.g. a clay 
film and may show extremely low shear strengths. 

Tunnels at great depth cross frequently zones which has undergone meta
morphic and tectonic processes and where the rock mass shows a clearly defin
ed orientation of weakness planes. 

The mechanical behaviour of these types of rock masses may be described 
with a good approximation by a 'quasi-homogeneous' transverse isotropy 
(Sonntag [12], Fig. 1). 
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Figure 1. - Simulation of stratified rock by a 'quasi-homogeneous' transversely isotropic 
medium. 

It is obvious that the response of these rocks to a given stress field 
depends strongly on the angle between the principal stress axes and the axis 
of anisotropy. As long as the rock behaves elastically, this relation can be 
expressed by the direction curve of Youngs' modulus (Lekhnitskii [8]). But 
in tunnelling rare are the cases where the rock mass remains entirely in the 
elastic state; local failures and even the plastification of a continuous zone 
around the excavation can generally not be prevented both for technical and 
economical reasons. 

For engineering purposes, the effects of the strength anisotropy result
ing from parallel weakness planes are generally more pronounced and cause 
more trouble than those of deformational anisotropy. This is particularly 
true in the case of sound rock (high strength of rock matrix) crossed by smooth 
discontinuity planes (small angle of joint friction, no coheSion). Depending 
on the angle between the principal stresses and the axis of anisotropy, failure 
may occur at very low values of the maximum possible principal stress ratio 
by sliding along the discontinuities (John [6], Fig. 2). 

Near the wall of unlined tunnels, the major principal stress is tangent 
to the excavation and the minor principal stress is zero. When there is no 
cohesion along the discontinuities, non-zero stresses exist only at that part 
of the circumference where the radius vector and the weakness planes either 
form an angle inferior or equal to the friction angle or are perpendicular to 
each other. 

The stress distribution around a circular tunnel in an isostatic stress 
field (Xo = 1) is thus not uniform any more (Fig. 3), and two characteristic 
phenomena are to be observed: 

First, the stresses concentrate parallel and more or less perpendicularly 
to the discontinuities. Between these directions, there appear nearly unstressed 
zones. Rock blocks situated in the unstressed zones are unstable; they can 
easily fallout, e.g. at the blasting of the next rounds and create overbreak. 
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Figure 2. - Maximum principal stress ratio n = - vs. angle a between principal 

PI 
stresses and weakness plane at limit equilibrium (Pk = angle of friction on weakness 
plane). 

The second, even more dangerous phenomenon occurs along and near 
the radius vector which is perpendicular to the discontinuities. There, a deep 
zone appears where the radial stresses remain very small. The rock is stressed 
nearly uniaxially and since the circumferential stresses are high, the rock strata 
tend to foliate and to buckle; the consequences are important rock break and 
high deformations. 

The example given in Figure 4 shows the results of a comparative nume
rical analysis for the cases of respectively isotropic and anisotropic, continuous 
and horizontally fissured rock. For Ao = 1, the small values of the radial 



www.manaraa.com

890 

+ 

+ i-

+ 
-J-

+ + 

Ex :2Ey:5G 

~ Fissures IJ= 19.50---'L t 

f.. X 

/. 

X 

Ro j 
-t- I 

41 
I 

-t- j 

X 

P. Egger 

Figure 3. - Stress distribution around a circular tunnel in horizontally fissured rock; 
isostatic primary stresses (AO = 0xo; Oyo = 1). 

stress ur at the crown (point B) up to a depth of about one tunnel radius 
are clearly evidenced for the two cases of fissured rock. 

Further, the radial displacement of the crown is 1,7 (isotropic, fissured) 
to 2,9 (anisotropic, fissured) times larger than that of the abutment. For values 
~ < 1, this phenomenon is even more pronounced. 

It must be noted that the analysis was performed by means of a special 
finite element programme (Malina [9]) taking into account elastic anisotropy 
and strength anisotropy due to one (or more) weakness directions; but it is 
unable to simulate buckling and opening of joints and therefore underestimates 
the displacements. 

The theoretical results were confirmed by observations made at several 
tunnels driven through schistous rocks, such as the Arlberg tunnel in Austria 
and Frejus tunnel in France. This latter was driven through lustred schists 
parallel to their direction, dipping West up to about 40° (Fig. 5a). Crosswise 
arranged convergence measurements (Fig. 5b) showed e.g. in the zone from 
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Figure 4. - Stresses and displacements around a circular tunnel in isotropic and aniso
tropic, continuous and horizontally fissured rock (a) radial and circumferential stresses 
along the vertical and horizontal axes (b) radial displacements along the vertical and 
horizontal axes for different values of AO = axo : ayo (c) radial displacements of the 
tunnel abutment and crown vs. the Ao-value. 
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Figure 5. - Frejus tunnel situated in lustred schists (a) view of the tunnel face (b) layout 
of convergence measurements (L13 , L24 ... monitored distances). 

chain age 1872 to 1998 m, displacement ratios AL24 : AL13 = 2,1 to 5,0 
(average 3,0), the absolute values of the major convergence reaching 30 to 
40 cm. It is obvious that deformations of this order of magnitude cause serious 
troubles because of heavy local rock destruction and by the need of reproHling 
the deformed tunnel section. 

Increased deformations perpendicularly to the weakness planes are also 
observed at near-surface tunnels in stratified rocks. At e.g. the Grigny tunnel 
(Egger [1]), important vertical tunnel convergences were accompanied by 
horizontal divergences; at ground level, the settlements were characterized 
by a concentration to a considerably narrower zone than in an isotropic medium 
(Fig. 6). 

2.2. Swelling rocks 

Amongst the rock types exhibiting anisotropic behaviour, the ill-reputed swell
ing rocks take a particular place. Their anisotropy may be caused by different 
reasons: preferred orientation of swelling clay minerals in homogeneous rocks 
or appearance of swelling minerals in stratified rocks forming thin strata or 
just a coating of the bedding planes. The latter case is frequently observed 
in sedimentary rocks of the Secondary Age (Triassic, Jurassic) where swelling 
clay minerals (e.g. Montmorillonite, Corrensite) as well as anhydrite may cause 
most serious troubles to underground works. 

The swelling phenomena are generally characterized by a heave of the 
bottom which may reach important values and lead to severe damage of the 
lining. For example in the Kappelesberg double track railway tunnel (SW-
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Figure 6. - Settlement trough above Grigny tunnel situated in Tertiary deposits. 

Gennany) which crosses claystones and sulfatic rocks, the bottom heaves 
required 19 successive excavations for levelling the tracks since its construc
tion in 1880 (Krause and Wunn [7], Fig. 7). The total amount of heave was 
evaluated to 4,7 m . 

In order to avoid these repeated bottom excavations, tunnels in swell
ing rock are generally provided with invert arches. Care must be taken for 
a sufficiently strong design because high contact pressures may develop. At 
the Belchen Tunnel (Grob [5]) in Switzerland, e.g., contact pressures up to 
300 N/cm2 were measured which destroyed the original invert and required 
important strengthening measures. 

Figure 7. - Kappelesberg tunnel - Investigation 
trenches (T) showing deformed strata at the 
bottom of the tunnel. 

o 
I I 

5m 
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3. Problems encountered in surface works 

3.1. Excavations and rock slopes 

At both natural and artificial rock slopes, a main feature of 'quasi-homogeneous' 
anisotropic rock masses is the modification of the failure mode with respect 
to a continuous isotropic medium. Whereas in the latter case the failure sur
face is curved (Fig. 8a), plane sliding is generally observed in stratified or 
schistous rocks when the layers are cut by the excavation (Fig. 8b). In many 
cases, the shear strength along the weakness planes is low and causes serious 
troubles to excavation works or endangers the stability of natural slopes. For 
instance, in the molasse hills near Lausanne, frequent rock slides or creep occur 
along thin clay or coal seams which cover rather competent sandstone banks 
and exhibit friction angles of only 9 to 10° at some places. 

A typical example for the risk of plane sliding can be seen at the abut
ments of Ridracoli dam (Italy) which is now under construction. This dam 
site is situated in a regularly dipping flysch formation (Fig. 9) consisting of 
sandstone and marl beds with intercalation of several laminated clayey seams. 

Laboratory and large in-situ tests permitted to evaluate the friction angle 
of these seams to about l30

, whereas their dip angle is 27°. The foundations 
of the dam required excavations up to 20 meters depth which cut the foot 
of a certain number of layers. In order to prevent their sliding, important sta
bilizing works had to be undertaken: e.g. at the right abutment shown in Fi
gure 9, a part of the potential sliding mass was removed and the remainder 
was secured by approximatively 500 prestressed 180 ton anchors of some 
40 m average length. 

When the weakness planes are dipping rather steeply towards the moun
tain (Fig. 8c), so called toppling may occur: the rock layers bend, joints open 
up and tension cracks appear which increase the deformability of the rock mass. 
This phenomenon is frequently observed at the slopes of steep Alpine valleys 
where erosion or the melting of glaciers took away lateral constraint. 

(a) 

Figure 8. - Typical slope failure modes (a) in continuous isotropic rock and in stra
tified rock dipping (b) downhill, (c) uphill. 
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Figure 9. - Ridracoli dam - Excavations for the right abutment; note the anchor heads 
at the exposed flysch beds. 

In certain cases where there is a second set of weakness planes parallel 
to the slope, toppling may be combined with buckling of the superficial rock 
layers (Furlinger [3], Fig. 10): This latter phenomenon occurs mainly at the 
toe of the slope and accelerates toppling at the higher parts. 

Figure 10. - Combined toppling and buckling of a slope with schistosity parallel to 
the surface. 
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3.2. Foundations 

In the cases where loads are to be transmitted into stratified or schistous rocks, 
problems may arise as well from their deformational as from their strength 
anisotropy. Deformational anisotropy has particularly to be taken into account 
in hyperstatic systems where the rock-structure-interaction must not be ne
glected. A typical example is an arch dam where the stress distribution in the 
dam and in the abutments depends strongly from the deformations at the 
contact surface and where magnitude and direction of the extemalloads change 
considerably with the reservoir level. The problem of rock-structure-interaction 
exists certainly also for isotropic rocks, but it is more complicated in anisotropic 
ones because there the principal axes of deformations do not necessarily coincide 
with the principal stress directions. To avoid the difficulties caused by a de
formational anisotropy of the rock mass, foundations should be designed as 
isostatic systems whenever possible . 

The effects of strength anisotropy of the rock mass on the stress dis
tribution below a foundation are similar to what can be observed in underground 
works. Experimental (Gaziev [4]) and numerical (Malina [9], Fig. 11) inves
tigations show clearly that the stress trajectories tend either to follow the di
rection of weakness planes or to cross them more or less perpendicularly. The 
stresses spread out much less than in the case of an isotropic continuous me
dium and remain surprisingly concentrated down to important depths. 

( b) 

Figure 11. - Stresses below a foundation on (a) isotropic continuous rock, (b) rock 
with two sets of discontinuities (angles to the vertical 131 = 30° , 132 = - 45°; angle 
of friction along joints I/lj = 15°). 
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As was shown by Sonntag [11] and Maury [10], this holds also in the 
case of horizontal discontinuities and vertical loads (Fig. 12). 
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Figure 12. - Stresses in the centerline below a foundation of a horizontally layered 
(-) and continuous ( ... ) elastic medium. 

These theoretical findings were confinned by stress measurements done 
at a test drive for the Grigny tunnel (Egger [2], Fig. 13). When an earthftll 
of limited extension was deposed at the ground level, 20 m above a 2 meter 
diameter test drive, the contact pressure at its crown increased suddenly by 
90 % (!) of its weight. 

A second effect of strength anisotropy due to horizontal weakness 
planes is the appearance of high bending stresses in the rock (see Fig. 12) proper 
to entail tensile failure in the upper layers. Particular attention must be paid 
in the case of moving loads, because they may completely dislocate the rock 
near the surface. 

4. Testing and monitoring 

In the previous chapters, it was pointed out that anisotropic behaviour of 
the rock mass is generally caused either by the existence of regularly arranged 
weakness surfaces such as bedding or schistosity planes or by alternating com
petent and weak rock strata. To evaluate the mechanical characteristics of 
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Figure 13. - Contact pressures vs. time at Grigny test drive - influence of a 6 m high 
earthfill at the ground level. 

those 'quasi-homogeneous' rock masses, representative samples must be sta
tistically homogeneous. This means that for layered rocks, the characteristic 
length of the sample or of the zone which is interested by an in-situ test must 
be at least five to six times the average thickness of the strata. 

This condition is in most cases prohibitive for conventional laboratory 
testing on NX-cores or so. As long as the thickness of the layers or the joint 
spacing does not exceed 5 to 10 cm, special large scale laboratory tests can 
still be performed. For example, the servo-controlled triaxial cell Triroc (Fig. 14) 
- now under construction - will handle samples of 30 cm diameter or square 
length and of 60 cm height. 

But for rocks with a larger joint spacing or when the wavelength of the 
joint roughnesses exceeds some 20 to 30 cm, only in-situ tests, although rather 
expensive, are feasible. The Figure 15 (Egger [2]) gives an indication about 
the rock volume which is interested by different test methods and may help 
to define the best suited method for a given case. 

The experience shows that despite the high importance for a realistic 
design the credits for pre-construction testing are generally very limited, and 
the information about the rock mass behaviour remains rather poor. In order 
to avoid inestimable risks for the safety and the cost of the works, a close 
monitoring of displacements and stresses during the construction period and 
afterwards is indispensable. But monitoring is only useful if the results are 
interpreted immediately and if provisions for a rapid intervention on the site 
are made. 
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The validity of this general rule is confIrmed by the success of e.g. the 
New Austrian Tunnelling Method; it holds in particular for the rock types 
considered in this paper because of their reputedly high dispersion of mecha
nical characteristics at short dtstances. 
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RESUME 
Problemes d'ingenierie provoques par Ie comportement anisotrope des massifs 
rocheux 

La presente communication traite des principaux problemes rencontres par 
l'ingenieur dans les roches anisotropes. L'anisotropie "quasi-homogene" des 
roches stratifIees ou des schistes, par exemple, est plus frequente et, de ce fait, 
plus pertinente pour l'ingenieur que l'anisotropie homogene de, par exemple, 
certaines roches metamorphiques. L'anisotropie du massif rocheux est la cause 
d'une serie de problemes typiques, aussi bien dans les travaux souterrains, qu'en 
surface. Ces probIemes sont decrits et des recommandations concernant Ie 
choix des methodes d'essais et des auscultations appropriees sont donnees. 
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1. Introduction 

Vast deposits of oil shale in the western United States could be exploited to 
solve our energy problem if an economical means of processing it were available. 
One of the most promising approaches is the modified in-situ method, in which 
a portion of the oil shale is mined out, and a large bed of rubble is prepared 
with explosives. Then, combustion supported by forced air causes the organic 
matter to separate from the rock. A portion of it supports the flame, and the 
remainder flows to the bottom of the retort, whence it is pumped out. 

Conversion of the competent shale to rubble with explosives is complic
ated by the variability of the shale, which involves natural voids, joints, and 
faults, and is randomly stratified. Still, we think that many systematic features 
of the process can be investigated by developing a theoretical model and study
ing its response to explosives by computer simulation. We are particularly 
interested in the effects of anisotropy, and the possibility that anisotropy 
can influence the propagation of shock waves and the subsequent fracture 
processes. From the theoretical point of view, it is convenient to separate 
anisotropic effects into three classes. In the elastic regime, the moduli vary 
with orientation by roughly a factor of 2, and it is relatively straightforward 
to determine them by acoustic methods. In the plastic regime the flow stress 
also varies by a factor of about two, as determined by triaxial tests. Finally, 
fractures can propagate under certain combinations of principal stress, and 
the tensile fracture strength appears to vary by a factor between two and five 
with orientation. More important than these effects, though, is the possibility 
that the entire mechanism of wave propagation and fracture is modified by 
the anisotropy and new phenomena appear. To investigate this possibility 
we have concentrated our first efforts on the effects of spherical charges, 
since any absence of point symmetry can then be attributed unambiguously 
to anisotropic effects. Theoretical studies have predicted, and experiments 
confirm, that enhanced fracture appears in the neighborhood of a cone that 
makes an angle of about 45° with the bedding planes. Though in general 
agreement, many details of this enhanced fracture process are different in 
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the theory (in its rudimentary form) and in experiments. What is of most 
interest, however, is that this kind of fracture does not exist in isotropic 
materials, and is a clear consequence of the angular dependence of wave 
prppagation. 

In this paper we will show how the associated flow law of plasticity 
can be used to construct a constitutive law for an ideally elastic-plastic 
material, and how the law can be inverted to provide stress rate as a function 
of strain rate and stress. This is an essential step in performing numerical 
calculations. The resulting constitutive law is used in the YAQUI computer 
program to compute explosions in a transversely isotropic material, a calcul
ation that requires a two-dimensional (Le., axisymmetric) code. The calcul
ations show that the cavity remains essentially spherical, but that tensile hoop 
stresses develop in the neighborhood of the 45° cone through the center of 
symmetry. An explanation for this phenomenon in terms of wave propagation 
phenomena will be given. 

2. Anisotropic plasticity 

If we assume a plastic potential, then it is possible to construct a constitutive 
relation describing plastic flow by means of the associated flow rule. It is shown 
in this section that the equations can be solved explicity for the stress rate, 
even in the case of anisotropic materials. The importance of material rotation 
is greater for anisotropic than for isotropic materials, and for that reason the 
analysis begins with a discussion of the kinematics of rotation. Following this 
we construct a potential involving a 4-index plasticity tensor which is a gener
alization of the scalar yield strength that appears in isotropic plasticity. The 
flow law involves a Lagrangian multiplier, A, which we determine as a function 
of the stress, strain rate and material properties. Frequently, papers discussing 
plasticity provide expressions for A which involve the stress rate. This is not 
adequate for numerical work, since the stress rate is what we need to find, 
and for this reason it turns out that the calculation indicated here is some
what more involved than in the usual treatments. It will be shown that there 
is no change in plastic volume, as previously indicated by Hill [5]. Finally, 
we indicate how the stress can be separated into an isotropic part, which 
dominates the behavior at high pressures, and an anisotropic part which do
minates the low pressure behavior. 

To account for material rotation in the constitutive law, we relate the 
stress in space axes, 0, to the stress in material axes, "0, through the rotation 
matrix R by means of the equation 

(1) 
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as discussed by Dienes [4]. A similar relation transforms the strain rate matrix, 
D, into material axes, i.e., 

0= RTDR. (2) 

Since the constitutive law which we will develop expresses stress rate 
in terms of stress and strain rate, it is necessary to consider how the stress 
rate is affected by rotation. Physically, it is clear that the state of material 
stress is not affected by material rotation, but as the material rotates the 
components of stress in fixed space axes will vary. If we define the rate of 
material rotation,U, by 

(3) 

then the result of differentiating (I) can be written 

(4) 

The quantity 

(5) 

is the laumann-Noll stress rate if 0 represents the vorticity. It is shown in 
Ref. 4 that the quantity II given in (3) is approximated by the vorticity for 
small deformations, and hence we may put 

where 

We assume that a plastic potential exists having the fonn 

for anisotropic materials. By comparison with the expression 

2f = F(uy - uz)2 + G(uz - ux)2 + H(ux - uyi + 2L T;z 

+ 2M T~x + 2NT~y 

(6) 

(7) 

(8) 

(9) 
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given by Hill we may deduce the terms of the bjjk2 tensor. It is convenient, 
however, to reduce the number of indices by defining the stresses as a nine
element vector, kK' with the values ofK being given by the matrix 

j\i 2 3 

~ (~ ; D 
Then the plastic potential takes the form 

1 
f = "2 BKL kK kL . 

The elements of the matrix are given by 

G+H -H -G 0 0 0 0 
-H H+F -F 0 0 0 0 
-G -F F+G 0 0 0 0 

0 0 0 M 0 0 0 
B 0 0 0 0 M 0 0 

0 0 0 0 0 N 0 
0 0 0 0 0 0 N 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 

It is shown by Hill that for transversely isotropic materials 

F= G, 

L=M, 

and 

N = F + 2H. 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
L 0 
0 L 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

This is the case of interest in our numerical calculations, which will assume 
axially symmetric flow. If it is assumed that the plastic strain rates can be 
derived from the plastic potential, f, then 

p of 
DK = X - = XBKL kL . (16) 

OkK 
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Also, the elastic strain rate for an anisotropic material is given by 

(17) 

The total strain rate 

(18) 

is then given by 

(19) 

If we define 

(20) 

and express the relation for DK in matrix notation as 

D = AB~+ Qi;; (21) 

then we can solve for j; 

io= C(D - AB~). (22) 

We may write the stress rate as 

(23) 

where 

(24) 

and the T K vector is related to the tij matrix in the same manner as previously 
indicated for the stresses and strain rates. Then (22) reduces, in matrix notation, 
to 

. 
~= C(D - AB~) - T. (25) 

To determine A we note that when the yield condition 

(26) 
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is differentiated we obtain the relation 

. 
BKL ~K ~L = 0 (27) 

involving ±L' In combination with (25) we can obtain an expression for the 
Lagrangian multiplier 

(28) 

where 

(29) 

(30) 

and 

(31) 

The rotational contribution, 'Y, can be expressed as the sum of two terms 

(32) 

and 

(33) 

In the case of current interest the rotation is about a fIxed axis as the result of 
axial symmetry of the problem, and only the terms W 13 and W 31 do not vanish. 
Then, if write 

(34) 

we fInd 

and, hence 

(36) 
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For isotropic materials, 

L = M = N = 3F = 3G = 3H (37) 

as discussed by Hill and, consequently, 

'Y = O. (38) 

To show that the rate of change of plastic volume is zero we write 

(39) 

In the reduced index notation this can be expressed as 

(40) 

However, for any J, the sum of the first three terms in a row of the B matrix 
given as (12) is zero, and consequently 

(41) 

This demonstrates that the theory does not allow for permanent changes in 
volume. 

At high pressure the stress is essentially that associated with the Mie
Gruneisen equation of state 

p = p(p, I) (42) 

where p is the material density and I the specific internal energy. At inter
mediate pressures the stress can be expressed as 

(43) 

where at denotes the low pressure component of stress determined in the 
preceding pages and p - lq.t is the excess of the pressure over the linear approxi
mation. Otherwise expressed, 

low pressure high pressure common 
stress = ( component of) + (component of) - ( part ) . 

stress stress - kp 0 ij 
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Here, the compression is expressed as 

11 = 1 - po/po . (44) 

3. Anisotropy Fragmentation 

Lagrangian codes determine the movements in a continuum by tracking 
elements of mass with the momentum equation 

(45) 

Though Yaqui [6] is an Arbitrary Lagrangian-Eulerian Code, for oil-shale calcu
lations it can be made to function as a Lagrangian code by a special choice of 
the mesh-moving equations. We resist discussing the finite-difference method 
here, fOCUSSing on the physical interpretation of the numerical results. 

The effects of a spherical charge of explosive can be approximated by 
representing the charge as a sphere of uniform, polytropic gas with index 3. 
Though this neglects the transit time of the detonation wave initiated at the 
center, the average value of the pressure at the interface turns out to be 
approximated very well by this simplification. The cavity remains spherical to 
within a few percent when the best estimates of oil-shale elastic and plastic 
properties are made. The elastic parameters for 2 g/cm3 material are [2], in GPa, 

Cll = 24.5, C33 = 15.1, C44 = 5.1, C66 = 8.0, Cl2 = 8.5, C13 = 6.2 
(46) 

and the variation of strength with bedding angle is given graphically in Figure 1. 
It shows that the plasticity theory used to model the triaxial test results of 
McLamore and Gray [9] gives a minimum strength at 45°, where the test 
results indicate the minimum at 60°. It is not clear whether the discrepancy 
represents a defect of the theory or of the test method, which tends to cause 
failures across the diagonal of the specimen. Since the test specimens have an 
aspect ratio of 2, when the bedding angle is 60° (see Fig. I), the diagonal 
coincides with bedding plane, and this may contribute to the experimental 
minimum at 60°. The high pressure constitutive law takes its form from the 
empirical relation [7]. 

(47) 

between shock velocity and particle velocity. This, together with the constitive 
law defined above, defines the theoretical behavior of the shale. 

The effect of bedding on material strength that is illustrated in Figure 1 
can be understood by considering a stack of plates of elastic-plastic material 
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Figure 1. - Comparison of theoretical and measured strength-vs-orientation curves using 
data of McLamore and Gray, Ref. (9~ 

separated by a lubricating material of lower strength. When stressed in 
compression by loads in either the vertical or horizontal direction the stack has 
the same strength as the plate material, but when a core with an axis at 45° to 
the vertical is loaded along the axis of the core the strength is reduced because 
of slip along the bedding planes. 

The result of a spherical explosion is illustrated in Figure 2, which shows 
contours of the hoop stress ao. This principle stress is associated with the 
directions normal to planes through the axis of symmetry of the problem. 
Tensile values of a8 tend to cause failures analogous to the separation of orange 
sections. In an explosion in an isotropic medium the stress contours are 
spheres and the stresses are all compressive out to very large radii. The effect 
of anisotropy is to cause a region of tensile hoop stress centered at about 
5 charge radii from the center of the explosive. The tensile stresses exceed a 
kilobar over a significant region, and half a kilo bar over a very large volume. 
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Figure 2. - Contours of constant hoop 
stress U()() at 43 J).S resulting from a spherical 
detonation in anisotropic oil shale. 
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In a spherical explosion in horizontally-bedded material the upper portion 
of the wave front (which is approximately spherical) is attenuated at a rate that 
depends on the vertical strength, and the horizontal wave front attenuates at 
essentially the same rate, since it enters material that appears to have the same 
strength. Analytic solutions for spherical waves have been discussed by 
Luntz [8], Chadwick and Morland [3] and Blake and Dienes [1], but in realistic 
calculations material nonlinearities in the oil shale and the complexities of 
the pressure history in the explosive make analytic solutions intractable. 
Intuitively, one expects the wave to attenuate more rapidly where the strength 
is higher, and this is borne out by the calculation in spherical geometry illus
trated in Figure 3, where the stress proftles for spherical waves in isotropic 
shales having shear strengths of 0.05 and 0.0913 GPa are compared. Since the 
wave moving along a 45° cone is an anisotropic shale encounters material of 
apparantly lower strength than the horizontal and vertical waves, it attenuates 
more slowly. Consequently, the hoop stress in the vertical plane is greatest 
on the 45° cone, and it causes material to move away from the cone. Though 
this effect is relatively small in terms of stress gradients, it is large enough to 
cause a small reduction in residual density, leaving a residual tensile stress that 
exceeds a kilobar in certain regions. We have estimated that the volume of the 
toroidal tensile region is about 60 times the volume of the charge. The formation 
of this tensile region suggests a new method of fracturing shales. 
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RESUME 

Theorie des explosions dans les milieux anitropes 

Lorsqu'un procede pratique pour Ie raffinage des schistes bitumineux aura ete 
decouvert, il deviendra possible d'extraire de grandes quantites de kerogene, 
un hydrocarbure peu different du pefrole. Nous etudions la mecanique de la 
fracturation des schistes bitumineux par explosifs, en particulier les effets dus 
a l'anisotropie. Dans ce travail, nous discutons, du point de vue theorique, des 
effets des explosions spheriques dans des materiaux orthotropes de revolution: 
c'est un probIeme axisymetrique. La loi constitutive a ete construite de te11e 
sorte que pour les hautes pressions l'equation d'etat (isotrope) de Mie-Gruneisen 
predornine, tandis que pour les basses pressions les equations se comportent 
comme dans une theorie pour des materiaux elasto-plastiques. Pour les basses 
pressions, la theorie est basee sur Ie potentiel de Hill pour les materiaux 
plastiques anisotropes. Le taux de deformation est donc donne par la super
position des taux elastiques et plastiques. Comme la loi constitutive doit servir 
dans un programme pour ordinateur, il est necessaire de l'inverser pour obtenir 
les taux de contraintes comme fonction des contraintes et des taux de 
deformation. La loi constitutive a ete introduite dans Ie programme Yaqui, 
du type Euler-Lagrange. Les calculs montrent que la cavite reste spherique avec 
une precision de quelques pour cent, tandis qu'il apparaft de grandes defor
mations au voisinage d'un cone d'angle au sommet de 45° et d'axe normal aux 
couches. D'abord, l'onde de choc est it peu pres sphe rique , mais plus tard 
l'effet de l'anisotropie devient important et des tractions apparaissent au 
voisinage du cone. On explique ce phenomene par une moindre resistance dans 
les directions orientees a 45° par rapport aux couches. 
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1. Introduction 

In this paper, we resolve the problem of finding the stresses and the displa
cements produced inside a transversely isotropic halfspace when various loads 
are applied on its free surface; these loads are symmetrical about the axis of 
the medium. 

Two classes of contact problems are considered: 

Problem 1 : The boundary conditions are given in normal stresses (uzz ) or in 
shearing stresses (urz) on the surface. 

Problem 2: The boundary conditions are given in vertical displacements (w) 
or in radial shear displacements (ur). 

In Section 2, concerned with Problem I, we determine the stress and 
displacement distribution in terms of an intermediate function pH which 
depends on the loading. 

In Section 3, we reduce Problem 2 to Problem 1, by determining the 
surface stress distributions which correspond to the boundary conditions in 
displacements. Thus, we obtain the function pH and the solution of Problem 2. 

In the next section, the punch has the equation f(r) = ~ cn ~ , and the 
n=1 

result! corresponding to this case are deduced from the general formula. In 
the last section we show the influence of anisotropy. 

It is found that the exact stress and displacement distributions can be 
obtained in closed form [1, 2] for the main special cases ofloading. 

2. Problem 1 

Let us consider a homogeneous transversely isotropic half-space whose surface 
lies in the horizontal (r, fJ)-plane and whose axis of elastic symmetry (z) is 
vertical. For this material, there are five elastic coefficients aij' 
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The stress-strain relationships associated with axi-symmetric loading are 

Err = all Orr + al2 0ss + aU 0zz' 

ESS = al2 Orr + all 0ss + au 0zz, 

where the strain components are defined as 

The equations of equilibrium are 

aOrz aozz Orz 
-+--+-=0 
ar az r ' 

(1) 

(2) 

(3) 

and the equations of compatibility transfopned by relations (1) are 

We take the following boundary conditions: 

a) for r or z infmite, 

a2 0n 
-a --=0 (4) 

44 oraz ' 

(5) 
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b) on the horizontal surface (z = 0), we distinguish between the two cases 
considered in the introduction, according to the boundary conditions 
prescribed in 

i) the nonnal stresses ozz : . 

0rz (r, 0) = 0, 

ozz (r, 0) = - p(r), 

ii) the shearing stresses 0rz : 

Ozz (r, 0) = 0, 

0rz (r, 0) = - p(r), 

where per) is the stress distribution on the area of contact. 

Both cases will be solved simultaneously. 
If we introduce an auxiliary function 'P such that [4] 

where the coefficients a, b, c, d are defined as 

a = al3 (all - aI2 )/(all a33 - a~3) , 

b = [a13 (a13 + a44) - al2 a33 ]/(all a33 - a~3) , 

c = [a13 (all - an) + all a44]/(aU a33 - a~3) , 

d = (a~l - a~2)/(all a33 - a~3) , 

(6) 

(7) 

(6') 

(7') 

(8) 

(9) 
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then the corresponding values of the displacements are: 

uo = 0, (10) 

As described in [1, 2], the solution of the problem is obtained if the auxiliary 
function is taken in the form 

1 1" -s rnz - s rnz H dm 
!p(r, z) = (P2 e 1 - PI e 2 ) P (m) JO(mr)-2 

f(SI - S2) 0 m 

with the notations 

- I 2 \ 
Pi - - aSi ' 

g. = c - dsf i = 1, 2 1 1 , 

qi = sl(a33 d - 2a13 a) - a44 , 

e = (all - a12)(1 - b) , 

f = (d - ac)/y'd, 

A = (1 - b)/f, 

/J. = (b - l)(a + v'd)/(ac - d), 

q = Mall - a12 ) (SI + s2) , 

(11) 

(12) 
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and where pH is the function obtained by the Hankel transformation of the 
loading p. We have 

pH(m) = f.oo rJo(mr) per) dr) 
o 

pH(m) = foOO r J 1 (mr) per) dr . 

Let us introduce the following notation: 

1 100 -ms·z H Bj = - e 1 Jo(mr)p (m) dm, 
r 0 

1 100 -ms·z H OJ = - e 1 J 1 (mr) p (m) dm . 
r 0 

(13) 

(13') 

i = 1,2 (14) 

Then, if we substitute expression (11) or (11') into formulae (8) and (10), 
the expressions for stress and displacement are given by: 

arr = [A(s1 P2 01 - S2 PI 02) - (SI A1 - S2 A2)/y'dl/(SI - S2) , 

aee = {-A(SlP2 0 1 - S2PI 0 2) 

- [SI P2 (b - asi) Al - S2 PI (b - asD A2l/f}/(Sl - S2) , 

azz = (S2 Al - SI A2)/(Sl - S2) , 

arz = (C 1 - C2)/(Sl - s2hld, 

ur = - Ar(sl pz 01 - Sz PI 0z) (all - a1Z )/(sl - sz), 

w = r(q1 Pz B1 - q2 PI Bz )/f(Sl - sz) , 

arr = [A(gz 01 - gl 0z)/y'd - (si Al - s~ AZ»)/(Sl - sZ) , 

ae e = {- A(gz 01 - gl 0z)/Vd" 

- [gz (b - as~) Al - gl (b - asD Az]/f Vd}/(sl - Sz) , 

(15) 
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Gzz = (AI - A2)/(Sl - s2) , 

Grz = (Sl C1 - s2 C2)/(Sl - s2) , 

ur = - A(all - a12 ) r(g2 Dl - gl D2)/(Sl - S2)..jd, 

w = r(qls2g2Bl - Q2s1g1B2)/f(Sl - s2). 

Distribution along special lines. 

M Dahan 

(15') 

i) Horizontal surface. For z = 0, the fonnulae for stresses and displacements 
reduce to the relations 

(16) 

Gzz = - p(r) , 

ur = - Jl(a ll - a12 ) rN , 

w = qrM, 

Grr = (Sl + s2)(- L + XVdN) , 

G66 = (Sl + s2) [(X v'd - 1) L - X v'dN] , 

(16') 
Grz = - p(r) , 

ur = - qy'drN, 

w = (ql S2 g2 - q2 Sl gl) rM/f(sl - s2) , 

with the following notation: 

1100 

M = - Jo(mr) pH(m) dm, 
r 0 

(17) 

1100 

N = - J 1 (mr) pH(m) dm. 
r 0 
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ii) Axis of loading. If in the expressions (15) or (15'), r approaches zero, we 
obtain 

where 

arr = a(J(J = - [SlP2 (~+ ~ - as~) Rl 

- S2Pl (~ + % - as~) R2 ];f(SI - s2)' 

arr = a(J(J = - [ g2 (~ + % - as~) Rl 

- gl (~ + % - as~) R2] /f..[d(SI - s2)' 

azz = (Rl - R2)/(SI - S2) , 

i = 1,2 
1 1" -ms·z H Sj = - e 1 p (m) dm . 
z 0 

(18) 

(18') 

(19) 

The integrals (14), (17), (19) are known in terms of loading through 
the function pH . 
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3. Problem 2 

When the boundary conditions are given in vertical displacement, the problem 
corresponds to the penetration of a rigid punch into the half-space [1, 6] . 
For the points inside the contact area, we can write 

w(r,O)=wo-f(r) r";;;ro (20) 

where the function f is prescribed by the fact that, if the tip is the origin, the 
punch has the equation z = fer), so that f(O) = 0 ; ro is the (as yet unspecified) 
radius of the circle of contact and w 0 is the depth to which the tip of the punch 
penetrates into the elastic half-space. 

For the problem in radial displacement, we have simply 

ur(r, 0) = fer) , r";;; ro . (20') 

In this case, we must determine the function p introduced in (7) or (7'). 
From equations (16), (16'), we obtain the boundary values 

per) = 1- m Jo(mr) pH(m) dm = 0, r> ro ' 
o 

per) = 1- m J 1 (mr) pH (m) dm = 0, r> ro ' 
o 

(21) 

(21') 

w(r,O) = q 1"" mJo(mr)pH (m) dm = Wo - fer) , r";;; ro ' (22) 
o 

ur(r,O) = - q v'd 1"" J 1 (mr) pH (m) dm = fer) , r";;; ro . (22') 
o 

If we represent pH by a formula of the type 

pH (m) = foro X(t) cos (mt) dt , 

pH (m) = iro x(t) sin (mt) dt , 
o 

(23) 

(23') 

we find that equation (21) or (21') is automatically satisfied. Then, equation 
(22) or (22') is equivalent to the Abel integral equation: 

q for x(t)(r2 - t2)-1/2 dt = Wo - f(r) , (24) 

[ r 2 1/2 qv'(f X(t) t(r2 - t)- dt = - r f(r). 
·0 

(24') 
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The solution of this equation is known to be 

x(t)=- Wo-- rf(r)(t -r)- dr , 2 [ d l' t 2 2 1/2 ] 
q1T dt 0 

(25) 

- 2 d r t 2 1/2 
x(t) = . -In r2 f(r)(t - r2)- dr. 

qvlct1Tt dt 0 
(25') 

An integration by parts yields 

(26) 

-2 i t 
X(t) = r.i [rf'(r) + fer)] (t2 - r2)-1/2 dr. 

ydq1T 0 
(26') 

The function f depends on the loading. From relations (23) and (21) we obtain 
successively the functions pH and p; we have reduced Problem 2 to Problem 1, 
whose solution is given by the formulae (15) or (15'), for any point of the 
medium. 

We now determine the radius ro of the area of contact when the bound
ary conditions are given in vertical displacements. We know the depth Wo of 
penetration of the tip of the punch. From the physical condition that for a 
punch of a smooth profile, the normal component of stress ozz must remain 
finite along the circle of contact, we deduce the relation 

(27) 

by writing x(ro) = O. 

It is also interesting to know the form of the displacement on the hori
zontal surface for the points outside the contact area. We have 

I ro 2 2 -1/2 w(r, 0) = q 0 x(t) (r - t ) dt, (28) 

I ro 2 1/2 tdt 
ur(r,O) = - q vIct X(t) (r2 - t)- -, 

o r 
(28') 
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4. Application 

For the isotropic half-space, Segedin [5] has considered the case in which the 
profIle of the punch is given by 

= 

fer) = L. Cn rn . (29) 
n=1 

We assume this relation for the imposed displacement w or ur . If we 
substitute this expression into equations (26), (26'), we find that the function 
X is given by the formula 

-2 = 
X(t) = va: L. (n + 1) cn an tn , 

q d1T n=1 

with the recurrence relation 

1T 
a = -, 
o 2 

1T 
a a =_. 

n n-l 2n 

From equations (23), (23') we obtain the function pH: 

H 2 ~ 2 . 
P (m) = --2 L. n cn an- 1 l n_ 1 (m), 

q1Tm n=1 

The integrals in (m) can be determined by the recurrence relation 

( n ) n(n - 1) 
in(m) = r~ -- sin(mro) - cos(mro) - 2 in_2 (m) 

m~ m 

(30) 

(30') 

(31) 

(32) 

(32') 

(33) 
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Figure 1. - Rigid flat ended punch 
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Similarly, we can fmd the distribution of pressure under the loading 
p(r) and the deformed shape of the free surface w(r ,0) or ur(r , 0). 

5. Influence of anisotropy 

From the results (26, 26') and (28, 28'), we deduce that the surface displace
ment is identical for a transversely isotropic half-space and an isotropic half-
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space; the associated stress components, under the loading, are identical to 
within a multiplying factor. The coefficient q must be changed by the modulus 
2(1 - 1)2)/E of isotropic case. 

T~ show the influence of the anisotropy, we have plotted the stresses 
when the imposed displacement has the form w == Wo (rigid flat-ended punch), 
Figure 1, and ur = ar (linear radial shear displacement), Figure 2. The curves 
can be obtained by a simple calculation from formulas (15) and (15') or from 
Gerard Harrison's results [3]. 

When the inequality 

(35) 

is satisfied, the iso-stress curves are situated under the isotropic ones. These 
curves are situated above the isotropic curves when (35) is not satisfied. 

The present solution can be reduced to the results for isotropic materials 
I) (1 + I) 

[6] by setting all = a33 = E, a l2 = al3 = - - and a44 = 2 ---, where 
E E 

E and I) are Young's modulus and Poisson's ratio of the elastic solid. 
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RESUME. 
Chargements axisymetriques d'un massif a isotropie transversale. 

La distribution des contraintes et des deplacements a l'interieur d'un massif 
semi-infini transversalement isotrope soumis a une pression normale ou a un 
cisaillement axisymetrique est determinee. On calcule ensuite la repartition des 
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contraintes sur Ie cercle de contact pour un de placement, vertical ou radial, 
impose a la surface. On se ramene ainsi au probleme precedent. Des resultats 
numeriques sont presentes sous forme de courbes, qui montrent l'influence de 
l'anisotropie. 

COMMENT BY C. 0. HORGAN: I have a question and a comment. Have you 
looked at cases of severe anisotropy where the ratio of Young's moduli 
(ET /EL ) may be as low as 1/20 ? Such cases are of current considerable 
interest for fiber-reinforced composites (see e.g. the references contained 
in my paper at this Colloquium) and may be also relevant in rock 
mechanics. From the results you have shown, it is not clear that you have 
provided an effective assessment of the influence of anisotropy, surely this 
is the chief objective of a study such as yours. 
My comment concerns your use of the Lekhnitski stress function, which 
satisfies a 4th order elliptic partial differential equation, the stresses being 
given by third derivatives of this function. Perhaps you may be interested 
in an alternative formulation involving two stress functions satisfying a 
coupled system of second-order elliptic partial differential equations. The 
stresses now involve second derivatives of the relevant functions. Such a 
representation was used in [1] and proved convenient in analyzing the 
effect of anisotropy. I draw your attention to this approach as it may be 
worth investigating for your problem. 
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Figure A. - Variation of the normal stress for a highly anisotropic material. 



www.manaraa.com

Axisymmetric Loads on a Semi-Infinite Transversely Isotropic Body 927 

(1) C.O. HORGAN. - "The Axisymmetric End Problem for Transversely Isotropic 
Circular Cylinders". Int. J. Solids Structures, 10 (1974): 837-852. 

REPLY BY M. DAHAN: For the material where the ratio of Young's moduli 
(E 1 /E2 ) is very small, we have the same results as for loam. 
However, the divergence with the isotropic case is proportional to the 
ratio of the anisotropy. For the severe anisotropy, EdE2 = 0.05, I give 
above the plotting of the stress a zz when the imposed normal displa
cement is obtained by a flat-ended punch. 
Thank you very much for your comment; I am interested in the method 
in the paper you mentioned above. 
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